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1B Mathematics: 

Applications and 

Interpretation Standard 
Level syllabus topics 

1. Number and Algebra 
2. Functions 

3. Geometry and 
‘Trigonometry 

4. Statistics and 
Probability 

5. Calculus 

Introduction 
This textbook comprehensively covers all of the material in the syllabus for the two- 

year Mathematics: Applications and Interpretation Standard Level course of the 

International Baccalaureate (IB) Diploma Programme (DP). First teaching of this course 

starts in the autumn of 2019 with first exams occurring in May 2021. We, the authors, 
have strived to thoroughly explain and demonstrate the mathematical concepts and 

methods listed in the course syllabus. 

As you will see when you look at the table of contents, the five syllabus topics (see 

margin note) are fully covered, though some are split over different chapters in order 
to group the information as logically as possible. This textbook has been designed so 
that the chapters proceed in a manner that supports effective learning of the course 

content. Thus — although not essential — it is recommended that you read and study 
the chapters in numerical order. It is particularly important that you thoroughly 

review and understand all of the content in the first chapter, Algebra and function 

basics, before studying any of the other chapters. 

Other than the final two chapters (Theory of knowledge and Internal assessment), 
each chapter has a set of exercises at the end of every section. Also, at the end of each 

chapter there is a set of practice questions, which are designed to expose you to 

questions that are more ‘exam-like’. Many of the end-of-chapter practice questions are 

taken from past IB exam papers. Near the end of the book, you will find answers to all 

of the exercises and practice questions. There are also numerous worked examples 

throughout the book, showing you how to apply the concepts and skills you are 

studying. 

The Internal assessment chapter provides thorough information and advice on the 

required mathematical exploration component. Your teacher will advise you on 

the timeline for completing your exploration and will provide critical support during 

the process of choosing your topic and writing the draft and final versions of your 

exploration. 

The final chapter in the book will support your involvement in the Theory of 

knowledge course. It is a thought-provoking chapter that will stimulate you to think 

more deeply and critically about the nature of knowledge in mathematics and the 
relationship between mathematics and other areas of knowledge. 

eBook 
Included with this textbook is an eBook that contains a digital copy of the textbook and 

additional high-quality enrichment materials to promote your understanding of a wide 

range of concepts and skills encountered throughout the course. These materials include: 

* Interactive GeoGebra applets demonstrating key concepts 

*  Worked solutions for all exercises and practice questions 

*  Graphical display calculator (GDC) support 

To access the eBook, please follow the instructions located on the inside cover.



Information boxes 

As you read this textbook, you will encounter numerous boxes of different colours 

containing a wide range of helpful information. 

Learning objectives 

You will find learning objectives at the start of each chapter. They set out the content 

and aspects of learning covered in the chapter. 

Learning objectives 

By the end of this chapter, you should be familiar with... 

« different forms of equations of lines and their gradients and intercepts 

« parallel and perpendicular lines 

« different methods to solve a system of linear equations (maximum of 

three equations in three unknowns) 

Key facts A function is one-to-one 

Key facts are drawn from the main text and if each element y in the 
highlighted for quick reference to help you range s the image of 
identify clear learning points. St 

= the domain. 

Hints Ifyou use a graph to 
Specific hints can be found alongside answer a question on an 

1B mathematics exam, explanations, questions, exercises, and worked 
you must include a clear examples, providing insight into how to 
and well-labelled sketch 

analyse[answer a question. They also identify in your working. 

common errors and pitfalls. 

Notes Quadratic equations will 
Notes include general information or advice. be covered in detail in 

Chapter 2. 

Examples 

‘Worked examples show you how to tackle questions and apply the concepts and skills 

you are studying. 

Find x such that the distance between points (1, 2) and (x, —10) is 13 units. 

  

Solution 

d=13=\x— D2+ (10— 22 = 13> = (x — 12 + (—12) 

=169=x—2x+1+144=>x>—2x—24 =0 

Sx—6)(xt4)=0=>x—6=0o0rx+4=0 

=x=6o0rx=—4



Vi 

How to use this book 
This book is designed to be read by you — the student. It is very important that you 
read this book carefully. We have strived to write a readable book — and we hope that 
your teacher will routinely give you reading assignments from this textbook, thus 
giving you valuable time for productive explanations and discussions in the classroom. 
Developing your ability to read and understand mathematical explanations will 
prove to be valuable to your long-term intellectual development, while also helping 
you to comprehend mathematical ideas and acquire vital skills to be successful in the 
Applications and Interpretation Standard Level course. Your goal should be understanding, 
not just remembering. You should always read a chapter section thoroughly before 
attempting any of the exercises at the end of the section. 

Our aim is to support genuine inquiry into mathematical concepts while maintaining 
a coherent and engaging approach. We have included material to help you gain insight 
into appropriate and wise use of your GDC and an appreciation of the importance 
of proof as an essential skill in mathematics. We endeavoured to write clear and 
thorough explanations supported by suitable worked examples, with the overall goal 
of presenting sound mathematics with sufficient rigour and detail at a level appropriate 
for a student of HL mathematics. 

Our thanks go to Kevin Frederick and Bryan Landmann who joined our team for this 

edition, helping us to add richness and variety to the series. 

For over 10 years, we have been writing successful textbooks for IB mathematics 

courses. During that time, we have received many useful comments from both 
teachers and students. If you have suggestions for improving this textbook, please feel 
free to write to us at globalschools@pearson.com. We wish you all the best in your 
mathematical endeavours. 

Ibrahim Wazir and Tim Garry
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Number and algebra basics 

Learning objectives 

By the end of this chapter, you should be familiar with... 

+ using approximations, bounds and percentage error to report numerical 

information to different levels of accuracy and evaluating the validity of 

calculations 

« simplifying exponential expressions using the laws of exponents 

« writing numbers in scientific notation and completing computations 

relevant in the real world 

« logarithms as the inverse of exponents 

« evaluating simple logarithmic expressions and solving exponential 

equations of the form a* = b 

In this chapter, the basic structures and concepts of numeracy and algebra 

used throughout the course will be introduced. To begin, methods for 

evaluating the accuracy and precision of measurements will be developed. 

These are particularly important in the sciences and architecture. We then 

look at the algebraic structure and applications of exponents, which are 

used to develop models in biology, physics and mathematical finance. 

As a special application of the exponent laws, scientific notation is 

examined as a practical means of representing quantities of very large 

or very small magnitudes, such as the mass of an electron (9.1 X 10~ kg) 

or the number of particles in one mole of a substance, the Avogadro number 

(6.02 X 10%). The chapter concludes with a treatment of logarithms, 

a mathematical structure used to invert exponentiation. Techniques 

for evaluating logarithms, as well as their use in solving exponential 

equations, will be discussed. Practical applications of logarithms include 

the quantitative description of acidity (pH scale) and earthquake intensity 

(Richter scale). 

  

By rounding the answers to our calculations to a specific place value, number 

of decimal places (d.p.) or number of significant figures (s.f.), we obtain an 

approximation of the true value of the calculation. Estimation, where the initial 

values in a calculation are rounded, allows us to complete computations more 

easily. However, estimates of calculations can vary greatly from the true value, 

and the validity of such estimates should be evaluated. 

To round a number to the 3rd place value for example, we look at the digit 

in the fourth place. If this digit is equal to or greater than 5, the 3rd position 

increases by 1 (we round up), otherwise the number remains unchanged



(we round down). For instance, 4.375 rounded to the nearest whole number 

would be 4, as we round down due to the 3 in the tenth place. Rounded 

correctly to the nearest tenth (1 d.p.) we would obtain 4.4, as we round up due 

to the 7 in the hundredths place. 

We can also use significant figures to approximate measured values. 

1. All non-zero digits in a number are considered significant. For example, in 

2300, the 2 and 3 are significant. 

2. Zeros bounded by non-zero digits are significant, as we can assume that 

these zeros were measured. For example, 23001 has 5 significant figures, as 

the bounded zeros are significant. 

3. Zeros to the right of a whole number, or to the left of a number in decimal 

expansions less than 1 are not significant, as they are required to report the 

magnitude of the number. For example, the zeros in 4500 or in 0.005 are 

not significant. 

4. Zeros to the right of a number in a decimal point are significant, as we can 

assume that they represent additional levels of accuracy. For example, 2.30 

has 3 significant figures, as the zero in the hundredthsposition is significant. 

When completing calculations using quantities reported to varying numbers 

of significant figures, you should write your final answer using the number of 

significant figures of the least accurate measurement. It is often necessary to 

round the quantity to a specified number of significant figures. 

(a) Round the number 10.562 to 

(i) the nearest whole number 

(ii) 2 decimal places (2 d.p.) 

(iii) 3 significant figures (3 s.f.). 

110,562 represented 
the number of cans 

of paint required to 

(b) Complete the table. 

  

  

  

            

paint the walls ofa 
classroom, then it would 

0.006 st be reasonable to round 
0.3052 3sf. this value to 11 cans. 
20.00560 aof IF10.562 represented 

amonetary value ina 

] currency such as dollars 
($), one would write 
10.56 to represent cents. 

i On IB Examinations, 
(a) (i) 10.562 = 11 to the nearest whole number il?s oft cf::z::‘:;fl 

(i) 10.562 ~ 10.56 (2 d.p.) numbers are rounded to 
three significant figures (i) 10,562~ 106 (3 5.) e e 

Solution



Calculations involving 
currencies such as 

dollars ($) or euros (€) 
are written in general to 

two decimal places. 

Note that by rounding 
the numbers to 3 and 4 
respectively, one could 
have correctly obtained 
the answer of 7 correct 

to the nearest whole 
number. Also, when 

rounded to the nearest 
whole number, 6.61 

is7. 

Note that the estimated 
value need not coincide 

with the approximate 
value obtained upon 

rounding the final 
answer to the desired 

level of accuracy. In 
this case 25.5747 is 26 

correct to the nearest 
whole number. 

O [amt ot ) [ 
  

  

      

25400 2s.f 25000 

0.006 1 1s.f. 0.006 

0.3052 4 3s.f 0.305 

40.00560 7 4s.f 40.01       

Use estimation to calculate each of the following, then do the full calculation 

and write your answers correct to 2 d.p. and 3 s.f. 

(a) 2.67 + 3.94 (b) (5.23) X (4.89) (c) 
3 25RX7:52] 

4.37 

Solution 

(a) Round the numbers to 3 and 4 

3+4=7 

2,67 +3.94 =6.61 

6.61 is represented to 2 d.p. already and has 3 s.f. 

(b) Rounding 5.23 and 4.89 to 5 and 5 respectively: 

5X5=25 

5.23 X 4.89 = 25.5747 

25.5747 is 25.57, correct to 2 d.p. 

25.5747 is 25.6 correct to 3 s.f. 

(c) Using estimation, we obtain 
3X8   =0 

Direct calculation yields an answer of 5.59 correct to 2 d.p. and 3 s.f. 

A rectangular wall of length 8.11 m 

and height 3.82 m is to be painted. 

A can of paint costs $5.69 and can 

cover an area of 5 m?. 

(a) Calculate the area of the wall, first by estimation, and then using a 

  

      
8.11m 

3.82m 

calculator. Write all the decimal places shown by your calculator. Then 

write the area correct to 2 d.p. 

(b) Calculate the number of cans of paint required to paint the wall. 

(c) Find the cost of painting the wall, reported to a suitable level of accuracy.



1 

Solution 

(a) By estimation, the length and width of the rectangular wall can be 

rounded to 8 m and 4 m respectively, giving an estimated area of 32 m?. 

Direct calculation gives 30.9802 m?, which is 30.98 m? correct to 2 d.p. 

30.9802 m* h) e D 

(c) 5.69 X 7 = 39.83 Thus, the total cost for painting the wall is $39.83. 

A 6.2 cans, correct to 1 d.p. Thus, 7 cans of paint are required. 

Irrational numbers cannot be represented exactly as fractions of integers 

or as repeating or terminating decimals. We usually represent them by 

symbols. Calculations that involve irrational numbers, such as those using 

the circumference and area of circles or diagonals in rectangles, require 

approximation. 

Example 1.4 

(a) For the rectangle in Figure 1.1, find the exact length of the diagonal, d, 

using roots, the complete decimal expansion from your calculator and 

correct to 3 s.f. 

(b) A circle has an area of 10 cm?. Find the exact length of the radius, r, 

using roots and 77, showing the complete decimal expansion from your 

calculator and correct to 3 s.f. 

  

Solution 

(a) Using Pythagoras’ theorem: 

2=7"+42=65 
d = V65 m exactly. 

A GDC output is V65 = 8.062257748, which is 8.06, correct to 3 s.f. 

‘The value from a calculator is 1.784 124 116 cm, which is 1.78 cm correct 

to3sf. 

In this section, we will consider the accuracy of measurements taken using 

devices such as rulers, scales and clocks. Since all measuring devices have a 

limited level of precision, any reading that we take using such a device will have 

a true value that lies in an interval of real numbers, called a bound. 

  (b) The radius, r, of a circle with area A is given by the formula r =    
The exact value is of ris r = 

  

      
7m 

Figure 1.1 Rectangle for 
Example 1.4



Number and algebra basics 

If we take a measurement of a quantity and obtain the reading x, then the 

actual value of the quantity x will lie in the interval 

Xmnin = X < Xmax 

where x,,, and x,,,,, are values that depend 

on the level of precision of our measuring 

instrument and the reading, x, that has 

been taken. x can take the minimum 

  

      

  

  

  

  
Ifa measuring device value of its bound. However, x can only 

Eics A adingofyaid take values up to, but not including, the 
has alevel of precision N 1 £ the bound hi 

1, then the bound is maximum value of the bound, as this 

of the form value would result in the reading of 

inin = X < Xpygo Where x being increased by one unit on the Figure 1.2 Ruler markings 
Xt —% ’% and measuring device due to rounding 

— L 
[ % 

Suppose a ruler s used to measure a length, and has markings for every millimetre 
(correct to 0.1 cm). If the value of x is at least 2.25 cm, the nearest marking will be 

2.3 cm. For any length x up to, but not including, 2.35, the nearest marking on the ruler 
is obtained by rounding down to 2.3 cm. Therefore, a reading of x = 2.3 cm could be 
anywhere in the interval 2.25 cm < x < 2.35 cm. If the actual value of x was 2.35 cm, 
we would round its value up to 2.4 cm. 

‘The actual value of x 
can equal Xy, and can 
take any value smaller 
than, but not equal to 

Xmax: 

  

Find the bound for each of the following measurements, given the level of 

precision, and draw the bound on a number line. 

(a) Mass (M) of 42.3 kg, precision of 0.1 kg 

(b) Force (F) of 14N, precision of 1 N 

(c) Time (1) of 5.309 s, precision of 0.001 s 

(d) Power (P) of 7.00 W, precision of 0.01 W 

  

Solution 

(a) 4225kg<M < 42.35kg (b) 135N < F< 145N 

42.2kg\< 42.3kg /42.4kg 13N \4 14N j 15N 
T 

&—oO &—oO 

(c) 5.3085s < £ < 5.3095s (d) 6.95W <P <7.05W 

53075 5.3os§4 53095 l 69 w\ 70W { 7.1W 

e—oO &—oO 

In some applications, it is necessary to use multiple measurements to calculate 

a desired quantity. For example, a calculation of the area of a rectangle requires 

measurements of length and width. In this case, the bound on the final 

calculation will depend upon the bounds of each individual measurement used.



Example 1 

A rectangular picture is to be framed in glass, (Not to scale) 

and has a length L and width W respectively of 

64.3 cm and 48.2 cm, correct to 0.1 cm, as shown 

in the diagram. 

  

L =643cm 

(a) Find the bounds on the measurements of 

Land W. [ 2 

(b) Find the bound on the area, A, of the picture. 

(c) Compare the level of precision of A to that of L and W. 

| 

  

      

Solution 

(a) The bounds for W and L are 48.15cm < W < 48.25cm and 

64.25cm < L < 64.35cm 

(b) The maximum value of A is found by taking the product of the 

maximum values of Wand L 

A = 48.25 X 64.35 = 3104cm? 

As there are 4 s.f. in the values of W and L, the value of A should also 

have 4s.f. 

Similarly the minimum value of A is found by using the minimum 

values of Wand L: 

Ay, = 48.15 X 62.35 = 3093 cm? 

So the bounds on A are 3093 cm? < A < 3104 cm?. 

(c) While L and W have a level of precision correct to 0.1 cm, the level of 

precision of A is 3104 — 3093 = 11 cm? 

In Figure 1.3 the dotted and dashed rectangles represent the smallest 

and largest possible rectangles to be constructed using the bounds of the 

measurements of L and W. Since area is calculated using the product 

of L and W, the level of precision of A is significantly lower than the 

precision of the component measurements of L and W. 

Example 1.7 

The body mass index (BMI) of an individual is used as an indicator of 

obesity, and is calculated using the formula: 

Mass 4ad R 
BMI = ——————, where mass is in kg and height is in m. 

(height)? kg s 

Calculate the bounds on the BMI of a person who has a mass of 65.5 kg, 

correct to 0.1 kg and a height of 1.76 m, correct to 0.01 m. 

  

  

      
Figure 1.3 Solution to 
Example 1.6 (b) 

T



Number and algebra basics 

] 

Solution 

First state the bounds on mass, M in kg and height h in m. These bounds are: 

65.45kg =< M < 65.55kg and 1.755m < h < 1.765 m. 

Notice that in this example, the level of precision of mass and height are 

different, due to the use of different measuring devices. 

Since BMI is a fraction, the largest BMI will be found when the numerator, 

M, is largest and the denominator, A, is smallest: 

  

  

_ 6555 o BMI,, = 22% ~ 2128 kgm 

The BMI is a minimum when the minimum mass M, and the maximum 

height h are used: 

_ 6545 - BMI,,, = 222 ~ 2101 kgm 

Combining these two results gives a bound of 

21.01kgm 2 < BMI < 21.28kgm™~2 

Percentage e of measurements     

If we want to quantitatively judge how well a measurement approximates 

an exact value, we use the concept of percentage error of the measurement, 

written % error. The % error in a measurement states the difference between 

the measured and exact values as a percentage of the exact value. In symbols, 
Ve =, 

% error = %, where v, is the exact value of the quantity and v, is the 
e 

approximate value obtained through measurement using a device. Note that 

% error can be positive or negative, depending on the relative sizes of v, and v,,. 

Example 1 

A metre stick correct to 1 cm is used to measure the height of a person as 

176 cm, and is also used to measure the length of a piece of paper to be 12 cm. 

Find the magnitude of the maximum percentage error for each measurement 

and interpret its value. 

- 

Solution 

For the height h of the person, the bound on the measurement is 

175.5cm < h < 176.5 cm. 

The maximum difference between v, and v, would occur if the exact value 

was the same as the minimum or maximum value of the bound. When 

v, = 175.5cm, v, = 176 cm 

1655 8176) 
1755 ~ —0.285% So % error;, =



When v, = 176.5 cm, v, = 176 cm, s0 % error, = % ~0.283% 

The magnitude of the largest error in the measurement of 4 is 0.285% 

For the length, L, of the piece of paper, the bound on the measurement is 

11.5cm s L <125cm. 

When v, = 11.5cm, v, = 12cm, % error; = % ~ —4.3% 

‘When v, = 12.5cm, v, = 12cm, % error; = % ~4.0% 

The magnitude of the largest error in the measurement of L is 4.3%. 

Notice that since both h and L were measured with the same device, the 

difference between v, and v, for all of the examples was +0.5 cm, corresponding 

to the precision of the metre stick. However, 0.5 cm is a small percentage of an 

exact value of 175.5 cm or 176.5 cm, while it is a larger percentage of an exact 

value of 11.5 cm or 12.5 cm. 

If the level of precision of a device is high, the difference between v, and v, is 

low, within a given bound. We would therefore expect that the more precise the 

device, the lower the magnitude of the % error. 

A runner’s time to complete a 100 m sprint is taken using two devices. The first 

timer measures the time, ), to be 11.5s, correct to 0.1 s, while the second timer 

measures the time, £,, to be 11.50's, correct to 0.01 s. Find the magnitude of the 

maximum error in each of the measurements and compare their sizes. 

L] 

Solution 

For the first timer, the bound on the measurement is 11.45s < ¢, < 11.55s 

When v, = 11455, v, = 1155, % error, = % ~ —0.437% 

When v, = 11555, v, = 1155, % error, = % ~0.433% 

The maximum error in the measurement of ¢, has a magnitude of about 

0.437% 

For the second timer, the bound on the measurement is 

11.495s < t,< 11.505s 

When v, = 11.495s, v, = 11.50s, % error, = 11495 — 1150  _ 4 0435005 : 11495 
When v, = 11,5055, v, = 11.50s, % error, = % ~ 0.04346% 

The maximum error in the measurement of t, has a magnitude of about 

0.0435%; 10 times smaller than the error using the first timer.
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1. Write the number 207.6342765 correct to 

(a) the nearest integer (b) the nearest hundred 

(c) 2 decimal places (d) 3 significant figures 

(e) the nearest tenth (f) the nearest ten. 

2. For each number 

(i) write the number of significant figures it has 

(ii) round the number correct to 3 significant figures. 

(a) 45787 (b) 25300 (¢) 1001 
(d) 0.03502 (e) 2350 () 4.0030 
(g) 20 (h) 0.01 (i) 0.0 

3. For each measurement, write the bound in the form x, 

(a) 23kg correct to the nearest 1 kg 

(b) 2.7 s correct to the nearest 0.1 s 

(¢) 5.23N correct to the nearest 0.01 N 

(d) 0.020 W correct to 0.001 W 

= min S X < Xinax 

4. Find the largest % error for each quantity. 

(a) A measurement of 23 kg correct to the nearest 1 kg 

(b) A measured length of 5.8 cm, when the actual length is 5.9 cm 

(c) An estimated population of 1.6 million inhabitants in a city when 

the actual population is 1567 100 

(d) 3.14 as an estimate of the number 77, as shown on your calculator 

1+/5 
5. The number ¢ = > is called the golden ratio and is related to the   

Fibonacci sequence. 

(a) Calculate ¢ correct to 2 decimal places and 3 significant figures. 

(b) If we use 1.618 as the exact value of ¢, what is the percentage error 

in approximating ¢ using 1.62 

(c) Research the golden ratio and explain how ¢ is found in nature, art 

and architecture. 

6. A measurement of a quantity x =14.5 is taken, correct to 0.1 units. 

(a) Find the value of x* exactly, and rounded to the appropriate number 

of significant figures. 

(b) Find the percentage error of the rounded answer in part (a) 

compared to the exact value. 

(c) Find the value of Vx correct to an appropriate number of significant 

figures. Why can you not calculate the exact value as in part (a)? 

(d) Write a bound for Vx to 3 significant figures



7. The diagonal d of a rectangle with length L and width W is given by 

Pythagoras’ theorem d = VL? + W?2 

(a) A rectangle has L = 18 cm and W = 10 cm, both correct to the 

nearest 1 cm. Calculate d to 3 significant figures. How many 

significant figures would be appropriate for this calculation? 

(b) Find the difference between the maximum and minimum length of 

the diagonal d. 

(c) An estimate of d is given as 20 cm, and the exact value is the 

maximum found in (a) correct to 3 significant figures. Find the 

percentage error of the estimate. 

8. A cuboid has a length of 0.89 m, correct to 0.01 m, a width of 2.1 m, 

correct to 0.1 m and a height of 2 m, correct to 1 m. 

(a) Write bounds for the length L, the width W and the height H. 

(b) Find a bound for the volume, V, of the cuboid. 

(c) Estimate the volume V of the cuboid and calculate the percentage 

error between your estimate and the dimensions given. 

(d) The cube is made from granite, which costs $150.75 per m?. Find a 

bound for the total cost of the cuboid, reported to an appropriate 

level of accuracy. 

9. An individual has a mass of 75 kg, correct to the nearest kg and a height 

of 1.85 m, correct to the nearest 0.01 m. 

(a) Calculate the individual’s BMI, correct to an appropriate number of 

significant figures. The formula for BMI is given in Example 1.7. 

(b) Find a bound for the individual’s mass, M, and height, h, and hence 

calculate the individual’s minimum and maximum BMIL. 

(c) If the individual’s actual BMI is a minimum, calculate the percentage 

error between the minimum BMI and the calculated BMI from part (a). 

(d) (i) When two people are of equal height, what can you say about 

the mass of the individual with the lower BMI? 

(ii) When two people are of equal mass, what can you say about the 

height of the individual with the lower BMI? 

(iii) Compare the differences between BMI for people aged 16-20 in 

the country where you live and for the same group in a different 

country. What other factors could affect BMI? 

10. The time it takes for a pendulum of length L to swing once is called the 

period (T) and is calculated using the formula T = 277 é, where g is the 
  

acceleration due to gravity and has the value 9.8 ms 2. 

(a) A pendulum has L = 12.4 cm, correct to 0.1 cm. Calculate T 

(i) correct to 3 significant figures 

(ii) correct to 2 decimal places. 

  

    

  

  — 
0.89m 

Figure 1.4 Cuboid for 
question 8 

  

Figure 1.5 
Pendulum for 
question 10 

"
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(b) Find a bound for T, correct to 3 decimal places. 

() What is the minimum time taken for the pendulum to swing 60 

times? What is the maximum time? 

(d) A rough estimate of the period T is given as 0.68 s. Using your 

value from (a)(i) as the exact value, find the percentage error of the 

estimate and interpret this value. 

11. The mass of a suitcase at an airport is measured using two sets of scales. 

The first set gives a reading of 23.5 kg, correct to the nearest 0.1 kg, while 

the second set gives a reading of 24 kg, correct to the nearest 1 kg. 

(a) Calculate the maximum percentage error of the measurement of 

mass using the two sets of scales. 

(b) Explain the relationship between level of precision of a measurement 

and the percentage error of the measurement using the values 

calculated in (a). 

(c) If 100 suitcases are transported in a plane, explain the consequences 

of using the second set of scales to measure the mass of all of the 
suitcases. 

The exponent laws 

An expression of the form a” is called a power with base a and exponent b. 

In this section, rules for simplifying powers will be developed, and will be used 

to complete computations. a* can be thought of as the volume of a cube with 

side length a. Using this geometric interpretation of a* a' = a is a length of 

a units, a’is the area of a square with side length a and a” is the volume of a 

cube of side length a. 

Example 1.10 

Evaluate 
4 

@ 2 ®) (-3 © (3 (d) —0.25 
. _________________________________________________________________} 

Solution 

(@) 22=2X2X2=8 

(b) (=31 = (=3)(=3) =9 

© (5 =GI5)6)6) =5t 
(d) —0.25= —(0.2X 02 X 0.2 X 02 X 0.2) = —0.00032



(a) Write 31 X 3% as a single power. 

(b) By using the repeated multiplication model of exponents, show that 
a™ X a" = a™*" where m and n are positive whole numbers. 

  

Solution 

(a) According to the rule, 34 X 32 = 312 = 36 

(b) Using the repeated multiplication model of exponents, we obtain: 

a"=aXaXaX..Xaanda"=aXaXaX..Xa 

e ey 
m times n times 

Therefore,a” X a"=(aX aXaX..Xa)aXaXaX...Xa) 

— 
m times n times 

Due to the associative law of multiplication, the brackets can be 

removed, and a™ X a" can be written as a"*". 

(a) Simplify (59) 

(b) Write the number 64 as a power in as many ways as possible. 

(c) Show that any number that is a power with exponent 6 is a cube and a 

square. Interpret this result geometrically and give a numerical example. 

Solution 

(a) According to the second exponent law, (5)2 = 54%2 = 58 

(b) Since 64 = 26, we obtain different power representations of 64 by using 

the different factorisations of the exponent 6. Since 6 = 1 X 6,6 X 1, 

2 X 3and 3 X 2, we obtain the following power representations for 64: 
2]X6 = (2])5 = 26 

26X1 = (26)1 = 641 

22)(3 = (22)3 = 43 

25)(2 = (23)2 = 82 

Using the second exponent law, a® = (a?)? = (a*)2. Therefore, the 

number a° can be thought of as the area of a square with side length a* 

or the volume of a cube with side length a2 as shown in Figure 1.6. 

(c 

From part (b) it is clear that 64 = 26 and is the volume of a cube of side 

length 4 units, or the area of a square of side length 8 units. 

‘The multiplicative law 
of exponents states 
that when exponents 
have the same base, 
add the exponents: 
A" X al = gt 

‘The associative law for 
multiplication states that 
(@Xb)Xc=aX({bXo). 
In words, the product 
is independent of the 
grouping of the terms to 
be multiplied, provided 
that their order does not 
change. 

‘The second exponent 
law states that if a 
power is raised to an 
exponent, the result is 
a power in the original 
base, but with a new 
exponent that is the 
product of the original 
exponents: 
(@ = g 

‘The second exponent 
law allows us to 
simplify powers in 
which the base itself 
is a power with an 
exponent other than 1. 
“This law is very useful 
in representing a given 
number as a power in 
multiple bases. 

  

  

  

a 

        = = 
Figure 1.6 Solution for 
Example 112



‘The third exponent 
law states that when 
the base of a power 
is a product of two 

constants a and 
b, the power can 

be represented as. 
the product of two 
powers with base 

aand b, both using 
the same exponent, 1: 

(ab)" = a"b" 

‘The commutative law 
for multiplication states 

that ab = ba 
The product of two 

real numbers a and b 
is independent of the 

order in which they are 
multiplied. 
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‘We can establish the second exponent law using repeated multiplication: 

(am) = (@)(@") ... (@”) 

n times 

  

=@XaX..Xa)@xXaX..xa..(@xaX..Xa 

% 
m times 

t 
n times 

Thus, we have n groups of m as being multiplied together. Removing the 

brackets using the associative law then gives a product of m X n as, having a 

value of @™ 

(a) Write (59)* as a product of powers. 

(b) Verify that (ab)” = a” b is true using (15)* and 325 

(c) Use(ab)" = a"b" to find the prime factor decomposition of (12)* 

———— 

Solution 

(@) (597 = 5= 125" 
(b) 152 = 225, 3252=9 X 25 = 225 

Thus both expressions are equal. 

(c) Using (a™" = a™ and (ab)" = a" b" 

12 = (223), thus 12? = (223)° = (22%(3)’ = 263} 

The third exponent law can be extended to consider powers in which the base 

is a quotient of two constants a and b, b # 0. 

Since (%) = (u X %), it can be written, for powers with fractional bases, as: 

o w2 b b b \bn 

The third exponent law can be established using the repeated multiplication 

model of exponents: 

(ab)" = (ab)(ab)(ab).....(ab) 

Using the commutativity law for multiplication, we can remove the brackets 

and rearrange the terms so that all as and bs are multiplied together to obtain 

= aaaaa....aaaabbbbbb....bbb 

&& 
n times ntimes = a"b"



Example 1.14 

(a) Show by choosing values for a and b that (a + b)* # a* + b* 

(b) By expanding (a + b)(a + b), show that (a + b)> = a> + 2ab + b* 

(c) Use a counter example to conclude that for n > 2 and a, b # 0, 

(a+b)y#a"+b" 

Solution 

(a) Choosinga = 1and b = 1 for example, gives (1 + 1)2=4and 12+ 12 =2 

(b) Asab = ba: 

(a+b)a+Db)=a2+ ab + ba + b2 = a> + 2ab + b* 

(c) Ifn>2,anda = land b = 1, then (1 + 1)" = 2" but 

1"+ 17=1+1=2"Thus,(a+ by =a" + b 

When one power is divided by another and both have the same base, the quotient is a 
power in the same base whose exponent is the difference between the exponents in the 

. . an o 
numerator and denominator of the fraction: = = a™ " 

@ 

Exponent law 4 allows us to simplify quotients of powers in the same base, and in words 
states that if two powers in the same base are divided, the quotient is a power in the 
same base whose exponent is the difference between the exponents in the numerator and 
denominator of the fraction. As division by zero is undefined, it is assumed that a = 0 

Write each quotient as a single power. 
36 9 49 i 32 

@E %0 0L @fF ©f 
] 

Solution 

6 
(a) %: 36*2 = 34 

6 

‘We can check this by calculating: % = % =81=3* 

x° 
) = =x""7=x2,x=0 

X 

(c) Since 4 and 2 are different bases, we cannot simplify this directly. 

However, since 4 = 22, we can rewrite the fraction using equal bases and 

9 22)9 18 
then write it as a single power: % = % = 22—6 =218-6=)12 

When using the third 
exponent law, it is. 
important to realise 
that multiplication is 
being done within the 
bracket. Example 1.14 
shows that if the base 
of a power is a sum, it 
is not correct to just 
add each sum and raise 
to the given exponent. 

(a + b)" can be 
expanded using the 
binomial theorem, 
which is beyond the 
scope of this course. 
‘The binomial theorem 
has wide applications 
in statistics and 
probability. 

15



When a power has 
a negative integer 

exponent, it is equal 
to the reciprocal of 

the base raised to the 
positive exponent: 

-m_ 1 
a#0,a ] 
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L 

(d) % = 8>3 = 8 Notice that since numerator and denominator are equal, 

this also gives a value of 1. 

3 

@ F=y=3 

Zero, negative and rational exponents 

For a’, the repeated multiplication model of exponents implies that b must be a 

positive whole number. However, Example 1.15 parts (d) and (e) show that we 

can get zero and negative exponents. We can also verify with a calculator that 

4=2=2 

In this section, we develop appropriate models and methods to simplify 

expressions with zero, negative and fractional exponents, based on the 

exponent laws developed previously. 

When a #0, a® = 1. We can demonstrate this using the fourth exponent law: 
m 

al=gmm= Z—m = 1 for any whole number . From Example 1.15 part (e), 

32 32_ 3x3 _1 L1 
3 33=3 AHoweVer,fi m—;sothat3 =3 

Example 1.16 

Write each of these powers using positive exponents and evaluate where 

possible. 

@32 (43 © (%) @ Gx2 (o) iy 

Solution 

  

2 

@ Gxp=3xt=2-2 
X' x 

(e) (x—l},s)—z = x(fl)t—z)y—s = X_l 
},6 

‘We can establish a =" = Lm using the repeated multiplication model 
a 

Provided a # 0, a® = 1, the result follows directly.



Example 1.17 

(a) Write each of these powers using roots and evaluate. ) 

G168 )27 i) 64 W) (-8 (4%) i 

(b) For which values of n is n+ defined? What about (—1)"? 

(c) Solve p§ =25 and 49" = 343 for the variable p. 

  

Solution 

@) (i) 163 

(ii) 273 

(iii) 643 

  

— =
 

™ (4_19) V"7 

(b) Since n: = vn,n = 0. For (—1)", n can be any integer. However, if n = % 

is a fraction in lowest terms, b cannot be an even integer. 

(© pi=25 49P = 343 

(p3)t = 25¢ 7P =7 
pi=5 7% =73 

p=5=125 2p1=3 

_3 

=3 

We can establish a% = (Va)" = Va7 using (™) = @™ and the fact that the 

root of a number is unique. If we consider x+ and ¥/, both expressions have 

the property that they give a result of x when raised to the exponent » and are 

therefore equal. From this result, it follows that (0% = x5 = (xm)r = (Vx™). 

Alternatively, using the commutative law for multiplication, x"*# = x> 

= (9" = (¥%)" and we establish both expressions for x7 in terms of roots of x. 

‘We will now consider how to combine the exponent laws to simplify complex 

expressions including powers in the same base. The following table summarises 

the exponent laws. 

Summary of exponent laws 

Exponent law 1: am X gh = gmn 

Exponentlaw 2:  (a™)" = g™" 

Exponentlaw3: (i) (ab)"=a"b" (i) (£ roal 

’ i (5) =% m 
Exponent law 4: ’;7 = gm—n 

Exponent law 5: 

Exponent law 6: 

| m= a#0,a e 

G " ="%a (i) a* = (Va)" = V& 

An exponent of the 

1 
form - has the same 

function as taking the 
mth root of the base a: 
1 
a"=Ya 

Exponents of the 
form - have the 

equivalent function as 
either taking the mth 
root of a and raising 
this result to the 
exponent , or taking 
the mth root of " 

&= ()" = Vo 

17



Example 1.18 

Simplify 

& ¥ ik 

P g B (g ("_:) %,y #0 
(x2x2) 164 X 32 Y 
| 

Solution 

@ Sl 
1 241 

  

  

   

X 

26(22)1! 692 4 ® @) _p2_ o a1 

@i 
N 0 

(&) (xy_s) - % Tty 

1. Simplify each expression completely, writing your answers as a power 

with positive exponents. Assume x, y # 0 

  

  

    

  

@ ©xt ®) % © 2 
(d) (2x)* (e) x=3 () Vx 

@® = (h) x° (i) *2x0(x)* 
g O x2 (x%) e () x~1)3x Chrvs ) (xty=) 

Y 32\’ 1 ) (%) @ (35) © 
2. Evaluate: 5 

2 @ 5* ® (2 

(d) 1002 (©) 275 

3. Solve: 

(a) p>=36 (b) 817 =1 

(@)Fs0 8= (e) 9 =27 VAV 

4. Write 2dit as a single power in base 2.   

5. Find the value of each geometric quantity, correct to 3 significant figures. 

(a) The area of a square with side length 7 cm 

(b) The volume of a cube with side length V2 cm 

(c) The length of one side of a cube with volume 20 cm? 

18



6. Give three examples of a number that is a square and a cube. 

7. (a) Write the number 512 as a power in as many different ways as possible. 

(b) If a number x can be written as a power in only one way, a?, what 

can you say about p? 

(c) Ifanumber x can be written as a power in exactly two ways, what 

can you say about the exponent p? 

8. For what values of x is the expression x* defined? 

9. Use your GDC to calculate 22 and 27, rounding your answers to 

3 decimal places. 

Why do these calculations not obey any of the exponent laws from this 

section? 

10. Use a GDC to calculate 0°. Explain this answer by considering the 

expressions x and 0* for x values that approach zero. 

11. A student claims that a’ can be thought of as repeated multiplication of 

a by itself b times. To what extent do you agree? Write a paragraph using 

examples from this section. 

12 Using the repeated multiplication model for exponents, show that for 
am 

m>n,a#0,— =am" an 

  

Scientific notation - numbers in the 
form a x 10¢ 

  

A number written in the form a X 10%, where 1 < a < 10, and k is a positive 
or negative integer, is said to be written in scientific notation. This form is 

often used in scientific calculations. 

To motivate our study of scientific notation, consider these examples. The mass 

of subatomic particles, such as electrons, is a number less than one with thirty 

zeros after the decimal, while a proton’s mass has approximately 27 non-zero 

decimal places. Similarly, the speed of light in a vacuum, ¢, written in ms~! has 

nine digits. To simplify computations with very large or very small numbers, 

the size of the number is stored in the exponent of the power in base ten. We 

can then use the exponent laws of the previous section to simplify calculations. 

If the number is whole, we place a decimal after the units digit. 

For numbers larger than 10 we must move the digits to the right with respect 

to the decimal point until we achieve a number a, where 1 < a < 10. The 

number of steps (jumps) required to the right gives the positive exponent, k 

(see Example 1.19). 

19
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Example 1. 

‘Write in scientific notation: 

(a) 35 (b) 146 (c) 65000 (d) 78.65 (e) 300000000 

Solution 

(a) 35=3.5X 10! (b) 146 = 1.46 X 10> 

(c) 65000 = 6.5 X 10* (d) 78.65 = 7.865 X 10! 

(e) 300000000 = 3 X 10% 

Writing numbers less than 1 in scientific notation requires us to move the digits 

to the left to obtain a number a, where 1 < a < 10. This results in the exponent 

being negative. 

Example 1.20 

‘Write in scientific notation: 

(a) 0.1 (b) 0.045 (c) 0.00607 

Solution 

(@) 0.1=1X10"" (b) 0.045=45X10"2 (c) 0.00607 = 6.07 X 10~3 

Multiplying and dividing numbers written in standard form is convenient, 

as the powers in base 10 can be simplified using the exponent laws. However, 

as the exponent laws do not apply to sums of powers, to add or subtract 

numbers written in standard form requires expanding the number and 

writing as a decimal. 

Example 1.21 

(a) Albert Einstein’s famous equation E = mc? relates energy (J), mass (kg) 

and the speed of light ¢ = 3.0 X 10®ms~! 

Calculate the energy of a proton. The mass of a proton is 1.67 X 10~2"kg 

(b) The time, T, in seconds that it takes for light to travel a distance D in 

kilometres is given by the formula T = % where ¢ = 3.0 X 10°kms~! 

is the speed of light in a vacuum. The distance between the Sun and the 
Earth is 1.5 X 108 km 

Calculate the time T taken for light from the Sun to reach the Earth 

(i) in standard form (ii) to the nearest minute. 

(c The population of the German cities Munich and Frankfurt in 2017 were 

1.43 X 10°and 7.76 X 107 respectively. How many more people live in 

Munich than in Frankfurt?



  

      

Solution 
1.67x10-27x(3x108)2 

(a) E = (1.67 X 10-27)(3.0 X 108)2 1.503x107 © 
T 1.5x108+3x105 Ly 

sing (@ a 5.000x10 
= -27) 16 1.43x106-7.76x105 (1.67 X 10~%)(9.0 X 10'6) 6. 500x100 5 

Using the commutative law and 1] = 1kgm?s~2 Figure 1.7 GDC output for 

=1.67 X 9.0 X 10727 X 10'6 Example 1.21 

=15.03 X 10-1* 

Change 15.03 to standard form 

=1.503 X 10! X 10~1 

=1.503 X 10-10] 

IESDSTOZN (LS) (103) - S = 3 22— = (2] X (=) =05X10°=5X 5% 3 % 105 3 0.5X10°=5X 10 10 (®) () T= 
1 =5X102s 

S 500 o 
(i) T=500s 50 ~ 8 min 

(c) Exponent laws do not allow us to simplify the subtraction of numbers. 

Write the numbers out in full and carry out the calculation: 

1430000 — 776 000 = 654 000 

Change the answer back to standard form: 6.54 X 10° 

1. Write each number in standard form. 

(a) 10807 (b) 0.00983 (c) 345 X 102 

2. Evaluate each of the following, writing your answer in standard form. 

(a) (4.5 X 103%) X (2.1 X 10%) 

(b) (32X 10722 

3.5 X 10° 

@ 7.0 X 108 

(d) 5X10%+ 24 X 10* 

3. In chemistry, the mole is used to count the number of particles in a 

substance, and has the value 1 mol = 6.02 X 102 particles. Find the 

mass of 1 mole of electrons. Assume that the mass of an electron is 
9.1 X 10~*' kg. Write your answers in grams. 

4. A ity has a population of 1.7 X 10°. The population increases by 

360 000 people. 

(a) Write the new population in scientific notation. 

(b) Calculate the percentage increase in population. 

21



  

Expression 
  

log,m 
  

logm 
      Inm     
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5. Newton's law of gravitation is used to calculate the force of attraction 

that any two bodies exert on each other: F = G# = 

where F is the force in Newtons, m and M are the masses of the objects 

in kilograms, r is the separation distance between the objects in metres 
and G = 6.67 X 10" N m>kg2 

Find the force that two electrons exert on each other when they are 

separated by a distance of 5 X 10~ m, writing your answer in scientific 
notation. The mass of an electron is 9.1 X 103 kg. 

6. A light year is defined as the distance travelled by light in one year, and 

is often used in astronomical calculations. Calculate the value of one 

light year, correct to the nearest km, in scientific notation. The speed of 
light is 3.00 X 10°kms ™! 

Exponents and logarithms 

Exponents and logarithms are inverses of each other. For instance, should a 

relation be expressed as y = a*, then x is the exponent of the base a which 

yields the quantity y, written simply as x = log, y 

‘When the base is 10, we typically do not write it. We can simply write log y. 

A logarithm with base 10 is called a common logarithm. 

‘When the base is e, we write In y. A logarithm with base e is called a natural 

logarithm. 

Earthquake magnitudes (R) are measured on the Richter scale which is a 

base-10 logarithmic scale, and relative comparisons are useful. For example, 

an earthquake of magnitude R = 4 is ten times as strong as an earthquake of 

magnitude R = 3. What is the magnitude of an earthquake R, that is twice as 

strong as another of magnitude R = 3? 

1 

Solution 

Comparing the relative magnitudes, the equation to be solved for R, is: 
Ry 5= 108 

103 

=2-10°=10% 
=R, = log (2 - 10°) and using a GDC gives 

=R, ~3.301



1. Write each equation in logarithmic form. 

(a) 1000 = 103 (b) 64 = 43 (c) 100% = 1000 

d) 9:=3 (e) 22 =82 (f) 100=1 

® =1 M) 6= 

y at=—= ® (3)° = 

(m)(—2)* = —8 (m) (0.01)! = 100 

  

2. Express each equation in the form x = ... 

(@ y=2" ®) y=10° @ y=c 
@ y=2> @ y=3-2° (=52 
(® y=3" () y=3 @) y=ex 
0 y=2° W y=¢ W y=jex 

3. Using the earthquake context of Example 1.7, find the magnitude of an 

earthquake that is: 

(a) ten times as powerful as one of magnitude R = 5.2 

(b) twice as powerful as one of magnitude R = 5.2 

Chapter 1 practice questions 

l.Givenp:x*g x=1775 y=144 z=48 

(a) calculate the value of p. 

Barry first writes x, y and z correct to 1 significant figure and then uses 
these values to estimate the value of p. 

(b) (i) Write down x, y and z, each correct to one significant figure. 

(ii) Write down Barry’s estimate of the value of p. 

(c) Calculate the percentage error in Barry’s estimate of the value of p. 

2. A rectangle is 2680 cm long and 1970 cm wide. 

(a) Find the perimeter of the rectangle, giving your answer in the form 

a X 105, wherel =a<10andke€ Z 

(b) Find the area of the rectangle, giving your answer correct to the 

nearest thousand square centimetres.



Number and algebra basics 

3. A satellite travels around the Earth in a circular orbit 500 kilometres above 

the Earth’s surface. The radius of the Earth is taken as 6400 kilometres. 

(a) Write down the radius of the satellite’s orbit. 

(b) Calculate the distance travelled by the satellite in one orbit of the 

Earth. Give your answer correct to the nearest km. 

(c) Write down your answer to (b) in the form a X 10%, where 

1<a<10,keZ 

4. A shipping container is a cuboid with dimensions 16 m, 1%m and 2% m. 

(a) Calculate the exact volume of the container. Give your answer as a 

fraction. 

Jim estimates the dimensions of the container as 15m, 2m and 3 m and 

uses these to estimate the volume of the container. 

(b) Calculate the percentage error in Jim’s estimated volume of the 

container. 

  

9.5 X 10°m 5. Figure 1.8 shows a rectangle with sides of length 9.5 X 102m and 

1.6 X 10°m.       
1.6 X 10°m 

(a) Write down the area of the rectangle in the form a X 10%, where Figure 1.8 Rectangle for question 5 
1<a<10,keZ 

Helen’s estimate of the area of the rectangle is 1 600 000 m2. 

(b) Find the percentage error in Helen’s estimate. 

6. (a) What is the percentage error in estimating v2 with 1.41? 

(b) What is the percentage error in estimating 7 with 3.142 

(c) Using your answers to parts (a) and (b), comment on the accuracy 

of rounding irrational numbers to two decimal places. 

7. A student’s height is measured to be 1.89 m, correct to the nearest 0.01 m 

and the student’s mass is 82 kg, measured to the nearest kilogram. 

(a) Find the bounds on the height and mass measurements of the 

student. 

(b) Calculate the maximum and minimum body mass index (BMI) 
mass(kg) 

using the formula BMI = —————; rounded to 
height(m)]? 

3 significant figures. Lk o) 

(c) What is the maximum percentage error in the calculation of the 

student’s BMI? 
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10. 

1% 

12. 

138 

14. 

58 

16. 

17 

. Two cities, A and B, have populations of 1.3 X 10°and 5.8 X 10° 

respectively. 

(a) How many times larger is city A than city B? 

(b) The two cities are combined to make a new city, C. Write the 

population of C in scientific notation. 

(c) By what percent has city A grown due to the addition of city B? 

. The distance from the Earth to another planet in the solar system is 

5.8 X 108km 

Light travels at the speed ¢ = 300 000 km s~! 

(a) Calculate the time taken for light leaving the other planet to reach 

the Earth, writing your answer in scientific notation. 

(b) Write your answer to (a) correct to the nearest minute. 

Evaluate each power, writing your answer as a fraction. 
2 

@ ® (%) © 2 @ stt 
4516-2 

Write the expression ~3p a3 single power in base 2. 

Complete each calculation, writing your answer in scientific notation. 

4.6 X 107 
4.2 X 10%)(5.3 X 107! e @ ( ) ) ;yisx 

(© (23x10%? (d) 8 X 104 — 7 X 102 

Simplify: 
9 

(@) x7x* (OE= (© (x9? @ (=20* () x2 
5 

Solve: . 

(a) p?=49 () 32°=1 © (%) —3 
(d) 81 =3 (e) 8 =16 

Evaluate: 

(a) log;25 (b) log0.1 (c) logy3 (d) logs 30 

Solve 4* = 7 using logarithms. 

n 

In(n) 
gives the approximate number of primes less than a whole number 7. 

The expression In(#) is the logarithm of 7 in the base e ~ 2.72 

(a) Count the number of primes between 1 and 100. 

(b) Calculate 7(100) using a calculator. 

(c) Calculate the percentage error in using 77(100) to estimate the 

number of primes less than 100. 

'The formula 7(n) =   is known as the prime counting function and 
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Learning objectives 

By the end of this chapter, you should be familiar with... 

o different forms of equations of lines; gradients; intercepts; parallel and 

perpendicular lines 

« the concept of a function, domain, range and graph 

« function notation; the concept of a function as a mathematical model 

« the informal concept of an inverse function as a reflection in y = x; the 

notation f~!(x) 

« the graph of a function and its key features including: x- and y- intercepts, 

vertical and horizontal asymptotes; using technology to graph a variety of 

functions 

+ using technology to find the intersection of two curves or lines. 

This chapter focuses on subject material that is essential to understanding further 

content in this course. You may be familiar with some of the concepts discussed. 

Nevertheless, it is very important that you master the material in this chapter. 

Some content is related to the prior learning topics for the course. More prior 

learning topics can be found in the eText in the sections: Sets, inequalities, 

absolute value and properties of real numbers, and algebraic expressions. 

Equations and formulae 

Equations, identities and formulae 

An equation is a statement equating two algebraic expressions that may be 

true or false depending upon what value(s) are substituted for the variable(s). 

The value(s) of the variable(s) that make the equation true are called the 

solutions or roots of the equation. All the solutions to an equation comprise 

the solution set of the equation. An equation that is true for all possible values 

of the variable is called an identity. 

For example, 2x — 3 = 11 is an equation. x = 7 is a solution or root of this 

equation, while {7} is its solution set. y> — 5y + 6 = 0 is an equation which has 

two roots, y = 2 and y = 3. So, {2, 3} is the solution set for this equation. 

(x — 3)2 = x? — 6x + 9 is an identity because it is true for all values of x. 

Many equations are referred to as a formula (plural: formulae) and typically 

contain more than one variable and, often, other symbols that represent specific 

constants or parameters. Formulae with which you should be familiar include: 

A=ard=rt,and C = 27r 

Most equations that we will encounter will have numerical solutions, but we 

can also solve a formula for one variable in terms of other variables - often 

referred to as changing the subject of a formula.



(a) Solve forb: a*+ b2 = (b) Solve for I T= 2#\/5 

. _ _nR 
(c) SolveforR: I RECT 

  

  

Solution 

  

@) a2+ b=c= b= —at= b=t/ —a® 
If bis alength then b = v¢? — a? 

I 
® T Zn\,gfl\/g 27 T2 

Square both sides and isolate /: — = 

(¢) Multiply both sides of I = R"—frby (R + 1) and simplify. 
IR+ 1) =nR= IR + Ir = nR 
Collect the terms with R on one side and factorise. 

I 

Nl 

Equations and grapt 

Two important characteristics of any equation are the number of variables 

Rn—D=Ir=R=   

(unknowns) and the type of algebraic expressions it contains (e.g. polynomials, 

rational expressions, trigonometric, exponential). Nearly all of the equations in 

this course will have either one or two variables. 

Solutions for equations with a single variable consist of individual numbers that can be graphed as points on a number line. The graph 
of an equation is a visual representation of the equation's solution set. 
For example, the solution set of the one-variable equation 

5 ST T 
X=2+8ist2,4 =A==H=n0 1 3 & 4 5 6& 
‘The graph of the solution set for this equation is depicted on the real 
number line. Graph of the solution set for the equation x = 2x + 8 

The solution set of a two-variable equation will be an ordered pair of numbers. 

An ordered pair corresponds to a location indicated by a point on a two- 

dimensional coordinate system, i.e. a coordinate plane. For example, the 

solution set of the quadratic equation y = x? will be an infinite set of ordered 

pairs (x, y) that satisfy the equation. Four ordered pairs in the solution set are 

shown in red in Figure 2.1. The graph of all the ordered pairs in the solution set 

forms the curve shown. 

Linear equations — equations of lines Figure 2.1 Graph of the 
solution set of the equation 

A linear equation in one variable, x, can be written in the form ax + b = 

  
    

a # 0 and it will have exactly one solution x = 7% 

29



  

Figure 2.2 The graph of 
x = 2y = 2. Afew ordered 
pairs are graphed in red 
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A linear equation in two variables x and y can be written in the form 

ax + by = ¢, where a, b, and c are real numbers. An example of a two- 

variable linear equation in x and y is x — 2y = 2. The graph of this 

equation’s solution set (an infinite set of ordered pairs) is a line (Figure 2.2). 

The gradient m (slope), of a non-vertical line is defined by the formula 

TN vertical change 
  

" % — X horizontal change 

For example, using the two points (1, *l) and (4, 1) on the line x — 2y = 2, 

    If we solve for y we can rewrite the equation in the form y = 3 

Note that the coefficient of x is the gradient of the line. If x = 0, then y = —1. 

Thus, the constant term in the equation is the y-coordinate of the point at 

which the line intersects the y-axis, that is, the y-intercept. 

Since all points on a vertical line have the same x-coordinate, the horizontal change between 
any two points is zero. Thus, vertical lines have undefined gradients because we cannot 
divide by zero. 

There are several forms for writing linear equations. 
  

  

  

General form ax + by + ¢ = 0 or | Every line has an equation in this form 
ax+by = ifboth aand b # 0 

Gradient-intercept form | y = mx + ¢ m is the gradient; (0, c) is the y-intercept 
  

Point-gradient form | y — y, = m(x — x,) | m is the gradient; (x,, yy) is a known 
point on the line 

  

Horizontal line y=c Gradient is zero; (0, ¢) is the y-intercept 
  

Vertical line x=c Gradient is undefined; unless the line is 
the y-axis it has no y-intercept         

  

Table 2.1 Forms for equations of lines 

Most problems involving linear equations and their graphs fall into two categories: 

1. Given an equation, determine its graph. 

2. Given a graph, or some information about it, find its equation. 

For lines, the first type of problem is often best solved by using the gradient— 

intercept form. Whereas for the second type of problem the point-gradient 

form is usually more useful. 

Without using a GDC, sketch the line that is the graph of each linear 

equation written in general form. 

(@) 5x+3y—6=0 (b)y—4=0 (© x+3=0



  

Solution y 

(a) Solve for y to write the equation \ 2 

in gradient-intercept form. 

5x+3y—6=0=3y= 

  

    

  
The line has a gradient of —>and =5 ~4 
a y-intercept of (0, 2). 

(b) The equationy — 4 =0is 

equivalent to y = 4 which, when 

graphed, is a horizontal line 

with a y-intercept of (0, 4). 

=3     

  

(c) The equation x + 3 = 0 is equivalent to x = —3 which, when graphed, is 

a vertical line. It has an x-intercept of (—3, 0) but no y-intercept. 

(a) Find the equation of the line that passes through the point (3, 31) and 

has a gradient of 12. Write the equation in gradient-intercept form. 

(b) Find the linear equation in C and F knowing that when C = 10, F = 50 

and when C = 100, F = 212. Solve for F in terms of C. 

e . L, @] 

Solution 

(a) Substitute x; = 3, y; = 31 and m = 12 into the point-gradient form. 

Y= = M) 

= S D (e 3 AR 1D i3 GRS 

=y =12x =15 

(b) The two points, (C, F), that are known to be on the line are (10, 50) 

and (100, 212). The variable C corresponds to the x variable and F 

corresponds to y in the definitions and forms stated above. The gradient 

Y= BEB-—HK 212-50 162 9 
HL—% C-C 100-10 9 5 

Choose one of the points on the line, say (10, 50), and substitute it and 

the gradient into the point-gradient form. 

F—F =m(C— c,)fip—so:%(c— 10):>F:§c— 18 + 50 

:>F:§c+32 

The following examples demonstrate how the concept of gradient can be used 

to describe the orientation of straight lines and determine the coordinates of 

points on a straight line. 
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Moreover, lines with equal gradients are parallel, and lines for which the 

product of their gradients is — 1 are perpendicular, meaning they intersect in a 

right angle. 

The two lines shown in Figure 2.3 suggest that two distinct non-vertical lines 

are parallel if and only if their gradients are equal, m, = m, 

y 

  

  

  

X 

Figure 2.3 Two lines for which the gradients, ~ Figure 2.4 Two lines for which the product of the 
m, and m, are equal. The lines are parallel gradients, m, and m, is 1 are perpendicular 

The two lines shown in Figure 2.4 suggest that two non-vertical lines are 

perpendicular if their gradients are negative reciprocals. That is, m, = —~ 
i . 2 

which is equivalent to m, - m, = —1 

Example 2.4 

|
 

Consider the straight line with equation y = * +2 

(a) Find the gradient and the y-intercept. 

(b) Find the equation of a line that passes through the point (1, 5) and 

parallel to the given line. 

(c) Find the equation of a line that passes through the point (1, 5) and 

perpendicular to the given line. 

1 

Solution 

(a) The gradient, m is the coefficient of x, and hence m = %, and the 

constant 2 is the y-coordinate of the y-intercept, which is (0, 2). 

(b) The line parallel to the given line must have a gradient of m, = 5 
5 

Using the form y — y, = m(x — x,), the equation of this line will be 

o .2 515 5(Jc D=y 5x+ 5 

(c) The line perpendicular to the given line must have a gradient of 

i 8 e 

Using the form y — y, = m(x — x,), the equation of this line will be 

5 5 20 
it —3(x D=y= —3x+—3



Line L is given by the equation 3y + 2x = 9 and point P has coordinates 
(6, —5). 

(a) Explain why point P is not on line L. 

(b) Find the gradient of line L. 

(c) (i) Write down the gradient of a line perpendicular to line L. 

(ii) Find the equation of the line perpendicular to line L and passing 

through point P. 

| 

Solution 

(a) If point P(6, —5) lies on the graph of L then it must be a solution to the 

equation 3y + 2x = 9 
Substituting 6 for x and —5 for y gives: 

3(—5) + 26} = —15+ 12 = —3 29 
Since (6, —5) is not a solution then P is not on the graph of line L. 

(b) To find the gradient of L, rewrite 3y + 2x = 9 in gradient-intercept 
form, y = mx + ¢ 

3+ 2w=9=3y= 2t 9= y=—2x+3 
Thus, the gradient of L is *% 

(c) (i) The line perpendicular to L has a gradient that is the negative 

reciprocal of 7%. Thus, the gradient is % 

(ii) Using the point-gradient form 

y — y, = mx — x) the equation of the line perpendicular to 

Lisy—(-5)=36-6=y+5=2x—9=y=3x—14 

Systems of linear equations 

Many problems involve sets of equations with several variables, rather than 

just a single equation with one or two variables. Such a set of equations is often 

called a set, or system, of simultaneous equations because we find the values 

for the variables that solve all of the equations simultaneously. In this section, 

we only consider sets of simultaneous equations containing two linear equations 

with two variables. We will take a brief look at four solution methods: 

1. Graphical method (with technology) 

2. Substitution method 

3. Elimination method 

4. Technology (without graphing) 
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2 
A 

Intersect at exactly one point; 
exactly one solution 

V. 

0 X 

Identical - coincident lines; 

infinite solutions 

N 
Never intersect - parallel lines; 

no solution 

Figure 2.5 Possible 
relationship between two lines 

in a coordinate plane 

A system of equations 
that has no solution is 

inconsistent. A system 
of equations that has 

at least one solution is 
consistent. 

  

Plotl Plot2 Plot3 

\Y1E(7/5)%-4 
Yo -3%X+. 
\Y3= 
N 
\Ys: 
NG 
Y= 

  

  

  

      Intersection 
X=1.3636364 Fy=-2.090909 
  

Figure 2.6 GDC screens for the 

solution to Example 2.6 (b) 
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Graphical method 

The graph of each equation in a system of two linear equations in two 

unknowns is a line. The graphical interpretation of such a system of equations 

corresponds to determining what point, or points, lie on both lines. Two lines 

in a coordinate plane can relate to one another in one of three ways: 

- . intersect at exactly one point 

2. intersect at all points on each line (i.e. the lines are identical, or coincident) 

3. not intersect (i.e. the lines are parallel). 

These three possibilities are illustrated in Figure 2.5. 

A graphical approach to solving a system of linear equations provides a helpful 

visual picture of the number and location of solutions. This can be performed 

onaGDC. 

Example 2.6 

Use the graphical features of a GDC to solve each system of linear equations. 

(a) 2x+3y=6 (b) 7x — 5y =20 

2 —y=-10 3x+y=2 
YY) 

Solution 

(a) First rewrite each equation in gradient-intercept form, i.e. y = mx + c. 

This is a necessity if we use our GDC and is also very useful for graphing 

by hand (manually). 

243y =6=3y= 2+ 6=y= —§x+2 and 
2x—y=—-10=y=2x+10 

Any of the popular GDC models can give the point of intersection 

shown in the diagram. The intersection point and solution to the system 

of equations is x = —3 and y = 4, or (—3,4) 

  

  

(-3,4) 
f19=Rexs2 

- T H 

fe2(x)-2-x+10; 
-6.67 

7x*5y:20$5y:7x*20:>y:§x*4 and 

  

        

(b 

3x+y=2=y=-3x+2 

The solution to the system of equations is: 

5] 
x=1364andy = —2.091, or(11 %) (see GDC images in Figure 2.6)



In some situations, it may be useful or more efficient to solve a system of 

equations by using an analytic (or algebraic) approach. Two methods - 

elimination and substitution - are explained and illustrated here. However, 

because a GDC is allowed on all exams neither method is required. 

Elimination method 

To solve a system using the elimination method, we try to combine the two 

linear equations using sums or differences in order to eliminate one of the 

variables. Before combining the equations, we need to multiply one or both of 

the equations by a suitable constant so that one of the variables has coefficients 

that are equal (then subtract the equations), or that differ only in sign (then add 

the equations). 

Example 2.7 

Use the elimination method to solve the system of linear equations. 

SX = 3y =19 

2x—4y=14 

e 

Solution 

‘We can obtain coefficients for y that differ only in sign by multiplying the 

first equation by 4 and the second equation by 3. Then add the equations to 

eliminate the variable y. 

Sx+3y=9 — 20x+12y=36 
2x—4y=14 — 6x — 12y = 42 

26x =78 

T8 
26 

%i=3 

By substituting the value of x = 3 into either of the original equations we can 

solve for y. 

5%x+3y=9=53)+3y=9=3y=—6=>y=—2 

‘The solution is (3, —2). 

Substitution method 

The algebraic method that can be applied effectively to the widest variety of 

simultaneous equations, including non-linear equations, is the substitution 

method. Using this method, we choose one of the equations and solve for 

one of the variables in terms of the other variable. We then substitute this 

expression into the other equation to produce an equation with only one 

variable, for which we can solve directly. 
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If you use a graph to 
answer a question on an 

1B mathematics exam, 
you must include a 

clear and well-labelled 
sketch in your working, 
‘Thus, on an exam there 

is often more effort 
involved in solving 

a system of linear 
equations by graphing 

with your GDC 
compared to solving 

the system using a 
simultaneous equation 

solver (or systems of 
linear equations solver) 

on your GDC. 

  

sinsotve({ §1272: 221 (o) 8873 013w 
{132, 559} 

TR iy 

{sm E}.mm 212 
{266.083,29.5833}       

Figure 2.7 GDC simultaneous 

equation solver 
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Example 2.8 

Use the substitution method to solve the system of linear equations. 

B0 

6x+2y=2 

Solution 

Solve for y in the top equation. 

Sy O 30 

Substitute 3x + 9 in for y in the bottom equation. 

6x+20x+9) = 2= 6x+6x+18 =2 12x= —16= x = —g: —% 
Now substitute —2 in for x in either equation to solve for y. 

3(*%)*y:*9:>y:*4+9$)/:5 

‘The solution is x = 7%,}) = 5;0r (*%, 5) 

Technology 

As shown in Example 2.6, we can use our GDC to graph the two lines which 

have equations that constitute a system of two linear equations and then apply 

an ‘intersection’ command to find the ordered pair that solves the system. 

Alternatively, a GDC should have a simultaneous equation solver (or systems 

of equations solver) that can be used to solve a system of linear equations 

without graphing. 

Example 2.9 

‘When flying in still air (i.e. no head wind or tail wind) with its propellers 

rotating at a particular rate a small airplane has a speed of s kilometres per 

hour. With the propeller rotating at the same rate, the airplane flies 473 km 

in 2 hours as it flies against a head wind, and 887 km in 3 hours flying with 

the same wind as a tail wind. Find s and find the speed of the wind. 

Solution 

Let w represent the speed of the wind. 

Applying distance = speed X time gives the following two equations. 

473=2s—w) {473 =2s—2w 
887 =3(s +w) ~ 1887 =3s+ 3w 

This system of equations can be solved with a simultaneous equation solver 

on a GDC. One example of such a solver is shown in Figure 2.7. 

Therefore, s ~ 266 kmh ! and the wind speed is 29.6kmh ™", approximate to 

3 significant figures.



Exercise 2 

1. Solve each formula for the variable stipulated. 

(@) mth —x) =n solve for x (b) v=vab—t solve for a 

() A= g(b, + b,) solve for b, A= %rzfl solve for r 

(e) 'g = % solve for k (f) at =x— bt solve for t 

(g) V= %‘n'rsh solve for r (h) F= fi solve for k 

2. Find the equation of the line that passes through the two given points. 

If possible, write the line in gradient-intercept form. 

(@) (=9, 1)and (3, ~7) (b) (3, —4) and (10, —4) 
(©) (~12,—9) and (4, 11 @ (% —%) o (% %) 

3. Find the equation of the line that passes through the point (7, —17) and 

is parallel to the line with equation 4x + y — 3 = 0. Write the line in 

gradient-intercept form. 

4. Find the equation of the line that passes through the point (*5, %) 

and is perpendicular to the line with equation 2x — 5y — 35 = 0. 

Write the line in gradient-intercept form. 

5. Use the elimination method to solve each system of linear equations. 

(@) x+3y=8 ®b)x—6y=1 

x—2y=3 3x+2y =13 

6. Use the substitution method to solve each system of linear equations. 

@ 2x+y=1 (b) 3x—2y=7 

BXE2 o) ==/ 

7. Use a GDC to solve each system of two linear equations. 

(a) 3x+2y=9 (b) 3.62x — 5.88y = —10.11 (c) 2x—3y=4 

7x+1ly=2 0.08x — 0.02y = 0.92 Sx+2y=1 

8. The equation of the straight line L, is y = 2x — 3 

(a) Write down the y-intercept of L,. 

(b) Write down the gradient of L,. 

The line L, is parallel to L, and passes through the point (0, 3). 

(c) Write down the gradient of L,. 

The line L is perpendicular to L, and passes through the point (-2, 6). 

(d) Write down the gradient of L,. 

(e) Find the equation of L,. Give your answer in the form 

ax + by + d = 0 where a, b and d are integers. 
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Animal Life expectancy 

  

Set of inputs Set of outputs 

= domain = range 

Figure 2.8 Mapping for a 
set of animals to a set of life 
expectancies 

x ) 

N L 

i
 

Figure 2.9 Mapping for a set of 
x values to a set of y values 

A relation f defined by 
a set of ordered pairs 

(x,y) is a function 
if no two different 

ordered pairs have the 
same first coordinate 
and different second 

coordinates. 

For a set of ordered 
pairs to represent a 

function, all ordered 
pairs must have 

different first elements. 

38 

Functions 

Relations and functions 

‘When the elements in one set are linked to elements in a second set, we call this 

a relation. For example the life expectancy of some animals could be presented 

in a diagram called a mapping. To create the mapping we can look up the life 

expectancy of each animal. We would not start with a life expectancy and then 

try to determine the type of animal. This suggests that the direction in a relation 

from the elements in one set to the elements in another set is important. 

In general, for a relation such that x is an element in the input (type of 

animal) and y is an element in the output (life expectancy), then we say that 

y depends on x, and we write x — y (or x determines y). We can also represent 

this relation as a set of ordered pairs (x, y), where x represents the input and 

y represents the output: {(elephant, 50), (goat, 10), (horse, 50), } 

‘We can represent the mapping shown in Figure 2.9 as a set of ordered pairs: 

{(1,2),(2, 1),(2, 3),(5, 00,5, 4} 

Notice what distinguishes the relation mapped in Figure 2.9 from the one shown 

in Figure 2.8. When we look at the arrows in the first relation (Figure 2.8), there 

is only one arrow leaving any element in the first set. This is not true for the 

second relation (Figure 2.9). When we look at the sets of ordered pairs, the first 

relation does not have any two pairs with the same first component; in other 

words, each animal has only one life expectancy. This is not true for the second 

relation. In the second relation, the number 2 in the input is linked to two 

different numbers in the output, 1 and 3. The first relation, where each element 

in the input is linked to only one element in the output, is called a function, 

while the second relation is not a function. The box on the left gives a more 

formal description of a function and the graphical interpretation of functions. 

If the condition of not having different second coordinates is not met, then f 

is only a relation for the two given sets. For example, {0, 1),(1, 2),(—1, 2),(2, 5), 

(=2, 5),(3, 10),(—3, 10)} represents a function because no two ordered pairs have 

the same first coordinate and different second coordinates. On the other hand, 

{(0,0),(1, 1),(2, —1),(1, 2),(3, 4),(5, 8)} does not represent a function because 

(1, 1) and (1, 2) are two ordered pairs with the same first coordinate and 

different second coordinates. 

‘The largest possible set of values for the independent variable (the input set) is called the 
domain — and the set of resulting values for the dependent variable (the output set) is 

called the range. In the context of a mapping, each value in the domain is mapped to its 
image in the range. All the various ways of representing a mathematical function illustrate 
that its defining characteristic is that it is a rule by which each number in the domain 
determines a unique number in the range. 

The graph of any relation consists of infinitely many ordered pairs each 

represented by a point on the graph. By analysing the graph of a function, we can 

often visually determine the domain and range of the function. See Figure 2.10.



For the graph of y = x? + 1 in Figure 2.11, we notice that there is no restriction 
on the values of x. Hence, the domain of the relation y = x* + 1 is the set of all 
real numbers. Also, the lowest point on the graph (the vertex of the parabola) 

is at (0, 1) which means that the range of the relation is the set of real numbers 

greater than or equal to 1. The graph in Figure 2.11 of y = x2 + 1 represents 

a function because each value of x (domain) determines only one value of y 

(range). In other words, there are no two different points on the graph of 

y = x* + 1 which have the same x-coordinate. 

Figure 2.12 shows the graph of the relation x = y* + 1, which is also a parabola 

but is ‘sideways. The domain of the relation is the set of real numbers greater 

than or equal to 1. If we extend the graph, we also notice that there is no limit 

on the values of y, so the range is the set of all real numbers. 

The graph in Figure 2.12 of x = y* + 1 does not represent a function. If x = 5, 

then y equals both 2 and —2. In other words, (5, 2) and (5, —2) both lie on 

the graph of x = y* + 1. Therefore, by definition, the set of ordered pairs 

represented by the graph of x = y2 + 1 is not a function. 

To determine if a relation (equation) is a function, use the vertical line test. If a vertical 

line exists that intersects the graph at more than one point, then the graph is not a function. 
This is because two ordered pairs would have the same first elements (x-coordinates). 
See Figure 2.13. 

   
Function Not a function Not a function 

Figure 2.13 Vertical line test 

A function is usually denoted by a letter such as f, g, or h. The set 

X, containing all values of x, is called the domain of . The set of 

corresponding elements y in the set Y is called the range of . For the 

animal life expectancy example, the set of animals is the domain and the 

set of numbers representing life expectancies constitute the range. The 

unique element y in the range that corresponds to a selected element x in 

the domain X is called the value of the function at x, or the image of x, 

and is written f(x). The latter symbol is read f of x” or ‘fat x; and we write 

y = flx). In many instances, x is also called the input of the function f 

and the value f(x) is called the output of . Since the value of y depends 

on the choice of x, y is called the dependent variable; x is called the 

independent variable. Unless otherwise stated, we shall assume hereafter 

that the sets X and Y consist of real numbers. 

A simple pendulum consists of a heavy object hanging from a string of length 

L (in metres) and fixed at a pivot point. If we displace the suspended object 

< 
Ra
ng
e 

of 

  

— 
Domain of f 

Figure 2.10 Visual depiction of 
domain and range of a function 
from its graph 

  

y=x2+1 

  

Figure 2.12 The graph of 
x=y'+1 
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/ 
I 

/ 
Figure 2.14 Asimple 
pendulum 

A variety of functions 
- including quadratic 

functions - will be 

covered in Chapter 
6 Modelling real-life 

phenomena. 
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to one side by a certain angle 6 from the vertical and release it, the object will 

swing back and forth under the force of gravity. The period T (in seconds) of 

the pendulum is the time for the object to return to the point of release. 

For a small angle 6 the two variables T and L are related by the function 

T= 211\/ é where g is the gravitational field strength (acceleration due to gravity). 

Therefore, assuming the force of gravity is constant at a given elevation 

(g~ 9.81 ms~2at sea level), the function can be used to calculate the value of T 

for any value of L. That is, L determines T. 

As with the period T and the length L for a pendulum, many mathematical 

relationships concern how the value of one independent variable determines 

the value of a second dependent variable. Here are some further examples: 

« The area of a circle A is a function of its radius r: A = 712 

« If walking at a constant speed of 5km per hour, then distance d (km) is a 

function of time ¢ (hours): d = 5¢ 

o °F (degrees Fahrenheit) is a function of °C (degrees Celsius): F = %C +32 

  

Example 2.10 

(a) Express the volume V of a cube as a function 

of the length e of each edge. 
  

(b) Express the total surface area S of a cube as a 

function of the length e of each edge.     

  

  

YY) 

Solution 

(a) Vasafunctionofeis V= ¢* 

(b) The surface area of the cube consists of six squares each with an area 

of e2. Hence, the surface area is 6¢ that is, S = 6¢> 

Find the domain of each function. 

(@) {(—=6,—3),(—1,0),(2,3),(3,0),(54)} (b) Volume of a sphere: V = %‘n-r3 

  © r=5 @ y=B=% 

Solution 

(a) The function consists of a set of ordered pairs. The domain of the 

function consists of all first coordinates of the ordered pairs. Therefore, 

the domain is the setx € {—6, —1, 2, 3, 5}



(b) The physical context tells us that a sphere cannot have a radius that is 

negative or zero. Therefore, the domain is the set of all real numbers r 

such that r >0 

(c) Since division by zero is not defined for real numbers then 2x — 6 # 0 

Therefore, the domain is the set of all real numbers x such that x € R, 

x#3 

(d) Since the square root of a negative number is not real, then 3 — x =0 

Therefore, the domain is all real numbers x such that x < 3 

Determine the domain and range for the function y = 1 + Vx — 2 

Solution 

Using algebraic analysis: 

Squaring any real number produces another real number. Therefore, the 

domain of y = 1 + vx — 2 is the set of all real numbers such that the 

expression under the square root yields a real number. Thatis x — 2 =0 

Thus, the only values of x that can be part of the domain must be larger than 

or equal to 2. So, the domain is x = 2 

Since vx — 2 is always positive, and it is added to 1, then the possible values When determining 

of y are all numbers larger than or equal to 1. Thus, the range is y = 1 the domain and range 
of a function, try to 

ine sranhical andbsis use both algebraic and 
ez Ei T i e 
For the domain, the only possible g Do not rely too much 
values of x are from 2 onwards. gc 3 on “Siflshil;:s‘ one - 

B 2 approach. For graphic: 
For the range the only possible values & ! S=1+7=2 By 

for y are the values from 1 onwards. producing a graph ona 
0 GDC that shows all the (ORI AR B o e s - 

2 important features is 
Domain of f essential. 

Find the domain and range of the function h(x) = =) 

Solution 

Using algebraic analysis: 

The function produces a real number for all x, except for x = 2 when 

division by zero occurs. Hence, x = 2 is the only real number not in the 

domain. Since the numerator of   1 > is a positive constant, the value = 
of y cannot be zero. Hence, y = 0 is the only real number not in the range. 
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Figure 2.15 Graph for 
Example 2.13 

  
VIST/(9-K2) 

  

X=0 ¥=.33333333 
  
  
VIST/(9-K2) 

L J 
X=2.9787234 | y=2.8037849     
  

X Y1 
16.668 

2.9995 (181258 
2.9996 (20.413 
2.9997 (231571 
2.9998 (281868 
2.9999 (10,825 
3 ERROR 

  

          X=2.9994   

Figure 2.16 GDC screens for 

the solution to Example 2.14 
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Using graphical analysis: 

The graph of the equation has a ‘gap’ at x = 2 that divides it into two 

branches that both continue indefinitely with no other gaps. Both branches 

are said to be asymptotic (approach but do not intersect) to the vertical line 

x=2 

This line is a vertical asymptote and is drawn as a dashed line (it is not part 

of the graph of the equation). 

Similarly, there is a gap at y = 0 (x-axis) with both branches of the 

graph continuing indefinitely with no other gaps. Both branches are also 

asymptotic to the x-axis. Thus, the x-axis is a horizontal asymptote. 

1 

=2 
  Both approaches confirm that the domain and range for h(x) = o are: 

domain: {x | x €R, x # 2}; range: {y | y R, y = 0} 

Example 2.14 

Find the domain and range of the function f(x) = 

  

Solution 

  The graph of y = — on a GDC, shown in Figure 2.16, agrees with 
VoESr: 

  algebraic analysis indicating that the expression will be positive for 
o—x 

all x in the interval —3 < x < 3. Further analysis and tracing the graph 

reveals that f(x) has a minimum at (0, %) 

The graph on the GDC is misleading in that it appears to show that the 

function has a maximum value of approximately y ~ 2.8037849 

Can this be correct? A lack of algebraic thinking and over-reliance on a GDC 

could easily lead to a mistake. The graph abruptly stops its curve upwards 

because of low screen resolution. Function values should get quite 

large for values of x a little less than three, because the value of V9 — x2 will 

1 

OEET 
showing values of f(x) for values of x very close to —3 or 3 confirms that 

as x approaches —3 or 3, y increases without bound, i.e. y goes to +oc. 

Hence, f(x) has vertical asymptotes of x = —3 and x = 3 

  be small, making the fraction large. Using a GDC to make a table 
2 

This combination of graphical and algebraic analysis leads to the conclusion 

that the domain of f(x) is {x | —3 < x < 3}, and the range of f(x) is 

b=t



Adding and subtracting functions 

Two functions f{x) and g(x) can be added or subtracted within a common 

domain. 

For example, let flx) = x> — 3,and g(x) = Vx — 2 

The domain of f(x) is the set of all real numbers, while the domain of g(x) is 

x = 2. If we add or subtract the functions, we can do that only over the set 

of numbers larger than or equal to 2 because outside this interval, g(x) does 

not exist. 

Figure 2.17 shows the graphs of f, g and f + g. Notice that f + g only exists 
forx=2 

Let us look at a table of some values. 

Notice how the values for f + g only exist when both fand g are defined. 

Subtraction of functions works similarly. 

  

  

  

  

  

  

  

  

TP iserx 
Figure 2.17 'The graph of 
y=1+k-2 

x | fx) | g) | ftg 
—1| —2 | None | None 
0 | —3 | None | None 
1 | —2 | None | None 
2| 1 0 1 
3]s 1 7 
6 | 33] 2 35             

Table 2.2 The values for f + gonly 
exist when both fand g are defined 

  
1 (i) Match each equation to a graph. 

(ii) State whether or not the equation represents a function. Justify your answer. Assume that x is 

the independent variable and y is the dependent variable. 

  

  

        

  

  

  

(a) y=2x () y=-3 (@ x-y=2 (D)t +y2 =4 (@ y=2-x 
2 3 

) y=x+2 (8 y'=x (M) (EEH D) 
A ¥, B y @ X 

1 1 / 4 

2 21 ‘/f 

T4 Y 5 ix 4|20 5 ix a4 20 3 ix -4 20 4x 
—2 -2 —2.| -2 

-4 -4 -4 -4 

E y F 5 G y Y 
44 4 44 1 

T — T - — — . 
-4 -2 2 4x -4 4 0 1x -4 -2 2 4x 4x 

2] - 4 

4] —4 ~4] 

I 7 ] ¥ K 5 
1 i 1 

o 2 24 

L0 3 ix a4 20 N\ 4x Ix 3 ik 
-2 

= = | 
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z 

T— 7 e 
18       

Figure 2.18 Diagram for 
question 4 

Considering the function 
in 8 (g), the notation 

6 

  

is equivalent to 

foy =8 

  
44 

@w 
N 

- 
o 

10. 

Functions 

. Express the area, A, of a circle as a function of its circumference, C. 

. Express the area, A, of an equilateral triangle as a function of the length, 

1, of each of its sides. 

. A rectangular swimming pool with dimensions 12 metres by 18 metres 

is surrounded by a pavement of uniform width x metres. Find the area 

of the pavement, A, as a function of x. 

. In a right isosceles triangle, the two equal sides have length x units and 

the hypotenuse has length h units. Write h as a function of x. 

. The pressure P (measured in kilopascals, kPa) for a particular sample of 

gas is directly proportional to the temperature T (measured in kelvin, K) 

and inversely proportional to the volume V measured in litres, L). With 

k representing the constant of proportionality, this relationship can be 

written in the form of the equation P = k% 

a) Find the constant of proportionality, k, if 150 L of gas exerts a Prop Y> & 
pressure of 23.5kPa at a temperature of 375K. 

(b) Using the value of k from part (a) and assuming that the 

temperature is held constant at 375K, write the volume V'as a 

function of pressure P for this sample of gas. 

. In physics, Hooke's law states that the force F (measured in newtons, N) 

needed to extend a spring by x units beyond its natural length is 

directly proportional to the extension x. Assume that the constant of 

proportionality is k (known as the spring constant for a particular spring). 

(a) Write F as a function of x. 

(b) A spring that has a natural length of 12 cm is stretched by a force of 

25N to a length of 16 cm. Work out the value of the spring constant k. 

(c) What force is needed to stretch the spring to a length of 18 cm? 

. Find the domain of each function. 

©) (=62 =7 (=15 =257 0)((2,9), OE9)) 

(b) Surface area of a sphere: § = 47> 

© fo=2x~7 (@R 
() gth=B3—1 (f) hy = VE 

    
. Do all linear equations represent functions? Explain. 

Consider the function h(x) = vx — 4 

(a) Find 

() hQD (i) hG3) (i) h4) 
(b) Find the values of x for which h is undefined. 

(c) State the domain and range of h.



11. For each function 

(i) find the domain and range of the function 

(ii) sketch a comprehensive graph of the function clearly indicating 

any intercepts or asymptotes. 

(0 OFER 
(d) px> 5 — 227 (e) fix) = 

o 

Xt ) 
  (©) hex) = 

   

  

Inverse functions 

Pairs of inverse functions 

If we choose a number and cube it (raise it to the power of 3), and then take the 

cube root of the result, the answer is the original number. The same result would 

occur if we applied the two rules in the reverse order. That is, first take the cube 

root of a number and then cube the result, again the answer is the original number. fl) =% 

Written as functions using function notation, the cubing function is f(x) = x°, domainoff  range of f 
and the cube root function is g(x) = ¥ 3 

If we cube a number x, we get x. Then if we take the cube root of the result: Fe 
g =V =x 

Thus, in essence g undoes what f did. 

f(=2)=—8and g(—8) = —2 

  

      

  

Because function g has this reverse (inverse) effect on function f, we call range ofg ‘d":‘jfl ofg 

function g the inverse of function f. Function f has the same inverse effect on g(x) =V 

function g [g(27) = 3 and then f(3) = 27], making f the inverse function of Figure 2.19 A mapping 
diagram for the cubing and g The functions fand g are inverses of each other. The cubing and cube root 
cube root functions 

functions are an example of a pair of inverse functions. The mapping diagram 

for functions fand g (Figure 2.19) illustrates the relationship for a pair of Do mo e 

inverse functions where the domain of one is the range for the other. —Lin the notation f~! 
for an exponent. It is 

You should already be familiar with pairs of inverse not an exponent. Ifa 
operations. Addition and subtraction are inverse domainoff f  rangeoff superscript of —1 is 

operations. For example, the rule of adding six aPPl‘ed_ to the s of 
Fiia a function, as in f~1 or 

(x + 6), and the rule of subtracting six (x — 6), sin—1, then it denotes 
undo each other. Accordingly, the functions the function that is the 

ftx) = x + 6 and g(x) = x — 6 are a pair of inverse inverse of the named ) ’ - S~ -/ function (e.g. for sin). 
functions. The notation used to indicate the rangeof /' f domain off! Ifa superscript of 

inverse of function fis f '. Since function g is the Figure 2.20 A mapping diagram —Lisapplied toan 
inverse of function f, we can write f '(x) =x — 6 for a pair of inverse functions expression, as in 75 

or (2x + 5)~!, then 
it is an exponent and 

For a pair of inverse functions, the domain of f~! is equal to the range of f; and the range denotes the reciprocal 
of f~Vis equal to the domain of f. of the expression. 
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A function is one-to- 
oneiif each element y in 

the range is the image 
of exactly one element 

xin the domain. 

  

Figure 2.21 Graph of fix) = x* 
which is increasing as x goes 
from —o0 to 00 

  

Figure 2.22 The graphs of f 
and f~! are symmetrical about 
theliney = x 
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It is clear that both f(x) = x* and g(x) = Vx satisfy the definition of a function 

because for both fand g every number in its domain determines exactly one 

number in its range. Since they are a pair of inverse functions then the reverse 

is also true for both; that is, every number in its range is determined by exactly 

one number in its range. Such a function is called a one-to-one function. The 

phrase one-to-one is appropriate because each value in the domain corresponds 

to exactly one value in the range, and each value in the range corresponds to 

exactly one value in the domain. 

The existence of an inverse functi 

Determining whether a function is one-to-one is very useful because the 

inverse of a one-to-one function will also be a function. Analysing the graph 

of a function is the most effective way to determine whether a function is one- 

to-one. Let’s look at the graph of the one-to-one function f(x) = x* shown in 

Figure 2.21. It is clear that as the values of x increase over the domain (i.e. from 

—00 to 0o) the function values are always increasing. A function that is always 

increasing, or always decreasing, throughout its domain is one-to-one and has 

an inverse function. 

Consider the ‘reversing’ effect that a pair of inverse functions have on each 

other. It must be true that if fia) = b then f~'(b) = a. For example, consider 

againf(x) =x+6andf ') =x—6 

fl—9=2andf '@ = —4 

The point (—4, 2) will be on the graph of f, and the point (2, —4) will be on the 

graph of f~'. Hence, if the ordered pair (a, b) is a point on the graph of y = f(x) 

then the reversed ordered pair (b, @) must be on the graph of y = f~'(x) 

  

Figure 2.22 shows that the point (b, a) can be found by reflecting the point (a, b) 

about the line y = x 

5 

x+4 

The function that is the inverse of gis g~!(x) = 

  Consider the function g(x) = with domain of {x|x € R, x # —4} 

  
1—x 

(a) Usea GDC to confirm that the domain and range of g are 

{x|x€R,x# —4}and {y|yeR,y=1} 

(b) Write down the equations of all asymptotes for the graph of g. 

(c) Write down the domain and range of g~! 

(d) The graphs of gand g~! intersect at (0, 0) and at point A. Use a GDC to 

find the coordinates of A. 

(e) Write down the equation of the line that passes through points (0, 0) and A.



Solution 

X 

x+4 
  (a) A graph of g(x) = shows that there is a ‘gap’ at x = —4 and at 

w= 

(b) The graph of g has a vertical asymptote of x = —4 and a horizontal 

asymptote of y = 1 

(c) The domain of g will be the range of g, and the range of g will be the 

domain of g™! 

Therefore, the domain of g ' is {x | x €R, x # 1} and the range of g ' is 

{rlyeRy=—4} 
(d) Using an intersection command in the graph window of a GDC shows 

that the graphs of g and g’] intersect at (0, 0) and (=3, —3) 

Thus, the coordinates of A are (—3, —3) 

(e) The equation of the line that passes through the points of intersection of 

gandg lisy =x 

This is the line for which the graphs of gand g~' are mirror images of 

each other. 

In questions 1-4, assume that f is a one-to-one function. 

1. (a) Iff(2) = —5, then whatis f~'(=5)? 

(b) T££'(6) = 10, then what is f(10)? 

2. (a) If(—1) = 13, then what is f '(13)? 

(b) Iff'(b) = a, then what is f(a)? 

3. If g(x) = 3x — 7, then whatis g '(5)? 

4. If h(x) = x> — 8x, with x = 4, then what is h~1(—=12)? 

5. For each pair of functions, show graphically that fand g are inverse 

functions by sketching the graphs of fand g on the same set of axes with 

equal scales on the x-axis and y-axis. Use a GDC to assist in making 

your sketches on paper. 

(@) B a6 N S VSR 6! 

(b) fix > 4x; g:xH% 

(© fixrs 3x+9; g:xr—r%x*S 

@ fixml gl 
(e) x> x> —2,x=0; gxVx+2,x=-2 

5 )   (B)Fficoi oo 

3 i ) I 
® fro 10— gx—— 

  

  

  

      s   

Figure 2.23 GDC screen for 

the solution to Example 2.15(a) 

  T 

10,0 
BT} T 

(-3,-3) 

  

s       |-6.67   

Figure 2.24 GDC screen for 

the solution to Example 2.15(d) 
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(h) fx> (6— 0% gx6—x5x=0 

() fxrx2—2x+3,x=1 gxpl+k—2,x=2 

G) fixH@; gx— 2 — 6 

6. Consider the linear function h(x) = 2x — 5 

(a) The graph of h intersects the line y = x at point P. Find the 

coordinates of P. 

(b) Point Q lies on the graph of h. The x-coordinate of Q is 1. Find the 

y-coordinate of Q. 

(c) Hence, write down the coordinates of two points that the inverse of 

h must pass through. 

(d) Find the equation for the inverse of h. 

7. Consider the pair of inverse functions given by 

fooy=vk+3,x=—3andf ') =x>—3,x=0 

Find the coordinates of the point where the graphs of fand f ' meet. 

State the coordinates to an accuracy of 3 significant figures. 

Chapter 2 practice questions 

1. The equation of line L, is y = 2.5x + k. Point A(3, —2) lies on L. 
(a) Find the value of k. 

The line L, is perpendicular to L, and intersects L, at point A. 

(b) Write down the gradient of L,. 

(c) Find the equation of L,. Give your answer in the form y = mx + ¢ 

(d) Write your answer to part (c) in the form ax + by + d = 0 where 

a,bandde€ Z 

2. The golden ratio, r, was considered by the ancient Greeks to be the 

perfect ratio between the lengths of two adjacent sides of a rectangle. 

il 4+ {8   The exact value of r is 

(a) Write down the value of r 

(i) correct to 5 significant figures; 

(i) correct to 2 decimal places. 

Phidias is designing rectangular windows with adjacent sides of length 

x metres and y metres. The area of each window is 1 m* 

(b) Write down an equation to describe this information. 

Phidias designs the windows so that the ratio between the longer side, 

, and the shorter side, x, is the golden ratio, r. 

(c) Write down an equation in y, x and r to describe this information. 

(d) Find the value of x. 
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3. Consider the curvey = 1 + ZL’ x#0 
b 

(a) For this curve, write down 

(i) the value of the x-intercept; 

(ii) the equation of the vertical asymptote. 

(b) Sketch the curve over the interval -2 < x =<4 

4. An iron bar is heated. Its length, L, in mm can be modelled by a linear 

function, L = mT + ¢ where T is the temperature measured in degrees 

Celsius. At 150 °C the length of the iron bar is 180 mm. 

(a) Write down an equation that shows this information. 

At 210°C the length of the iron bar is 181.5 mm. 

(b) Write down an equation that shows this second piece of information. 

(c) Hence, find the length of the iron bar at 40°C. 

5. A building company has many rectangular construction sites, of varying 

widths, along a road. The area, A, of each site is given by the function 

A(x) = x(200 — x). where x is the width of the site in metres and 

20 =x =180 

(a) Site S has a width of 20 m. Write down the area of S. 

(b) Site T has the same area as site S, but a different width. Find the 

width of T. 

‘When the width of the construction site is b metres, the site has a 

maximum area. 

(c) (i) Write down the value of b. 

(ii) Write down the maximum area. 

The range of A(x)ism < A(x) < n 

(d) Write down the value of m and of n. 

6. A function f(x) = p X 2* + q is defined by the mapping diagram shown. 

(a) Find the value of 

@ p (i) q 
(b) Write down the value of r. 

(c) Find the value of s. 

7. The straight line, L,, has equation 2y — 3x = 11 

The point A has coordinates (6, 0) 

(a) Give a reason why L, does not pass through A. 

(b) Find the gradient of L,. 

L, is a line perpendicular to L,. The equation of L, is y = mx + ¢ 

(c) Write down the value of m. 

L, does pass through A. 

(d) Find the value of c. 

f— ) 

  

      

Figure 2.25 Mapping diagram 
for question 6 
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8. The equation of a line L, is 2x + 5y = —4 

The point A has coordinates (6, 0) 

(a) Write down the gradient of the line L,. 

A second line L, is perpendicular to L;. 

(b) Write down the gradient of L,. 

The point (5, 3) is on L,. 

(c) Determine the equation of L,. 

Lines L, and L, intersect at point P. 

(d) Using a GDC, or otherwise, find the coordinates of P. 

9. Water has a lower boiling point at higher altitudes. The relationship 

between the boiling point of water (T) and the height above sea level (h) 

can be described by the function 

T(h) = —0.0034h + 100 

where T'is measured in degrees Celsius (°C) and / is measured in metres 

above sea level. 

(a) Write down the boiling point of water at sea level. 

(b) Use the function T(h) to calculate the boiling point of water at a 

height of 1.37 km above sea level. 

Water boils at the top of Mount Everest at 70°C. 

(c) Use the function T(h) to calculate the height above sea level of the 

top of Mount Everest.



 



  

  

  

  

  

  

      
O 
F; 

Figure 3.1 The first figure 
represents 1 unit square 

Ifa, is the nth term of 
asequence, then a,,_ 

is the term before it 

and a,,4 is the term 

following it. For instance, 
if aygis the 10th term of 
asequence, then ag is the 
term before it and ay is 

the term following it. 
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Sequences and series 

  

Le: 

  

ing objectives 

By the end of this chapter, you should be familiar with... 

« arithmetic sequences and series; sums of finite arithmetic sequences; 

geometric sequences and series; and sums of finite geometric series 

« sigma notation as applied to arithmetic and geometric series 

« applications such as compound interest, depreciation, and population 

growth. 

The heights of consecutive bounces of a ball in a lab experiment, the balance 

available after depositing an amount into an account earning interest, 

population growth, and annual depreciation of goods are only a few of the 

applications of sequences and series that you may experience. In this chapter 

you will review these concepts and consolidate your understanding of some 

specific types abundant in daily practices. 

Sequences 

Look at the pattern in Figure 3.1. 

The first figure represents 1 unit square, the second represents 3 unit squares, 

etc. This pattern can be viewed as a function, F, with domain {1, 2, 3, ...} and 

range {1, 3, 5,7, ...} where: 

F(1) =1 1is the first number in the sequence. 

F(2) =3 3isthe second number in the sequence. 

F(3) =5 5isthe third number in the sequence. 

and so on... 

In mathematics, rather than indicate the terms of the sequence as F(1), F(2), 

F(3), we usually use subscript notation and write F;, F,, Fs, and so on. Thus, 

F=1,F=3F=5.. 

The number F, is called the first term, F, the second term, and so on. F, is the 

nth term. The entire sequence is denoted as {F,}. 

In a sequence {F,}, n is called the index. Unless otherwise indicated, we will 

start our indices at 1. Sometimes, it is more convenient to start at 0. Thus, we 

i 111 1 1 1 1 1 te {F} = 1,—,—,—,—}‘ F=1F=1F=xF=-—F=1 wite £ {491625 omeana = LR TP b TN T T s 
The functional values F,, F,, Fs, ... are called the terms of the sequence.



Here are some more examples of sequences: 

6,12, 18,24, 30 

3,9,27,..,3K5 ... 

— =fi 11 . 1 L 171,2,3,.“,10} {1,4,9, L ,100} 

{by, by, ..., by, ..}, sometimes used with an abbreviation {b,}. 

  

The first and third sequences are finite and the second and fourth are infinite. 

Note that in the second and third sequences, we are able to define a rule that 

yields the nth number in the sequence (called the nth term) as a function of n, 

the term’s number. In this sense you can think of a sequence as a function that 

assigns a unique number (a,) to each positive integer n. 

Find the first five terms and the 50th term of the sequence {b,} such that 

DR 

Solution 

Since we are given an explicit expression for the nth term as a function of its 

number #, find the value of the function for each term: 

s lo a1t s L4 R L e (R e ] Tkl 

1.4 
b=2—==1= 

3 5 5 
1 _ .49 and by =2 — 55 = Iy 

So, informally, a sequence is an ordered set of real numbers. That is, there is 

a first number, a second, and so on. The notation used for these sets is shown 

in Example 3.1. The way the function was defined in Example 3.1 is called the 

explicit definition of a sequence. 

Find the first 5 terms and the 20th term of the sequence {F,} given at the 

opening of this section. 

  

Solution 

We can look at the sequence in terms of the 

relationship of neighbouring figures. Each figure g -H E 

is formed by adding two squares to the previous EE T T F, 
figure. We can organise the information like this: 

FE,=F +2=3 B | 

E—F 2—7 Fs=F,+2=9 

‘There are other ways 
to define sequences, 
one of which is the 
recursive definition. (It 
is also called inductive 
definition.) Example 3.2 
shows you how this is 
used. 

53



Sequences and series 

Youlcantse yor GDCHo So, the first five terms of this sequence are 1, 3, 5, 7, 9. However, to find perform the calculation. 
Here is an example. the 20th term, we must first find all 19 preceding terms. This is one of the 

  

  

drawbacks of this type of definition, unless we can change the definition into 

explicit form. 

  

The sequence represented above is a familiar one and it may be simple for 

you to guess the general form. Its terms are the first positive odd numbers   

  

  and you can verify that their general term can be F, = 21 — 1. So, in this 

case Fy = 2(20) — 1 = 39. 

Recursive definition is A spreadsheet can help with calculations. 

notrequired by your IB Column B represents the explicit form and column C represents the recursive form. 
syllabus. We mention 
it here for expository 

purposes only. On exams, 
you will not be asked 
questions using this 

definition. 

  

A 180 litre bathtub contains 50 litres of water and is being filled at a rate of 

10 litres per minute. 

(a) How much water is in the bathtub after 5 minutes? 

(b) When will the water flow over the top of the bathtub? 

(c) The drain is opened when the bathtub contains 50 litres of water. It is 

still being filled at a rate of 10 litres per minute. The water drains out at a 

rate of 15 litres per minute. How long will it take until the tub is empty? 

| 

  
w 
50 Solution 
60 
70 (a) Let w, be the amount of water in # minutes. We have w, = 50 to start 

80 with. Then the sequence of water quantities is 

190‘:) w, = 60, wy = 70, -, ws = 100 

(b) We can just use simple arithmetic, find an explicit formula and apply it, 

120 or use a GDC or spreadsheet. 
130 
120 To overflow, we need to fill 180 — 50 = 130 litres, which happens after 

150 13 minutes. 

:sg If we set up a spreadsheet, as in Table 3.1, then we also get 13 minutes. 

(c) In this case, the tub is being drained at a rate of 15 — 10 = 5 litres per 

Table 3.1 Solution to minute. Thus, the tub will be empty in 10 minutes. 
Example 3.3(b) 
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1. Find the first five terms of each infinite sequence. 

(a) s(m)=2n—3 (b) g(k) =2*—3 
. aj="5 

c) fln)=3Xx27" 
R € @, la Bt 3 forni—1 

bh=3 
(e) a,=(-1)"2") +3 (f) 

b,=b, ,+2n; forn=2 

2. Find the first five terms and the 50th term of each infinite sequence. 

(@ a,=2n+3 (b) b,=2Xx 31 

T . () u,= I () a,=n 13 

(e) a,=2a,, +5anda; =3 () 1= m and u; =0 

(g) by=3-b, andb, =2 (h) a,=a, ,+2anda, = —1 

Arithmetic sequences 

Not all sequences have formulae. Some sequences are given by listing their 

terms. There are two types: arithmetic and geometric sequences. 

Examine each sequence and the most likely formula for it. 

7,14,21,28,35,42, ... a,=7anda,=a,_,+7forn>1 
2,11, 20,29, 38,47, ... a,=2anda,=a, ,+9forn>1 
48,39,30,21,12,3, -6, ... a,=48anda,=a, ,—9,forn>1 

Note that in each case, every term is formed by adding a constant number to the 

preceding term. Sequences formed in this manner are called arithmetic sequences. 

For the sequences above, 7 is the common difference for the first, 9 is the common 

difference for the second and —9 is the common difference for the third. 

Using this definition of the arithmetic sequence, it is possible to find the explicit 

definition of each sequence. 

Applying the definition repeatedly will enable you to see the expression we are 

seeking: 

a=a +d 

a,=a,+d=a +d+d=a +2d; 

a=a;t+d=a +2d+d=a +3d;... 

So, you can get to the nth term by adding d to a,, (n — 1) times. 

This result is useful in finding any term of the sequence without knowing the 

previous terms. 

A sequence ay, ay, @y, ... 
is an arithmetic 

sequence f there is a 
constant d for which 
ay=ay_+d 
forall integers n > 1, 
where dis called the 
common difference of 
the sequence, and 
d=a,— a,— forall 
integers n > 1 

‘The general (nth) 
term of an arithmetic 

sequence, a, with first 
term a; and common 
difference d may be 
expressed explicitly as 
ay=ay+ (n—1)d 
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Sequences and series 

‘The arithmetic sequence can be looked at as a linear function: that i, for every increase of one 
unitin n, the value of the sequence will increase by d units. As the first term is a,, the point (1, @,) 
belongs to this function. The constant increase d can be considered to be the gradient (slope) of 
this linear model. So the nth term, the dependent variable in this case, can be found by using the 
point-slope form of the equation of a line: 

Y=y =me—x) 
a,—a,=dn— 1 a,=a,+n—1d 

‘This agrees with our definition of an arithmetic sequence. 

Example 3. 

Find the nth and the 50th terms of the sequence 2, 11, 20, 29, 38, 47, ... 

Solution 

This is an arithmetic sequence whose first term is 2 and common difference 
is 9. Therefore, 

a,=a;t(n—1Dd=2+(n—-1)X9=9n—7 

= a5 =9X50—7=443 

(a) Find the explicit form of the definition of the sequence 13,8, 3, =2, ... 

(b) Calculate the value of the 25th term. 

Solution 

(a) This is clearly an arithmetic sequence in the form a, = a,_, — 5, 

because 8 = 13 — 5,3 = 8 — 5, =2 = 3 — 5, which indicates that the 
common difference is —5. 

Explicit definition: @, = 13 — 5(n — 1) = 18 — 5n 

    

(b) a =18 — 5 X 25 = —107 

Example 3.6 

Find a definition for the arithmetic sequence whose first term is 5 and fifth 

term is 11. 

| 
Solution 

Since the fifth term is given, using the explicit form, we have 

uS:a,+(s—1)d:>11:5+4d:>d:% 

This leads to the general term 

u,,:5+%(n71)



Example 3.7 

Susie decides to deposit an initial amount of €1200 into a savings account on 
January 1. 

The account pays 5% simple interest on the initial amount of money. 

Assuming she does not deposit or withdraw any money, how much money 

will be in the account at the end of 10 years? 

Solution 

In simple interest, the interest earned every year is only applied to the 

original amount deposited. 

The interest that is earned each year is 1200(0.05) = 60 

One way of finding the final amount is applying a formula for simple 
interest. To find out the amount, we can set up a table as follows: 
  

  

        

Start of End of End of End of End of year 
year 1 year 1 year2 year 3 10 

1200 + 60 1260 + 60 2 
1200 = 1260 — 1320 1320 + 60 ?         

This is clearly an arithmetic sequence. However, the number of terms is 11 

and not 10 as we may be misled to think. There are 10 year ends plus the 

beginning of year 1. 

Thus, u, = u; + (n—1)d, with u; = 1200, n = 11, d = 10, so the amount in 

question is u;; = 1200 + (11—1)60 = €1800 

Example 3.8 

Given the sequence, sy = 6, us; = 11, us, = 16, find u, 

Solution 

Draw a diagram. — — — 7 O 
Wi W Uz .. Uy Usi Usy 

Write an appropriate formula: u, = u, + (n — 1)d 

That is, 

U= 

d=11—6=16— 11 =5n=52; us;, = 16 

Substitute these values into the general formula above: 

16 = u, + (52—1) X 5 = u, + 255 

Sin = o= = =) 
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Sequences and series 

1. State which of the following are arithmetic sequences. 

(a) 10,20, 30,40, ... (b) 3,3.1,3.14,3.141, ... 
(c) 100, 50,25, 125, ... (d) 5, —2,-9, 16, ... 

2. State whether each given sequence is an arithmetic sequence. If it is, find 

the common difference and the 50th term. If it is not, say why not. 

(@) a,=2n—3 (b) b,=n+2 

() @@= 69 2yt = =il d) u, =3u,_1+2 

(e) 2,5,7,12,19, ... £ 2,-5 12,19, ... 

3. For each arithmetic sequence find 

(i) the 8th term 

(ii) an explicit formula for the nth term. 

(@) —2,2,6,10, ... (b) 29,25,21,17, ... 
(0) —6,3,12,21, ... (d) 10.07,9.95,9.83,9.71, ... 

S L (e) 100,97,94,91, ... (ORF S Ph 2= 

4. Find all the missing terms in an arithmetic sequence with 13 as the first 

term and —23 as the 7th term. 

5. Each of the following represents an arithmetic sequence. Find u;. 

@_ ., 17, 35 

(o) - 27 
)5} 

() uy; =145, ug; = 673 

(d) us, = 70, upps = —149 

6. Which term of the arithmetic sequence 7, 3, —1, —5, ... is —385? 

7. In an arithmetic sequence, a; = 6 and a,, = 42 

Find an explicit formula for the nth term of this sequence. 

8. In an arithmetic sequence, a; = —40 and a, = — 18 

Find an explicit formula for the nth term of this sequence. 

9. The first three terms and the last term are given for each sequence. 

Find the number of terms. 

(@) 3,9,15,...,525 () 9,3, -3, ..., —201 
3 3 i12 s (°)384453 S (F S5 = 2g 

() 1—k1+k1+3k..,1+19%



10. The 30th term of an arithmetic sequence is 147 and the common 

difference is 4. Find a formula for the nth term. 

11. The first term of an arithmetic sequence is —7 and the common 

difference is 3. Is 9803 a term of this sequence? If so, which one? 

12. The first term of an arithmetic sequence is 9689 and the 100th term 

is 8996. 

(a) Show that the 110th term is 8926. 

(b) Is 1 a term of this sequence? If so, which one? 

13. The first term of an arithmetic sequence is 2 and the 30th term is 147. Is 

995 a term of this sequence? If so, which one? 

14. Find x if each of the following sequences is arithmetic. 

(@RS TR (D) PR GED 

15. Ahmed deposits 2000 euros into an account on January 1 that pays 7% 

simple interest on the initial deposit. Assuming he does not deposit or 

withdraw any money, how much will be in the account at the end of 

(a) 5 years (b) 10 years (c) 30 years? 

16. An artist decides to make a small sculpture of marbles in the shape of a 

triangle. She plans to have 45 marbles on the first (bottom) row of the 

triangle and one less marble in each successive row. How many marbles 

will be in the 24th row? 

Geometric sequences 

Examine the following sequences and the most likely formula for each of them. 

7,14,28,56, 112,224, ... ay=7anda,=a,_, X 2,forn>1 

2,18,162, 1458, 13122, ... a,=2anda, = a,_, X 9,forn> 1 

48,-24,12,—6,3,~15,... u, =48andu, =y, , X %l forn>1 

Note that in each case, every term is formed by multiplying a constant 

number with the preceding term. Sequences formed in this manner are called 

geometric sequences. 

For the sequences above, 2 is the common ratio for the first, 9 is the 

common ratio for the second and *% is the common ratio for the third. 

According to this definition of the geometric sequence, it is possible to find the 

explicit form of the sequence. 

Asequence ay, ay, a, is 
a geometric sequence if 
there is a constant r for 
which a,, = a,_; X rfor 
all integers 1 > 1 where 
ris the common ratio of 
the sequence, and 

r=a,+a,_, forall 
integers n > 1. 
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‘The general (nth) term 
of a geometric sequence, 
4, with common ratio r 
and first term 1, may be 

expressed explicitly as 
= = D 

  

  

  

  

Figure 3.2 GDC screen for the 

solution to Example 3.9 (d) 
  

  

  

2x2 

Ansx2 

Ansx2 
16 

Ansx2 
256 

Ansx2 
512 

Ansx2 
1024       

Figure 3.3 GDC screens for the 
solution to Example 3.10 
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Sequences and series 

Applying the definition repeatedly will enable us to see the expression we are 

seeking: 

Uy =uy X r=ur 

uy = uyr = (uyr)r = ur? 

Uy = usr = (ur)r = uyr3; ... 

You can see that you can get to the nth term by multiplying r by u,, (n — 1) times. 

This result is useful in finding any term of the sequence without knowing the 

previous terms. 

Example 3.9 

(a) Find the geometric sequence with a, = 2and r =3 

(b) Describe the sequence 3, —12, 48, —192, 768, ... 

i IS 
(c) Describe the sequence 1, T 

(d) Graph the sequence a,, 71 3n-1 

Solution 

(a) The geometric sequence is 2, 6, 18, 54 .,2 X 3"~1, Note that the ratio 

of any two consecutive terms is 3 —=3= % = % — 

(b) This is a geometric sequence wnh uy=3andr=—4 

The nth term is u,, = 3X(—4)""'. Note that when the common ratio is 

negative, the sign of the terms of the sequence alternates. 
n-1 

(c) The nth term of this sequence is a, = 1 X (%) 

Note that the ratio of any two consecutive terms is % and that the terms 

decrease in value. 

(d) Usea GDC to graph the sequence. 

Note that the points in the graph lie on the graph of the exponential 

function y = i 3l 

Example 3.10 

Find the 10th term of the geometric sequence 2,4, 8, 16, ... 

Solution 

This is a geometric sequence with u; = 2and r = 2 

Thus the 10th term is u;y = u,r'*~! = 2 X 2° = 1024. A GDC can be used in 

such simple cases too. We just type the first stage 2 X 2 and then press EXE 

or ENTER 9 times.



At 8:00 a.m., 1000 mg of medicine is administered to a patient. At the end of 

each hour, the amount of medicine is 60% of that present at the beginning of 

the hour. 

(a) What portion of the medicine remains in the patient’s body at 12 noon if 

no additional medication has been given? 

(b) A second dose of 1000 mg is administered at 10:00 a.m. What is the total 

amount of the medication in the patient’s body at 12 noon? 

I  ———— 

Solution 

(a) Use the geometric model, as there is a constant multiple at the end of 

each hour. Hence, the amount at the end of any hour after administering 

the medicine is given by: 

a, = a; X r"~ !, where n is the number of hours 

So, at 12 noon n = 5 and a5 = 1000 X 0.65 -V = 129.6 

(b) For the second dosage, the amount of medicine at noon corresponds to 

s 

as = 1000 X 0.6° Y = 360 

So, the amount of medicine is 129.6 + 360 = 489.6 mg 

Compound interest 

Compound interest is an example of a geometric sequence. 

Interest compounded annually 

When we borrow money, we pay interest, and when we invest money we 

receive interest. Suppose an amount of €1000 is put into a savings account that 

has a compound interest rate of 6%. How much money will we have in the bank 

at the end of 4 years? 

It is important to note that, for compound interest, the 6% interest is given 

annually and is added to the savings account, so that in the following year it will 

also earn interest, and so on. 

  

  

  

  

  

  

Time in years Amount in the account 
0 1000 

1 1000 + 1000 X 0.06 = 1000(1 + 0.06) 
2 1000(1 + 0.06) + (1000(1 + 0.06)) X 0.06 

=1000(1 + 0.06) (1 + 0.06) = 1000(1 + 0.06)* 
3 1000(1 + 0.06)? + (1000(1 + 0.06)%) X 0.06 

= 1000(1 + 0.06)* (1 + 0.06) = 1000(1 + 0.06)* 

4 1000(1 + 0.06)* + (1000(1 + 0.06)°) X 0.06 
= 1000(1 + 0.06)° (1 + 0.06) = 1000(1 + 0.06)*         

Table 3.2 Compound interest 
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‘The amount A, 
accumulated after t years 
with compound interest 

rate ris: 

A;= P(1 + r)!, where P 
is the amount invested at 

the start. 

Note that since we are 
counting from 0 to £, we 

have t + 1 terms, and 

hence using the geometric 
sequence formula, 

  

= Ag(L + 1t 

  
Compound Interest 
FV =1790.847697 
  
Compound Interest 
FV =1814.018409 
  
Compound Interest 
FV =1819.396734       

Figure 3.4 GDC screens for the 

solution to Example 3.12 
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This appears to be a geometric sequence with five terms. The number of terms 

is five, as both the beginning and the end of the first year are counted. (Initial 

value, when time = 0, is the first term.) 

In general, if a principal of €P is invested in an account that yields an interest 

rate r (expressed as a decimal) annually, and this interest is added at the end of 

the year, every year to the principal, then we can use the geometric sequence 

formula to calculate the future value A, which is accumulated after ¢ years. 

  

The compound interest 

  

  

  

  

  

Time in Amount in the account 

formula is developed by years 

repeating the steps in 0 Ag=P 

Table 3.3, with 1 Ay =P+Pr=P1+1 

A, = P = initial amount 2 A=A+ =P+ 0 +1)=P+0? 

r = annual interest rate i : 
' A, =P +nt         t = number of years 

Table 3.3 Compound interest formula 

You do not need to memorise these formulae. You can carry out all compound interest 
calculations using your GDC. You should familiarise yourself with the financial procedures of 
your GDC! 

Interest compounded n times per year 

Suppose that the principal P is invested as before but the interest is paid n times 

per year. Then % is the interest paid every compounding period. Since every 

year we have n periods, therefore for  years, we have nt periods. The amount A 
nt 

in the account after t years is: A = P (1 + %) 

€1000 is invested in an account paying compound interest at a rate of 6%. 

Calculate the amount of money in the account after 10 years when the 

compounding is 

(a) annual (b) quarterly (c) monthly. 

B ——St eSS e s i s 

Solution 

(a) The amount after 10 years is 

A =1000(1 + 0.06)!° = €1790.85 

e amount after ten years quarterly compounding is b) Th fi years q Ty pounding i 

_ 0.06\" _ 
A=1000(1+ ) = €1814.02 

c) The amount after 10 years monthly compounding is B Y R g 
120 

A= 1000(1 + %) = €1819.40 

Our GDC can also give us the same results when we enter the correct values.



You invest €1000 at 6% compounded quarterly. 

How long will it take this investment to increase to €2000? 

Solution 

Let P = 1000, r = 0.06, n = 4, and A = 2000 in the compound interest 

formula 

F ¥2-1.015" (4x) 
4 P( n) [ 

and then solve for t. 

  

4t 

2000 = 1000(1 + %) =2=1015% 

  

    KT 6388814L_¥=2 

Using a GDC, graph the functions y = 2 and y = 1.015% and then find the Figure 3.5 GDC screen for the 
intersection between their graphs. solution to Example 3.13 

  

Tt will take the €1000 investment 11.64 years to double to €2000. This 

translates into 47 quarters, as interest is added at the end of each quarter. 

‘We can check our work to see that this is accurate by using the compound Ifyou are familiar with 

interest formula: logarithms, then solving 
0.06\" the equation in the 

A = 1000 (1 + —) = €2013.28 example s a straight 
4 forward application. 

Example 3.14 

(a) Samantha puts €15 000 in a bank account earning 6% annual interest 

compounded monthly. How much interest will she have earned after 

20 years? 

(b) You want to invest €1000. What interest rate is required to make this 

investment grow to €2000 in 10 years if interest is compounded quarterly? 

Solution 

(a) We use the compound interest equation to solve this. Note that we are 

asked for the interest only. We will need to subtract the principal from 

the total amount received. We also note that the monthly interest rate 

is % S %% and the number of compound periods is 240. 

@ 
A=P(1+1)" =15000(1 + 0,005 = €49653.07 

Thus, the interest earned = 49 653.07 — 15000 = €34 653.07 

(b) Let P =1000,n = 4,t = 10 and A = 2000 in the compound interest 

formula 

nt 
A=P(1+1) 
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and solve for r: 

2000 = 1000(1 +£)wz2: (1 +£)A°§1+£:‘2/7 

= r=4(V2 - 1) = 00699 

So, at a rate of 7% compounded quarterly, the €1000 investment will 

grow to at least €2000 in 10 years. 

‘We can check to see whether our work is accurate by using the compound 

interest formula: 
40 

A= 1000(1 + %) = €2001.60 

Population growth 

The same formulae can be applied when dealing with population growth. 

U, =ur"1= P, =P, + nNt! 

The city of Baden in Lower Austria grows at an annual rate of 0.35%. 

The population of Baden in 1981 was 23 140. What is the estimate of the 

population of this city for 20252 

] 

Solution 

This situation can be modelled by a geometric sequence with first term 

23140 and common ratio 1.0035. Since we count the population of 1981 

among the terms, the number of terms is 45. 

2025 is equivalent to the 45th term in this sequence. The estimated 

population for Baden is therefore 

Population(2025) = P,s = 23 140(1.0035)* = 26 985 

Depreciation 

‘When you buy a new car, a new machine to be installed in a factory, or any 

other items whose value decreases with time, a record is kept to show how the 

value of the item changes. This is called a depreciation schedule. 

Example 3.16 

A new car is bought for €28 000 and depreciates in value each year by 17%. 

(a) Represent the depreciation as a sequence. 

(b) How much is the car worth after 5 years? 

(c) Assuming the car is maintained properly, after how many years will it be 

worth €9000? 

(d) Use the graph of this sequence to display and discuss the depreciation 

pattern.



== 

Solution 

(a) The value at the end of the year (at the beginning of a new year) is 83% 

of its value at the beginning of the year. Thus, if we let v, represent the 

value of the car at the end of a year, then v, _ , represents the value of the 

car at the beginning of the year. That is v, = 0.83 v, 

So, this is a geometric sequence with first term 28 000 and common 

ratio 0.83. We will consider the initial value as v,. 

Thus, v, = 28000 X 0.83" 

(b) v = 28000 X 0.835 = 11029 

© 2 9000 = 28000 X 0.83" = 0.83" = 28 

Using a GDC or software, n & 6 years. 

(d) Depreciation per year decreases with time. Depreciation is faster at the 

beginning and slows down as time passes. 

1. State which of the following are geometric sequences. 

(a) 10,20, 30, 40, ... () 1.5,3,6,12, ... 
((8) 2 =446 =il 59, o (d) 1,4,9,16,25, ... 

2. For each sequence 

(i) determine whether the sequence is arithmetic, geometric, or 

neither 

(ii) find the common difference for the arithmetic sequences and 

the common ratio for the geometric sequences 

(iii) find the 10th term for each arithmetic or geometric sequence. 

() 3,30%1,3%+1 3+l (b) a,=3n—3 

© by=21+2 @ ¢, =26, —2,andc, = —1 
() = 3,2 and iy — 4 (®) 2,5,12.5,31.25,78.125 ... 

(® 2,—5125,—3125,78.125...  (h) 2,2.75,3.5,425,5, ... 

(i) 18,-12,8, —1?6, %, (PN CRo T 

(KT 08 R S 

(m)gas 6N NT8 IR0 

(0) 24,3.7,5,63,7.6, ... 

(1) 0.1,02,04,0.8,1.6,3.2, ... 

(n) 6, 14,20, 28,34, ... 

3. Find all the missing terms in a geometric sequence whose first term is 3 

and fifth term is 96. 

    y 
25000 
20000 
15000 
10000 <z Nt 
50004 = 

y = 28000(0.83)° 

0 
0246 81012 

Figure 3.6 Solution to 
Example 3.16 (d) 
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4. 

10. 

TS 

123 

138 

14. 

For each arithmetic or geometric sequence find 

(i) the 8th term 

(ii) an explicit formula for the nth term. 

@ -3.2.7.12 .. (b) 19,15,11,7, ... 

(©) —8,3,14,25, ... (d) 10.05,9.95,9.85,9.75, ... 

(&) 100,99,98,97, ... ® 2L -i=2., 
2 2 

(8) 3,6,12,24, .. (h) 4,12, 36, 108, ... 

(Ao . G) 3, —6,12,—24, ... 

(k) 972, —324,108, —361, ... ) —2,3,7%%7,... 

125 625 3 3 (m) 35,25, 125,685 @ —6,-3-3,-3,. 

(0) 9.5,19,38,76, ... (p) 100,95,90.25, ... 
3RO/ 

@ 2, 32256 

. Find all the missing terms in a geometric sequence whose first term is 7 

and fifth term is 4375. 

. Find a such that 16, a, 81 forms a geometric sequence. 

. Find x, y, z, u such that 7, x, y, z, u, 1701 forms a geometric sequence. 

. Find a such that 9, a, 64 forms a geometric sequence. 

. The first term of a geometric sequence is 24 and the fourth term is 3. 

Find the fifth term and an expression for the nth term. 

On January 1, 2009 Tara deposited £1500 into an account that offered 

6% compounded monthly. If she did not make any further deposits or 

withdrawals, how much would be in the account at the end of 30 years? 

Find the future value of ¥5000 that earns 6% annual interest for 15 years 

compounded 

(a) annually (b) quarterly (c) monthly. 

‘Which term of the geometric sequence 6, 18, 54, ... is 1180982 

  

The 4th term and the 7th term of a geometric sequence are 18 and % 

Is 591239 a term of this sequence? If so, which term is it? 

243 
The 3rd term and the 6th term of a geometric sequence are 18 and v 

o 19683 

4 
1 a term of this sequence? If so, which term is it?



152 

16. 

il 

18. 

193 

20. 

21 

22. 

23. 

Jim put €1500 into a saving account that pays 4% interest compounded 

semi-annually. How much will his account hold 10 years later assuming 

that he does not make any additional investments in this account? 

In 7 years, Ricardo has earned £1300 interest on an initial investment of 

£3500. He is receiving interest compounded monthly. 

(a) What is the annual interest rate of his investment? 

(b) How much longer will it take Ricardo to at least double his investment? 

How much money should you invest now if you wish to have an amount 

of €4000 in your account after 6 years when interest is compounded 

quarterly at an annual rate of 5%? 

  

            

      

In 2017, the population of Switzerland was estimated to be 8 476 000. 

What will the Swiss population be in 2022 if it grows at a rate of 0.5% 

annually? 

Each of the following represents a geometric sequence. Find u;. 

(a) s, 5135, 3645 

4 128 o A B 
(c) B s 1024, , 16 384 

i i @w_ .. L L         

On January 1, 2009, Mohammed deposited £1500 into an account 

paying 6% interest compounded annually. If he did not make any 

further deposits or withdrawals, how much would be in the account at 

the end of 20392 

Tim put €2500 into a saving account that pays 4% interest compounded 

semi-annually. How much will his account hold 10 years later assuming 

that he does not make any additional investments in this account? 

Jane put £1000 into a savings account at her son William’s birth. The 

interest she earned is 6% compounded quarterly. How much money will 

William have on his 18th birthday? 

Praneel invests £18 000 in a bank account that pays 3.4% nominal el T 

annual interest, compounded quarterly. does not take inflation 
. - : into account. 

Find the minimum number of years that Praneel must invest the money 

for his investment to be worth £27 000. 

. Sharlene buys a used car for $24 000. It is known that the value of such 

cars decreases at the rate of 10% per year. What will be the value of the 

car at the end of 5 years? 
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25. Lateasia buys a house in South Africa for 200 000 SAR. The value of 

houses in South Africa is increasing at the rate of 5% per year. What will 

be the value of the house in 10 years? 

26. Ali, Bob and Connie each have 3000 USD (US dollar) to invest. 

Al invests his 3000 USD in a firm that offers simple interest at 4.5% per 

annum. The interest is added at the end of each year. 

Bob invests his 3000 USD in a bank that offers interest compounded 

annually at a rate of 4% per annum. The interest is added at the end of 

each year. 

Connie invests her 3000 USD in another bank that offers interest 

compounded half-yearly at a rate of 3.8% per annum. The interest is 

added at the end of each half-year. 

(a) Calculate how much money Ali and Bob have at the beginning of 

year 7. 

(b) Show that Connie has 3760.20 USD at the beginning of year 7. 

(c) Calculate how many years it will take for Bob to have at least 

6000 USD in the bank. 

Series 

The word series in common language implies much the same thing as 

sequence. But in mathematics when we talk of a series, we are referring in 

particular to sums of terms in a sequence. 

Suppose a civil engineering graduate has a starting annual salary of £28 000 and 

receives a £1500 pay rise each year. Then, 

28000, 29 500, 31 000, 32 500, 34 000 

are terms of a sequence that describe this engineer’s salaries over a 5-year 

period. The total earned is given by the series 

28000 + 29500 + 31000 + 32500 + 34000 = £155 000 

A sequence can be used to define a series. For example, the infinite sequence 

LI 
24816 

defines the terms of the infinite series 

1ekploly Ly 
2 4 8 16 

The sum s, of a sequence of values a,, a,, a;..., is defined as the sum of the first 

n terms, or the partial sum. That is 

s,=a;tayt .. +a,, +a,



The sum of the terms of a sequence is called a series and is written using 

summation notation. The Greek letter sigma 2. is used to indicate a sum. 

If the terms are in an arithmetic sequence, then the sum is an arithmetic series. 

If the terms are in a geometric sequence, then the sum is a geometric series. 

Si notation 

  

Any sum in a series s will be called a partial sum and is given by 

o= apF ayd o+ GopFa 

This partial sum can be written using the sigma notation >_a; canalso be written 
= 

a5 ajorYa;     
S =a tat..ta ta 

Sigma notation is a concise and convenient way to represent long sums. 

The Greek capital letter sigma refers to the initial letter of the word sum. So, 

this expression means the sum of all the terms a; where i, called the index 
n 

of summation, takes the values from 1 to k. We can also write Za, to mean 
= 

the sum of the terms a; where i takes the values from m to n. In such a sum, m 

is called the lower limit and » the upper limit. 

‘This indicates ending with i il 

‘This indicates addition — >, 

‘This indicates starting with i = m 

For example, suppose we measure the heights of 6 children. Denote their 

heights by x,, x,, X3, x,, X5 and x4 

‘The sum of their heights x, + x, + x, + x; + x; + x; is Written more neatly 
s 

as Zx, 
= 

Underneath X there is i = 1 and on top of it 6. This means that i is replaced by 

whole numbers starting at the bottom number, 1, until the top number, 6, is 

reached. 
s 5 

Thus D x; = x; + x, + x5 + Xgand Y x; = x; + x, + x5. 
=3 =3 

n 
So, the notation ZX, tells us: 

= 
« to add the scores x; 

o where to start: x; 

« where to stop: x, A 

(where n is some number greater than or equal to one; ;x, is nothing but x;) 

Now take the heights of the children to be x, = 112 cm, x, = 96 cm, 

x3 =120 cm, x, = 132 cm, x5 = 106 cm, and x4 = 120 cm 
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Then the total height (in cm) is 
6 
Zxk=xl+xz+x3+x4+x5+x5 
k=1 

=112 + 96 + 120 + 132 + 106 + 120 

= 686 cm 

Note that we have used k instead of i in the formula above. i is a dummy 
variable: any letter can be used. 

Z:lxk = Z;x; 

  

Example 3.17 

‘Write each series in full. 
= 7 n 

(@ it ® 33 © 3xp0) 

Solution 
5 

@) D =14 28 k30 L as | 6 
i=1 

3’ 

(b) D3 =334+344+35436+37 
=3 

(©) 3755) = 51ple) + 52p(0) + .. 5,p(5) 

Example 3.18 

5. 

Evaluate » 2" 
n=0 

Solution 
3 

D2 AEED D 2 D DAt 5 =63 
n=0 

Example 3.19 

& 1NN 3 A GO 3 
Write the sum > b 3 5 1 4 5 ST 100 in sigma notation. 

Solution 

The numerator and denominator in each term are consecutive integers, 

  so they take on the value of e equivalent form. We can therefore 

99 

write the sumas ) —— 
=il



Properties of sigma notation 

There are a number of useful results that we can obtain when we use sigma 

notation. 
5 

For example, suppose we have a sum of constant terms » 2 
= 

What does this mean? If we write this out in full, we get 
s 
S2=2+2+2+2+2=5X2=10 
=1 

In general, if we sum a constant, k, n times then we can write 

Sk=k+ ket otk =nxk=rk 

Suppose we have the sum of a constant times i. For example, 

i3i:3><1+3><2+3><3+3><4+3><5 

- =3X01+2+3+4+5=45 

However, this can also be interpreted as 

‘The property > ki = ki 
= =t 

tells us that the constant k s 5 
which implies that > 3i =3 i can be moved 'in’and ‘out 

= = of the summation without 

M
 s 

33i=3X(1+2+3+4+5=3 
=1 i 1 

0 n changing the value of the 
In general, we can say Y ki = k)i sum. 

= = 

Suppose that we need to consider the summation of two different functions, 

such as 

STR2 A K) = (124 1)+ 224 29 + oo + (024 1Y) 
k=1 

=(12+22+ .. +n)+(13+22+ ...+ 1nd) 

=30 + o) 
k=1 k=1 

In general,g( fik) + g(k)) = ’; fk) + Zlg(k) 

At times it is convenient to change indices. For example, note how all three 

summations are the same: 

k 
Sai=a +a,+...+a_, +a 
i=1 

k=1 

Sai=a+a+ .. +ta, +a 
i=0 

kil 
Saii=a+a+ .. +ta, +a 
i=2 

Arithmetic series 

In arithmetic series, we add the terms of arithmetic sequences. It is very helpful 

to be able to find an easy expression for the partial sums of these series. 

4!



1+4+7+10+13+16 

N4 
Figure 3.7 The terms can be 
arranged in three pairs 

‘The partial sum S, of an 
arithmetic series is given 
by one of the following: 

Sp= ;(u, + uy), or 

_ (14, + u") 
8y =nl—5—).or 

5s :;(Zu‘ +(n—1)d) 

E
 

1 Fz F) F‘ Fs 

Figure 3.8 Diagram for 
Example 3.21 
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For example, find the partial sum for the first 50 terms of the series 

3 8 13E A8 oo 

Tt is a tedious task to add the 50 terms individually. 

Let {u,} be an arithmetic sequence with first term %, and a common difference d. 

Then, 

u,=u, +(n—1)d 

The sum of the first n terms of an arithmetic series is given by S, = o 
2 

Take for example, the sum of the arithmetic sequence 1,4, 7, 10, 13, 16. 

(1 + ) 

There are 6 terms arranged into three pairs as shown in Figure 3.7. Thus, the sum is 

Ss = 3 X 17 which is simply what the formula above says: Ss = g(u, + ug) 

S, = n   {u, + u,) can be changed to give an interesting perspective of the sum, 

uy + uy, 
  ie, S, = n( ) which is n times the average of the first and last terms! 

Moreover, if we substitute u, + (n — 1)d for u, then we get an alternative 

formula for the sum S, = %(u, +u+(n—1d) = g(zm + (n—1)d) 

Example 3.20 

Consider the following arithmetic series (50 terms) 

S S GRTRI 1 S 

(a) Write the series using sigma notation. 

(b) Find the partial sum for the first 50 terms of the series. 

S S TS s 

Solution 

(a) The first term is 3, and the common difference is 5. Thus, the nth term of the 

corresponding sequenceis u, = u; + (n — 1)d =3+ 5(n — 1) =51 — 2 
50, 

This implies that Sy, = Y (51 — 2) 
T 

(b) Using the second formula for the sum we get: 

Sy = %(z X 3 + (50 — 1)5) = 25 X 251 = 6275 

If we were to use the first formula, then we need to know the nth term. 

So, U5y = 3 + 49 X 5 = 248 which can now be used. 

S5 = 25(3 + 248) = 6275 

Consider the sequence in Figure 3.8. 

(a) F, has 1 square. How many squares are in F,,? 

(b) Is there a figure with 149 squares? If yes, which one and if not, why not? 

(c) Find the number of squares in the first 880 figures.



(d) F, has 4 line segments. How many line segments are in F,? 

(e) Is there a figure with 450 segments? If yes, which one and if not, why not? 

(f) Find the number of segments in the first 880 figures. 

L] 

Solution 

(a) In every new figure, 2 squares are added. The sequence is an arithmetic 

sequence with first term 1, and a common difference of 2. Using the nth 

term form: 

Fp=1+2020—1) =39 
(b) The term whose value is 149 satisfies the nth term form: 

149:1+2(n—1),thusn:%+1:7s 

Therefore, the 75th figure has 149 squares. 

(c) Use one of the formulae for the arithmetic series: 

Ssg0 = 8%(1 + 1759)=774 400 or 

S0 = séfi(z X 1+ 2(880 — 1)) = 774400 

(d) In every new figure, 6 line segments are added. The sequence is an 

arithmetic sequence with first term 4, and a common difference of 6. 

Using the nth term form 

Fyy=4+6(20—1) =118 

(e) The term whose value is 450 must satisfy the nth term form 

450:4+6(n*1),thusn:%+1:75.33 
This is not a whole number, and therefore, there is no figure with 450 

segments. 

(f) Use one of the formulae for the arithmetic series: 

880, 
2) 

Sgg0 = 4 + 5278) = 2324080 or 

Sss0 = séfi(Z X 4 + 6(880 — 1)) = 2324080 

An auditorium has 16 rows of seats with 28 seats in the first row, 36 seats in 

the second, 44 in the third and so on. Find the total number of seats. 

T 

Solution 

The number of seats in this auditorium forms an arithmetic sequence with 

first term 28, and a common difference of 8. Thus, the total number of seats 

is S = 12—6(2 X 28 + (16 — 1) X 8) = 1408 

Thus, the auditorium has 1408 seats. 

13
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€ 

  

etric sel 

  

As is the case with the arithmetic series, we can find a general expression for 

the nth partial sum of a geometric series. 

For example, find the partial sum for the first 20 terms of the series 

3+6+12+24+ ... 

Let {a,} be a geometric sequence with first term a, and a common ratio 7 # 1. 

Then, the general term of a geometric sequence is: 

a,=a, X1 

    

a,—ra, 
The sum of the first n terms of a geometric series is given by S, = %; r#l 

= 

If we substitute a, Xr" ~ ! for a, then we get an alternative formula for the sum 

a; —ra —dapnt, a,(l—7) Siele T el T irel 
1-r =it 1 

When r = 1, then the 
partial sum S, is given by ‘The sum, S,, of n terms of a geometric series with common ratio r (r # 1) and first term a is: 
Sp=ar+ar+ o +ay ) [ , _ar -1 

. S = = equivalentto S, = = 

  

Consider the partial sum for the first 20 terms of this series. 

B 65112 24T 

(a) Write the partial sum in sigma notation. 

(b) Find the sum. 

L 

Solution 

(a) The first term is 3 and the common ratio is 2. 

The nth term of the corresponding sequence is a, = 3 X 27! 
20, 

Thus, the sum is Y _3 X 2"~ 
T 

(b) We apply a formula for the sum as above 

Example 3.24 

A ball has elasticity such that it bounces up 80% of its previous height. 

Find the total vertical distance travelled down and up by this ball when it 

is dropped from a height of 3 metres and after it bounces for the 10th time. 

Ignore friction and air resistance. 
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Solution 

  

After the ball is dropped the initial 3 m, it bounces up and down a distance 

of 2 X 2.4 m. Each bounce after the first bounce, the ball travels 0.8 times 

the previous height twice - once upwards and once downwards. So, the total 

vertical distance, & is given by 

h=3+224+024x08+24X08)+..)=3+2xI 

The amount [ is a geometric series with @, = 2.4 and r = 0.8 
— 0.8 

The value of /is | = R0 I 11.463 
IESH0I8 

Hence the total distance required is 

h=3+2(11.463) = 25.93m 

Applications of series to compound interest 

calculations 

  

Annuities 

An annuity is a sequence of equal periodic payments. If you are saving money 

by depositing the same amount at the end of each compounding period, 

the annuity is called an ordinary annuity. Using geometric series, you can 

calculate the future value (FV) of this annuity, which is the amount of money 

you have after making the last payment. 

You invest €1000 at the end of each year for 10 years at a fixed annual interest 

  

  

  

  

  

  

rate of 6% 

Year Amount invested Future value 

10 1000 1000 

9 1000 1000(1 + 0.06) 
8 1000 1000(1 + 0.06)* 

1 1000 1000(1 + 0.06)°         
  

Table 3.4 Calculating the future value 

Notice how we filled the table in reverse order. We have the 10th year first. 

This is the last payment you make. It does not stay in the account to earn 
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Compound Interest 
I% =6 * 

  

Figure 3.9 Using a GDC to 

calculate compound interest 

  
Compound Interest 
FV =13180.79494 

    REPEAT)  pem (GRer] 
Figure 3.10 Usinga GDC to 

calculate compound interest 

  

You need to familiarise 

yourself with the 

financial menu of your 
GDC in order to work 

with annuities. The IB 
syllabus does not require 
that you use the formula. 

We include it here for 

information purposes 

only and for those of you 
who may be interested 

in working with the 
formula. 

Comaound Interest 

I% =6 
PV     

  
Figure 3.11 Annuity due 
calculation 
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interest, so, its future value is €1000. Year 9's payment would have stayed 1 year, 

so, it earns interest for 1 year. Similarly, year 8's payment, earns interest for 

2 years, and so on. Finally, the first payment earns interest for 9 years. 

The future value of this investment is the sum of all the entries in the third 

column, so it is 

FV = 1000 + 1000(1 + 0.06) + 1000(1 + 0.06)2 + ...+ 1000(1 + 0.06)° 

This sum is a partial sum of a geometric series with n = 10 and r = 1 + 0.06 

Hence 

FVe—oe-———— = =13180.79 
1—(1+0.06) —0.06 

The calculation above is meant to show you how the money accumulates. 

You will not be asked to calculate the future value manually. Instead, you can 

use a GDC to get this result. 

‘We can generalise the previous formula in the same manner. 

Let the periodic payment be R, and the periodic interest rate be i, i.e., i = -:; 

  

  

  

  

  

  

Let the number of periodic Period | Amount invested | Future value 

payments be . m R R 

m—1 R RO+ 1) 
‘The future value of this e R R 

investment is the sum of 

all the entries in the last - - — 
1 R RO+ i) !         column, so it is   

Table 3.5 Formula for calculating the future value 

FV=R+RA+i)+R(L+ i+ ... +R1+im" 

This sum is a partial sum of a geometric series with m termsand r = 1 + i 

Hence 

Fy=————— 20 TV 
1-(1+14) 

1f the payment is made at the beginning of the period rather than at the end, then the annuity is 
called annuity due and the future value after m periods will be slightly different. 

The future value of this investment is the sum of all the entries in the last column, so it is 

CROI-(+im  RAI—(1+im) R((l +og)m— 1) 

  

i 

FV=R(1+i)+RA+i+..+RA+ )" 1+RA+i)" 

‘This sum is a partial sum of a geometric series with 7 terms and 7 = 1 + i. Hence 
14 mei— 1 

V= R( o ,) 

If the previous investment is made at the beginning of the year rather than at the end, then in 10 
years we have 

  

(1+006)041 —1 
0.06 

Using your GDC, you enter n = 11 and then subtract 1000 from the result, or go to 'set up’ and 
choose 'BEGIN' instead of 'END'. 

((1 i — 
FV=R| l) :1000( 1] =13971.64



In order to save enough funds for her college education, Sophia’s parents 

set up an annuity where they deposit €100 at the end of every month in an 

account which pays 6% annual interest. They started this the year she was 

born. How much money will be in the account on her 18th birthday? 

Solution COmEund Tnterest 

0.06 0 

  

  

i fo o PV The monthly interest rate is 2 0.005 =100 

FV =38735.31944 
Using the formula for the annuity: g;g f%% 

Fy=g[LE L) o (L QOO pas3s 
- i - 0.005 - . Figure 3.12 GDC screen for the 

lution to Example 3.25 
‘We can also use a GDC or a spreadsheet, as shown in Figures 3.12 and 3.13. b 

  

  

  

1 100 100 

Amortisation of a loan 2 100 | 2005 
3 100 01.5025   

When you borrow an amount of money, you usually promise to pay it back 4 100/ | 40301 

in monthly instalments. The process is called amortisation of loans. In this 

process, you need to know the periodic interest rate, i, the number of periods, - Z 

n, and the amount of the loan to be paid, P. The periodic payment, R, required 
iXP 

T—Q+)" Figure 3.13 Spreadsheet for 
the solution to Example 3.25 

          216 100 |38735.32   
to pay the loan back on time is given by R = 

However, your GDC can calculate this for you. 

Example 3.26 

You borrow €1000 at an interest rate of 8% and promise to pay it back within 

6 months with monthly payments. Find the monthly payment required and 

set up a table showing the progress of the payment. 

    

  

  

Solution ComEund Interest 

The monthly payment is I% =8 o PV =-1000 
FX 1000 PMT=170.5770882 

R=—"————=17058 V.0 0.08 —6 P/Y=12 1 1,(1+ 12) Ry 

Our GDC will give us the amount to be paid, as shown in Figure 3.14. Figure 3,14 GDC screen for the 
solution to Example 3.26 

7



Note how the last cells in 
Balance and Payment to 
principal are the same, 

169.45, indicating that 
the last payment covered 
the rest of the loan. If we 

were to continue the table 
beyond the sixth row, the 
cell in Balance would be 

zero because there is no 
money left to be paid. 

  

    

Sequences and series 

For as long as you owe the money, interest will be charged. A schedule can 

show how you will end up paying the loan back; setting up a spreadsheet is 

an efficient way of doing this. 
  

  

  

  

  

  

  

  

  

Period | Balance | Interest | Payment | Payment to principal 
1 1000.00 17058 16391 
2 83609 | 557| | 17058 Tres.00 
3 fa71 09 | 447\ | 17058 | 166.10 
4 50498 | 337| | 17058 | 16721 
5 337.77 | 225| | 17058 | 168.33 
6 /P 113 | [ 17058 | 169.45 

[ | 
LetB3 = B2 — E2 LetE2=D2 - C2     

  

  

  

              
« Balance is the amount at the beginning of each period. 

« Interest is the amount of interest on the amount owed for that period. 

o Payment is the amount deposited. 

« Payment to principal is the amount that goes into paying back the loan 

after deducting interest from it. 

In general, loan departments at financial institutions provide their employees 

with tables, similar to Table 3.6, where they list different possible monthly 

repayments according to the length of the loan term and the interest rate. 
  

  

  

  

  

  

  

  

  

  

PMT =237.238088 
FV_=0   

Figure 3.15 Periodic payment 
calculation 
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Loan term Monthly repayment in $, for every $10 000 
an) Nominal annual interest rate 

3% 5% 6% 7% 

- - 1 846.94 856.07 860.66 865.27 
Amortization 

n =180 T 5 179.69 188.71 193.33 198.01 
I% =5 
BV =-10000 10 96.56 106.07 111.02 116.11 

e oo62et 15 0906 | 7908 | 8139 89.88 
1z v T L 1T T T P reetzion 20 55.46 66.00 71.64 77.53 

_ 25 47.42 58.46 64.43 70.68 
Amortization 

n =180 T Table 3.6 Possible monthly repayments according to the length of the loan term and the interest rate 
1% = 
PV =-30000 For example, if you borrow $30 000 for 15 years at 5% interest rate, then you 

choose the entry in the 15 years row and 5% column, $79.08, and multiply it by 

3 (30000 is 3 times 10 000). So, your monthly payment is 3 X 79.08 = $237.24 

Note that this amount is given by your GDC or by applying the formula given 

earlier. 
0.05 
ST X 30000 

Using the formula: R = 
0.05 

1—-(1+— 
( 12 ) 

=237.238 —12x15



Example 3.27 

Alexander wants to borrow €180 000 to buy an apartment in his city. The 

rate offered by the bank is 6%, and the loan is taken for 20 years and will be 

paid in monthly instalments. 

(a) Using Table 3.6, calculate his possible monthly payment. 

(b) Calculate the amount of interest he would be paying. 

(c) He can afford to pay a maximum of €1100 per month. What is the 

maximum possible amount he can borrow? 

e — 

Solution 

(a) Looking up the entry in 20 years row, 6% column: 71.64 

180000 

10000 

(b) The amount he pays for interest is the total amount he pays back minus 

the amount he borrows: 1289.52 X 12 X 20 — 180000 = €129 484.80 

11000 
(c) The amount he can afford: T1.6d 

1. For each arithmetic series 

(i) find the number of terms 

(ii) find the sum of the series. 

X 71.64 = €1289.52   Alexander’s monthly payment is 

  X 10000 = €153 545.51 

13 

(@) 11+ 17 + ... + 365 (b) Y_(2-103k 
k=0 

() 9+ 13+ 17 +... + 85 (d) 8+ 14+20+ ... +278 

(€) 155+ 158 + 161 + ... + 527 

2. For each geometric series, find 

(i) the common ratio 

(ii) the number of terms 

(iii) the sum of the series. 

  

  

(a)2—3+2,%+“.7171221;17 

®2-2+8 -+ 18 

(>§+f+ S o 

@2 % gigt”fégglfu 

3. At the beginning of every month Maggie invests £150 in an account that 

pays 6% annual rate. How much money will there be in the account after 

6 years? 
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4. 

55 

6. 

10. 

TS 

80 

How many terms should be added to exceed 678 in the series 

177 2F 20 A8 25 o0kt 

How many terms should be added to exceed 2335 in the series 

=ik = =l 

Each month Susannah invests €100 in an account earning 4% annual 

interest compounded monthly. 

(a) Find the value of her investment after 20 years, assuming she started 

with a zero balance. 

(b) How much initial balance would she have had to start with if she 

makes no monthly payments, but the account has the same amount 

of money as your answer to part (a)? 

. Each month Maxine invests £150 in a fund for her retirement. 

The fund earns 6% annual interest compounded monthly. 

(a) Find the value of her retirement fund in 30 years. 

(b) If she instead invests £200 per month, find the value of her 

retirement fund after 30 years. 

. Find the monthly payment required to save $4000 when earning 4% 

annual interest compounded monthly within 5 years. 

. The sum of the first n terms of an arithmetic sequence is given by 

S, =6n+n’ 

(a) Write down the value of 

@ S, (i) S, 

The nth term of the arithmetic sequence is given by u,. 

(b) Show that u, =9 

(c) Find the common difference of the sequence. 

(d) Find u,, 

(e) Find the lowest value of # for which u,, is greater than 1000. 

(f) There is a value of n for which u; + u, + ... + u, = 1512 

Find the value of n. 

11 
Evaluate Y (3 + 0.2k) 

A ball is dropped from a height of 16 m. Every time it hits the ground it 

bounces 81% of its previous height. 

(a) Find the maximum height it reaches after the 10th bounce. 

(b) Find the total distance travelled by the ball when it hits the ground 

for the 10th time. (Assume no friction and no loss of elasticity.)



12. 

153 

14. 

53 

Find each sum. 

(@) 7+ 12+ 17 +22 + ... + 337 + 342 

(b) 9486 + 9479 + 9472 + 7465 + ... + 8919 + 8912 

(c) 2+6+ 18+ 54+ ...+ 3188646 + 9565938 

DN 
25 78125 

  @ 1zo+24+%+ 

A loan takes 10 years to repay at $450 per month. The annual interest 

rate of the loan is 5% and the loan is compounded monthly. 

(a) Find the initial value of the loan. 

(b) Calculate how long it takes to repay this loan at $900 per month. 

On Saturdays Kevin goes to a running track to train. He runs the first 

lap of the track in 180 seconds. Each lap Kevin runs takes him 10 

seconds longer than his previous lap. 

(a) Find the time, in seconds, Kevin takes to run his fifth lap. 

On a specific Saturday, Kevin ran his last lap in 280 seconds. 

(b) Find how many laps he has run on this Saturday. 

(c) Find the total time, in minutes, run by Kevin on this Saturday. 

On one Saturday Kevin takes Liz to train. They both run the first lap of 

the track in 180 seconds. Each lap Liz runs takes 1.05 times as long as 

her previous lap. 

(d) Find the time, in seconds, Liz takes to run her third lap. 

(e) Find the total time, in seconds, Liz takes to run her first four laps. 

Each lap Kevin runs again takes him 10 seconds longer than his previous 

lap. After a certain number of laps Kevin takes less time per lap than Liz. 

(f) Find the number of the lap when this happens. 

Give all answers in this question correct to two decimal places. 

Arthur lives in London. On 1 August 2008 Arthur paid 37 500 euros 

(EUR) for a new car from Germany. The price of the same car in 

London was 34 075 British pounds (GBP). 

The exchange rate on 1 August 2008 was 1EUR = 0.7234 GBP 

(a) Calculate, in GBP, the price that Arthur paid for the car. 

(b) Write down, in GBP, the amount of money Arthur saved by buying 

the car in Germany. 

On 1 August 2008 Arthur invested the money he saved in a bank that 

paid 4.5% annual simple interest. 

(c) Calculate, in GBP, the value of Arthur’s investment on 1 August 2012. 
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Between 1 August 2008 and 1 August 2012 Arthur’s car depreciated at 

an annual rate of 9% of its current value. 

(d) Calculate the value, in GBP, of Arthur’s car on 1 August 2009. 

(e) Show that the value of Arthur’s car on 1 August 2012 was 18 600 GBP, 

correct to the nearest 100 GBP. 

On 1 August 2012 Arthur sold his car for 18 600 GBP and bought a new 

car from Germany for 30 500 EUR. He used the 18 600 GBP and the 

value of the investment he made on 1 August 2008 to buy the new car. 

The exchange rate on 1 August 2012 was 1IEUR = 0.8694 GBP. 

(f) Calculate the amount of money remaining, in EUR, after the car had 

been bought. 

16. Every month, since her 12th birthday, Hana has deposited $200 in a 

bank account earning 6.2% annual interest compounded monthly. 

(a) If Hana has just had her 32nd birthday, how much money is in the 

account? 

(b) When Hana turns 40, she doubles the amount of money invested. 

How much money;, to the nearest thousand, will she have when she 

retires at age 65?2 

Chapter 3 practice questions 

1. In an arithmetic sequence, the first term is 4, the 4th term is 19 and the 

nth term is 99. Find the common difference and the number of terms . 

2. How much money should you invest now if you wish to have an 

amount of €3000 in your account after 6 years if interest is compounded 

quarterly at an annual rate of 6%? 

3. Two students, Nick and Charlotte, decide to start preparing for their IB 

exams 15 weeks ahead of the exams. Nick starts by studying for 12 hours 

in the first week and plans to increase the amount by 2 hours per week. 

Charlotte starts with 12 hours in the first week and decides to increase 

her time by 10% every week. 

(a) How many hours did each student study in week 5? 

(b) How many hours in total does each student study for the 15 weeks? 

(c) In which week will Charlotte exceed 40 hours per week? 

(d) In which week does Charlotte catch up with Nick in the number of 

hours spent on studying per week?



4. Two diet schemes are available for people to lose weight. Plan A 

promises the patient an initial weight loss of 1000 grams the first month 

with a steady loss of an additional 80 grams every month after the first. 

In the second month the patient will lose 1080 grams and so on for a 

maximum duration of 12 months. 

Plan B starts with a weight loss of 1000 grams the first month and an 

increase in weight loss by 6% more every following month. 

(a) Write down the number of grams lost under plan B in the second 

and third months. 

(b) Find the weight lost in the 12th month for each plan. 

(c) Find the total weight loss during a 12-month period under 

(i) plan A (ii) plan B. 

5. You start a savings plan to buy a car where you invest €500 at the 

beginning of the year for 10 years. Your investment scheme offers a fixed 

rate of 6% per year compounded annually. 

Calculate, giving your answers to the nearest euro(€), 

(a) how much the first €500 is worth at the end of ten years 

(b) the total value your investment will give you at the end of the ten years. 

6. The first three terms of an arithmetic sequence are 6, 9.5, 13. 

(a) What is the 40th term of the sequence? 

(b) What is the sum of the first 103 terms of the sequence? 

7. Marco starts training for running his city marathon. 

On the first day he runs 3 km. Every day he runs 10% more than the day 

before. 

(a) Write down the distance he runs on the second day of training. 

(b) Calculate the total distance Marco runs in the first seven days of 

training. 

Marco stops training on the day his total distance exceeds 150 km. 

(c) Calculate the number of days Marco has trained for the running race. 

8. A marathon runner plans her training program for a 20 km race. 

On the first day she plans to run 2 km, and then she wants to increase 

her distance by 500 m on each subsequent training day. 

(a) On which day of her training does she first run a distance of 

20km? 

(b) By the time she manages to run the 20 km distance, what is the total 

distance she would have run for the whole training program? 
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OF 

10. 

1l 

125 

In a certain country, cellular phones were first introduced in the year 

2010. During the first year, the number of people who bought a cellular 

phone was 1600. In 2011, the number of new purchasers was 2400, and 

in 2012 the new purchasers numbered 3600. 

(a) Note that the trend is a geometric sequence. Find the common ratio. 

(b) Assuming that the trend continues: 

(i) how many purchasers will join in 20222 

(i) in what year would the number of new purchasers first exceed 

500007 

Between 2010 and 2012, the total number of purchasers reaches 7600. 

(c) What is the total number of purchasers between 2010 and 20222 

During this period, the total adult population of the country remains 

approximately 800 000. 

(d) Use this information to suggest a reason why this trend in growth 

would not continue. 

In an arithmetic sequence, the first term is —5, the fourth term is 13, 

and the nth term is 11 995. Find the common difference d and the 

number of terms n. 

An auditorium for a city is built in the form of a horseshoe and has 25 rows. 

The number of seats in each row increases by a fixed number, d, 

compared to the number of seats in the previous row. The number of 

seats in the sixth row is 100, and the number of seats in the tenth row is 

124. a, represents the number of seats in the first row. 

(a) Write down the value of 

@ d (ii) a, 

(b) Find the total number of seats in the auditorium. 

A few years later, a second level was added to increase the auditorium’s 

capacity by another 1600 seats. Each row has four more seats than the 

previous row. The first row on this level has 70 seats. 

(c) Find the number of rows on the second level of the auditorium. 

Frieda is a dedicated swimmer. She goes swimming once every week. 

She starts with the first week of the year by swimming 200 metres. 

Each week after that she swims 20 metres more than the previous week. 

She does this for the whole year (52 weeks). 

(a) How far does she swim in the final week? 

(b) How far does she swim altogether?



13. You and your classmates are conducting an experiment. You receive a 

text message at 12:00. Five minutes later you forward the text message 

to three people. Five minutes later, those three people forward the text 

message to three new people. Assume this pattern continues and each 

time the text message is sent to people who have not received it before. 

(a) Find the number of people who will receive the text message at 12:30. 

(b) Find the total number of people who will have received the text 

message by 12:30. 

(c) Atwhat time will a total of 29 523 people have received the text 

message? 

14. Two IT companies offer apparently similar salary schemes for their new 

appointees. Kell offers a starting salary of €18 000 per year and then an 

annual increase of €400 every year after the first. YBO offers a starting 

salary of €17 000 per year and an annual increase of 7% for the rest of 

the years after the first. 

(a) (i) Write down the salary paid in the 2nd and 3rd years for each 

company. 

(ii) Calculate the total amount that an employee working for 

10 years will accumulate over 10 years in each company. 

(iii) Calculate the salary paid the tenth year in each company. 

(b) Tim works at Kell and Merijayne works at YBO. 

(i) When would Merijayne start earning more than Tim? 

(ii) What is the minimum number of years that Merijayne requires 

so that her total earnings exceed Tim’s total earnings? 

15. A theatre has 24 rows of seats. There are 16 seats in the first row, and 

each successive row increases by two seats, one on each side. 

(a) Calculate the number of seats in the 24th row. 

(b) Calculate the number of seats in the whole theatre. 

16. The amount of €7000 is invested at 5.25% annual compound interest. 

a) Write down an expression for the value of this investment after £ full 1 
years. 

(b) Calculate the minimum number of years required for this amount 

to become €10 000. 

(c) For the same number of years as in part (b), would an investment 

of the same amount be better if it were at a 5% rate compounded 

quarterly? 
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17 

18. 

193 

20. 

21. 

22. 

23. 

24. 

With S, denoting the sum of the first # terms of an arithmetic sequence, 

we are given that §, = 9 and S, = 20 

(a) Find the second term. 

(b) Calculate the common difference of the sequence. 

(c) Find the 4th term. 

Consider an arithmetic sequence whose second term is 7. The sum of 

the first four terms of this sequence is 12. Find 

(a) the first term 

(b) the common difference of the sequence. 

In an arithmetic sequence of positive terms, let a, represent the nth term. 
100 

4 6 
Given that — = — and a, X a,=32,findY a4 

41505 i=1 

In an arithmetic sequence a, = 5and a, = 13 

(a) Write down, in terms of 1, an expression for the nth term, a,,. 

(b) Find 7 such that a, < 400 

Minta deposits 1000 euros in a bank account. The bank pays a nominal 

annual interest rate of 5%, compounded quarterly. 

(a) Find the amount of money that Minta will have in the bank after 

3 years. Give your answer correct to two decimal places. 

Minta will withdraw the money from her bank account when the 

interest earned is 300 euros. 

(b) Find the time, in years, until Minta withdraws the money from her 

bank account. 

Consider the arithmetic sequence 85, 78, 71, .... Find the sum of its 

positive terms. 

A geometric sequence is defined by 

u, = 3(4)"*1, n € Z*, where u, is the nth term. 

(a) Find the common ratio r. 

(b) Hence, find S, the sum of the first n terms of this sequence. 

An arithmetic sequence has 32 as its 10th term and the common 

difference is —6 

(a) Find the second term of the sequence. 

(b) Find the 30th term of the sequence. 

(c) Find the sum of the first 50 terms of the sequence.



255 

26. 

275 

Given an arithmetic series S, =2 + 5+ 8 + ..., 

(a) find an expression for the partial sum S,, in terms of n 

(b) for what value of nis S, = 1365? 

Veronica wants to make an investment and accumulate €25 000 over a 

period of 18 years. She finds two investment options. 

Option 1 offers simple interest of 5% per annum. 

(a) Find out the exact amount she will have in her account after 

18 years, if she invests €12 500 with this option. 

Option 2 offers a nominal annual interest rate of 4%, compounded 

monthly. 

(b) Find the amount that Veronica has to invest with option 2 to have 

€25 000 in her account after 18 years. Give your answer correct to 

two decimal places. 

Prachi is on vacation in the United States. She is visiting the Grand 

Canyon. 

She drops a coin from the top of a cliff. The coin falls a distance of 

5 metres during the first second, 15 metres during the next second, 

25 metres during the third second and continues in this way. 

The distances that the coin falls during each second forms an arithmetic 

sequence. 

(a) (i) Write down the common difference, d, of this arithmetic 

sequence. 

(ii) Write down the distance the coin falls during the fourth 

second. 

(b) Calculate the distance the coin falls during the 15th second. 

(c) Calculate the total distance the coin falls in the first 15 seconds. 

Give your answer in kilometres. 

Prachi drops the coin from a height of 1800 metres above the ground. 

(d) Calculate the time, to the nearest second, the coin will take to reach 

the ground. 

Prachi visits a tourist centre nearby. It opened at the start of 2018 and in 

the first year there were 17 000 visitors. The number of people who visit 

the tourist centre is expected to increase by 10% each year. 

(e) Calculate the number of people expected to visit the tourist centre 

in 2019. 

(f) Calculate the total number of people expected to visit the tourist 

centre during the first 10 years since it opened. 
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28. Antonio and Rania started work at the same company at the same time. 

The starting annual salary for each was €36 000. Depending on which 

division of the company they work in, the company gives them a salary 

increase following the completion of each year of employment according 

to different plans. Antonio, an engineer, is paid using plan A and Rania, 

an accountant, is paid using plan B. 

Plan A: The annual salary increases by €1200 each year. 

Plan B: The annual salary increases by 3% each year. 

(a) Calculate 

(i) Antonios annual salary during his second year of employment 

(ii) Rania’s annual salary during her second year of employment. 

(b) Write down an expression for 

(i) Antonios annual salary during his nth year of employment 

(ii) Rania’s annual salary during her nth year of employment. 

(c) Determine in which year Antonio’s annual salary will become 

smaller than or equal to Rania’s annual salary. 

Both Antonio and Rania plan to work at the company for a total of 

15 years. 

(d) (i) Calculate the total amount that Rania will be paid during these 

15 years. 

(ii) Determine the amount by which Rania’s salary exceeds 

Antonio’s during these 15 years. 

29. 300 rabbits were introduced to an isolated island in the Pacific. One 

week later the number of rabbits was 315. The number of rabbits, N, can 

be modelled by a geometric sequence. N(#) is the number of rabbits ¢ 

weeks since their introduction to this island. 

(a) Find an expression for N(f). 

(b) Find the number of rabbits on the island after 10 weeks. 

A scientist estimates that the island has enough food to support a 

maximum population of 2000 rabbits. 

(c) Estimate the number of weeks it takes for the rabbit population to 

reach this maximum 

30. The first four terms of an arithmetic sequence are 2,a — b,2a + b + 7, 

and a — 3b, where a and b are constants. Find a and b 

31. Three consecutive terms of an arithmetic sequence are: a, 1, b. The terms 

1, a, b are consecutive terms of a geometric sequence. If a # b, find the 

values of a and of b.



32. Lukas deposited $8000, in a bank account which pays a nominal annual 

interest rate of 5%, compounded quarterly. 

(a) Find how much interest Lukas has earned after 2 years. 

Sophia also deposited money in a bank account. Her account pays a 

nominal annual interest rate of 7%, compounded semi-annually. 

After three years, the total amount in Sophia’s account is $10 000. 

(b) Find the amount that Sophia deposited in the bank account. 

33. Roberto invests 5000 euros in a fixed deposit account that pays an 

annual interest rate of 4.5%, compounded monthly, for seven years. 

(a) Calculate the value of Roberto’s investment at the end of this time. 

Helena has 7000 euros to invest in a fixed deposit account which is 

compounded annually. 

(b) Calculate the minimum annual interest rate needed for Helena to 

double her money in 10 years. 

34. One of the locations in the 2016 Olympic Games is an amphitheatre. 

The number of seats in the first row of the amphitheatre, u, is 240. 

The number of seats in each subsequent row forms an arithmetic 

sequence. The number of seats in the sixth row, u, is 270. 

(a) Calculate the value of the common difference, d. 

There are 20 rows in the amphitheatre. 

(b) Find the total number of seats in the amphitheatre. 

Anisha visits the amphitheatre. She estimates that the amphitheatre has 

6500 seats. 

(c) Calculate the percentage error in Anishas estimate. 

35. You invest $5000 at an annual compound interest rate of 6.3%. 

(a) Write an expression for the value of this investment after ¢ full years. 

(b) Find the value of this investment at the end of five years. 

(c) After how many full years will the value of the investment exceed 

$10000? 

36. The sum of the first n terms of an arithmetic sequence {u,} is given by 

the formula S, = 4n> — 2n 

Three terms of this sequence, u,, u,, and us,, are consecutive terms in a 

geometric sequence. Find m. 

37. The sum of the first 16 terms of an arithmetic sequence {u,} is 12. Find 

the first term and the common difference if the ninth term is zero. 
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38. 

39. 

90 

(a) Write down how many integers between 10 and 300 are divisible by 7. 

(b) Express the sum of these integers in sigma notation. 

(c) Find the sum above. 

(d) Given an arithmetic sequence with first term 1000 and a common 

difference of —7, find the smallest # so that the sum of the first 

n terms of this sequence is negative. 

The sum of the first # terms of an arithmetic sequence is given by 

S, =4n +2n* 

(a) Find the value of 

@ S 

(ii) S, 

Let a,, be the nth term of this arithmetic sequence. 

(b) Show that a, = 10 

(c) Find the common difference of the sequence. 

(d) Find a,,. 

(e) Find the smallest possible value of n for which a, > 2000 

(f) For what value of n is the series a; + a, + ... + a, = 3040? 

. The table shows the monthly repayments for every £10 000 borrowed at 

the nominal annual interest rates and for the loan terms shown. 

  

  

  

  

  

  

  

Loanterm | Monthly repayment in £, for every £10 000 
(years) Nominal annual interest rate 

5% 6% 7% 

5 188.72 19333 198.01 
10 106.07 111.02 116.11 
15 79.08 84.39 89.88 
20 66.00 7164 77.53             

Rami borrows £80 000 at a nominal annual interest rate of 6%, to be 

repaid over a 15 year term. 

(a) Using the table, calculate the total interest that Rami pays. 

Rana borrows a sum of money at a nominal annual interest rate of 5% 

over a 10-year term. Her monthly repayment must not be more than 

£600. 

(b) Using the table, calculate the maximum amount that Rana can 

borrow. Give your answer correct to the nearest £1000.



A -I,V 

II -I -I -I -I -I-I -I -I! 

Geometry and 

trigonometry 1   

   



Hypotenuse 
c 

a 

Figured.1 @+ b*= ¢ 

  

Figure 4.2 The squares formed 
using the base and the height 
of aright-angled triangle as 
side lengths fit perfectly in the 
square formed by using the 
hypotenuse as a side length 
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Le: 

  

ing objectives 

By the end of this chapter, you should be familiar with... 

« representing locations on the coordinate plane and calculating distances 

between points, midpoints of line segments and intersections of lines 

« finding missing side lengths and angles in right-angled triangles using the 

Pythagorean theorem and the primary trigonometric ratios sine, cosine 

and tangent 

+ using the sine and cosine rules to calculate missing side lengths and 

angles in non-right-angled triangles and application to real-life problems 

» determining the surface area and volume of right pyramids, right cones, 

spheres, hemispheres and solids composed of these shapes. 

In this chapter, the fundamental concepts and structures required to solve 

geometrical problems will be introduced and applied. We begin with the 

celebrated Pythagorean theorem and use it to develop a distance formula for 

line segments in the Cartesian coordinate plane. We also develop equations 

of straight lines and consider how they intersect. The introduction of the 

primary trigonometric ratios demonstrates the relationships between side 

lengths and interior angles of a right-angled triangle and provides a powerful 

tool for solving problems involving navigation and architecture. Although only 

applicable to right-angled triangles, the primary trigonometric ratios can be 

extended to characterise non-right-angled triangles. These are the sine and 

cosine rules. Our introduction to geometry culminates in the calculation of 

areas and volumes of 2- and 3-dimensional figures. 

Basic coordinate geometry 

‘The foundational result of this section is the Pythagorean theorem, which states: 

In a right-angled triangle, the square of the length of the hypotenuse (the longest side, 
located opposite the right angle) is equal to the sum of the squares of the lengths of the 
other two sides. 

Figures 4.1 and 4.2 show the geometric interpretation where a® + b* = ¢ 

According to the Pythagorean theorem, the squares formed by using the base 

and the height of a right-angled triangle as side lengths fit perfectly in the 

square formed by using the hypotenuse as a side length. 

1SET IR 
  

An equilateral triangle has a side length of . Find the triangle’s height h and 

area A in terms of .



  

Solution 

Using the Pythagorean theorem on one of the component 

right-angled triangles in the diagram gives: 

2 (4 e 
T T 

[ o} i 
4+h =P 

Collecting like terms and simplifying, 

o4k _E_ap 
4 4 4 

Thus the height, h = @ 

Using the formula area = %base X height for the area of a triangle yields: 

a-4ig)- 5 
Some problems involving distance in 3 dimensions can be solved by breaking up 

the task into multiple 2-dimensional problems, as Example 4.2 demonstrates. 

  
Example 4.2 

The box in Figure 4.3 has a length of 80 cm, a width of 60 cm and a height of 
90 cm. Calculate the length of the segment AB and hence, the diagonal AC. 

| 

Solution 

The length AB in the base of the box can be calculated as follows: 

AB? = 80° + 60° 
AB* = 10000 

AB = 100cm 

The length AC can now be found by using the right-angled triangle 

consisting of the base AB, the height of the box and the main diagonal as 

follows: 

AC* = 100 + 90* 

AC* = 10000 + 8100 

AC = VI8100 ~ 135cm 

Notice that this 3-dimensional problem is solved by considering two different 

2-dimensional triangles within the diagram, one lying within the base and one 

perpendicular to the base. 

In the IB, [AB] denotes a line segment connecting the points A and B, AB is the length of 
this segment and (AB) is the line passing through points A and B. 

  

B 

60cm 

A 80cm 

Figure 4.3 Diagram for 
Example 4.2 
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Using the Pythagorean 
theorem: the distance 

between the two points 

Alxy, y,) and B(xy, y) 
is given by the formula 

AB= 

(e, =22+ O = 3)? 

  

Figure 4.5 Solution to 
Example 4.3 (a) 
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The distance formula 

The Pythagorean theorem can be y 
applied within coordinate geometry 

to enable us to calculate the distance 

between two points A(x,, y,) and 

B(x,, y,) in the Cartesian coordinate 

plane. This distance is denoted AB 

(see Figure 4.4). The line segment 

[AB] forms the hypotenuse of a right- 

angled triangle with a base of length 

X, — x; and height y, — y, 

  

Figure 4.4 The line segment [AB] forms the 
hypotenuse of a right-angled triangle 

Example 4.3 

(a) Find the length of the line segment connecting the points A(—1, 4) and 

B(3,2) 

(b) How does the distance formula change when the points A and B lie on 

(i) ahorizontal line 

(i) a vertical line? 

e ———— 

Solution 

(@ AB=\/3—(-1)2+ (4 -2 =/ +22=/20 

(b) (i) and (ii) 

5 

  

v 

Two points A and B that lie on a vertical line have the same x coordinate. 

In this case 

AB=\(x =2+ (1, = 3)* =0+ (0, =) =y, — 5l 
For A and B on the same horizontal line, the y coordinate is the same for 

both points and 

AB =, = x)" + (=) = |v, — x|



The midpoint of a line segment 

In addition to calculating the length of a line segment, it is often important to The oo deof 

locate the midpoint of a line segment. The midpoint, M, of the line segment the midpoint of the 

[AB] connecting two points A(x,, y,) and B(x,, y,), has the coordinates line segment [AB] are 
X tx yty. found by taking the 

(‘Tl %) (see Figure 4.6). average of the x and 
 coordinates of the 

v points A and B. 

B(x, y,) 

‘ 

Alxpy) 

  

Figure 4.6 The midpoint of a line segment 

Example 4.4 

(a) Find the midpoint of the segment [AB] connected by the points A(2, 4) 

and B(6, 12) 

(b) The point C(4, 3) is the midpoint of the segment connecting (—1, —1) 

and B(m, n). Find the coordinates of the point B. 

| 

Solution 

(a) Using the average of the x and y coordinates, (2fi it 12) =(4,8) 
7)) 

(b) Using the diagram, we obtain B(9, 7) Example 4.4 (b) can be 
worked out using the 
midpoint formula. That 

y:ng 

—1+n 
is,4= 

and3 = =n=7 
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‘The words gradient’ 
and ‘slope’ mean 

the same. 
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Equations of lines and intersection of lines 

In this section, we revisit the equation for a straight line, introduced in 

Chapter 3, and use it to describe the intersection behaviour of pairs of straight 

lines. To do so, we must first define the gradient, m, of a line through the 

YN 
X T % 

much the height (y) of the straight line changes as we move one unit to the 

right along the x-axis. Lines with equal gradients or slopes are parallel, 

and lines for which the product of their gradients is —1 are perpendicular, 

meaning they intersect in a right angle. Lines that lie exactly on top of each 

other are called coincident. 

  points A(x,, y,) and B(x,, ;) as m . The gradient is a measure of how 

Perpendicular bisectors of line segments 

The perpendicular bisector of a line segment is the line perpendicular to 

the segment passing through its midpoint. Every point on the perpendicular 

bisector is equidistant to the endpoints of the line segment. 

Example 4.5 

Find the equation of the perpendicular 

bisector (shown as dashed line in the 

graph) of the line segment connecting 

the points (1, 2) and (5, 0). 

  

Solution 

The midpoint of the segment is given by (#, #) =031 

The gradient of the line segment is m = g%% = 7%, and the perpendicular 

bisector therefore has a gradient of 2. The equation of the perpendicular 
bisector is y = 2x + b, where b is the value of the unknown y-intercept. 
Substituting (3, 1) for (x, y) yields 1 = 2(3) + band b = —5. Therefore, the 

perpendicular bisector has the equation y = 2x — 5 

‘We conclude this section by showing how the equations of a pair of lines can be 

used to determine their point of intersection, when it exists.



Example 4.6 

(a) Find the point of intersection of the lines with equations y = —2x + 1 

and y = 3x — 4 algebraically. 

(b) Draw both lines on the same graph and label the point of intersection. 

Solution 

(a) The x- and y-coordinates of the point of intersection are the same for 

both lines. Thus, 

=2¢ 1 =5x =4 

This simplifies to 

Sxi=5] 

o=t 

Substituting x = 1 into either of the 

equations yields the y-coordinate of the 
intersection point, which is y = —1. 

The point of intersection is therefore 
({1, =), 

(b) The lines and their point of 

intersection are shown on the graph. 

  

The last example of this section considers the conditions under which a pair of 

lines possesses a unique point of intersection. 

Example 4.7 

(a) Find the x-coordinate of the point of intersection of the lines with 

equations y = mx + bandy = Mx + B 

(b) Interpret your answer to (a), considering different values of m, M, b, and B 

Solution 

(a) Atintersection, mx + b= Mx + B 

‘When we simplify this, we obtain 

(m—Mx=B—b 

IR0 
*Tm—M 

(b) If m # M the two lines have different gradients and intersect at a 

unique point whose x coordinate is given by the expression in (a). 
If m = M, b # B, the two lines have equal gradients but different y 

intercepts and have no point of intersection. If m = M, b = B, the two 

lines are coincident, and intersect at all points. The three possibilities are 

shown in the graphs. 
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1. Find the value of x in each triangle as a root and correct to 3 significant 

figures. 

(a) b)) _ x (©  2em @, 

lem 

2. A Pythagorean triple is a set of three integers x, y and z that satisfy the 

equation x? + y? = 2 

(a) Show that 3, 4 and 5 form a Pythagorean triple. 

(b) Show that 37, 4n and 51 form a Pythagorean triple for any integer 1. 

(c) Listall the square numbers between 1 and 200, and hence, find two 

more Pythagorean triples. 

(d) How can Pythagorean triples be interpreted using triangles and why 

are they special? 

(e) Show, using algebraic manipulation, that m? — n? 2mn and m> + n® 

form a Pythagorean triple for any whole numbers m and n, m > n 

200km 
3. A car drives 120 km north and then turns east, driving an additional 

120k 200km. How far is the starting position from the destination? m 

4. A flag pole is supported by a sturdy rope 

. that is fastened to a hook on the ground and 
20m Figure 4.7 Diagram for the top of the flag po?e. The rope is 20 m in \ 

question 3 length and the hook is located 12m from the 

base of the flagpole. How high is the flagpole, 

correct to the nearest metre? 
12m 
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10. 

. A cuboid is a 3-dimensional shape whose opposite faces are congruent 
  

rectangles. All adjacent edges are perpendicular to each other. 

(a) Find the lengths of [CD] and [AB] in the cuboid in Figure 4.8. 

(b) A cuboid-shaped closet has a length of 10 m, a width of 6m and a 

height of 2.5 m. What is the maximum length of a broom that is to A D 

be stored in the closet? 

  

      

4m       
. For each of the following line segments, calculate the C  3m 

(i) length (ii) midpoint (iii) gradient. Figure 4.8 Diagram for 

(a) The segment connecting (2, 5) and (9, 12) Question 5 

(b) The segment connecting (4, 9) and (7, 0) 

(c) The segment connecting (—2, 4) and (5, 3) 

(d) The segment connecting (4, 7) and (8, 7) 

(e) The segment connecting (—3, 0) and (—3, 5) 

. Draw line segments with the following gradients on a set of coordinate axes: 

(a) land —1 (b) 2and —0.5 

(c) —4and 025 (d) % and —1.5 

Explain the numerical relationship between the gradients in each pair. 

How do the line segments in each pair relate to each other? 

. Find the equation of each of the following lines in the form y = mx + ¢ 

(a) The line passing through (0, 7) with gradient 3. 

(b) The line passing through (3, 6) with gradient —2. 

(c) The line passing through (2, 5) and parallel to y = 3x — 8 

(d) The line passing through the origin (0, 0) perpendicular to y = %x =7 

(e) The perpendicular bisector of the segment connecting (0, 0) and (9, 3) 

. () Make y the subject of the formula ax + by + ¢ = 0 
(b) Hence, find the gradient and y-intercept of the straight line 

ax + by + ¢ = 0 in terms of a,b and c. 

The lines y = 2x + 1,y = — x + 4and y = 1x + 1 bound a triangle 
ABC as shown in Figure 4.9. 

(a) Find the coordinates of A,B and C. 

(b) Find the lengths AB, AC and BC and hence, find the perimeter of 

the triangle ABC. 

(c) Find the gradient and midpoint of [BC]. 

(d) Hence, find the equation of the perpendicular bisector of [BC]. 

  

Figure 4.9 Diagram for 
(e) Using graphing software or geometry instruments, draw the question 10 

perpendicular bisectors of [AC] and [BC]. What do you notice about 

the perpendicular bisectors of all three sides of the triangle ABC? 
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IS 

Hypot e Opposite 

B Adjacent C 

Figure 4.10 The sides of 
a triangle can be labelled 
as adjacent, opposite and 

hypotenuse 

Greek letters such as 
6 (theta) are often 

used in texts to denote 
angles. 

Make sure that your 
calculator is in ‘degree 

mode when you 
calculate trigonometric 

ratios. 

4 
Figure 4.11 Very small 

Figure 4.12 Large 0 
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Right-angled trigonometry 

The primary trigonometric ratios 

In this section, we develop the primary trigonometric ratios sine, cosine and 

tangent, which establish relationships between the side lengths of a right-angled 

triangle and its angles. These ratios are fundamental in solving problems in 

geometry, navigation and architecture and have far-reaching applications in 

the sciences. 

Consider the right-angled triangle in Figure 4.10. Relative to the interior angle 6, 

the sides of the triangle can be labelled as adjacent (blue), opposite (black) and the 

hypotenuse (red), which is always the longest side, located opposite the right angle. 

For an acute angle, 6, in a right-angled triangle, we define the following ratios: 

  

sing = PP i called the sine ratio. Bypotencuse 
j it e cc LU e e rario) 

hypoteneuse 
it tanf = PPSL i called the tangent ratio. 

adjacent 

The first example will show how to use a calculator to calculate the trigonometric 

ratios of known angles and will demonstrate some basic properties of these ratios. 

Example 4.8 

(a) Use your calculator to find the following trigonometric ratios, correct to 

3 decimal places: 

(i) sin30, sin45, sin60, sin90 

(ii) cos30, cos45, cos60, cos90 

(iii) tan30, tan45, tan60, tan90 

(b) Explain why for any angle 6, sinf < 1 and cosf < 1 
How is this different from tan6? 

| 

Solution 

(a) (i) sin30 = 0.5, sin45 ~ 0.707, sin60 = 0.866, sin90 = 1 

(ii) cos30 == 0.866, cos45 = 0.707, cos60 = 0.5, cos90 = 0 

(iii) tan30 a2 0.577, tan45 = 1, tan60 =~ 1.732, tan90 is undefined 

(b) Since sinf and cosf are fractions with the hypotenuse in the 

denominator, and the hypotenuse is the longest side of a right-angled 

triangle, the fraction must have a value less than or equal to 1. For very 

small 6, the opposite side is small and the adjacent side is quite large 

compared to the hypotenuse (Figure 4.11). Therefore, sin6 is small while 

cosB is close to 1. The opposite is true for large values of 6 (Figure 4.12).



For the tangent ratio, as we see in Figure 4.13, if 6 = 45°, then the 
adjacent and opposite sides have equal value, and tan45° = 1. 
For 6 = 45°, the opposite side is equal to or exceeds the adjacent side 

and tanf = 1. As 6 approaches 90°, the adjacent side approaches zero 
and tanf approaches infinity. Hence, tan 90 is undefined. 

  

In many applications, we may know the values of some side lengths or angles of 

a right-angled triangle. We then use trigonometric ratios to calculate the value Figure 4.13 When 8 = 45° 

of the missing quantities. the adjacent and opposite sides 
have equal value and tand5 = 1. 
As 0 gets larger, tanf approaches 
infinity 

Example 4.9 

Find the value of each missing side length, correct to 2 decimal places. 

@ . I (b) 2m 
2 

5| 
x y 

  

Solution 

(a) sin20 = %:M/ = 4sin20 ~ 1.37cm 

c0s20 = % = x = 40820 ~ 3.76cm 

" 2} q 2 
(b) sin15 = 7:>ysm15 =2=y =g~ 723 

Example 4.10 

For each of the following right-angled triangles, find the value of the interior 

angle 6, correct to the nearest degree. 

(a) — fl (b) 13cm (c) V7cm 

mm e W] 8cm 

Solution 

  

To find the value of a missing angle, the inverse trigonometric ratios e, 

must be used. These are called arccos, arcsin and arctan. Remember that arcsin, and arctan are 

the inverse of a function ‘undoes’ the action of the function. The inverse also referred to as 

trigonometric functions allow us to input a given trigonometric ratio and G T 
return the value of the corresponding angle. 

1 

() 6= arccos(g) ~62° (b)f= arcsm(%) ~67° (0= arctan(\%) ~72° 
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i ea of a triangle 

Recall that the area of a triangle is given by the formula area = %base X height 

In some problems, we may not know the height of the triangle, but we may 

know an angle and the enclosing side lengths. First we will consider the case 

where the angle is acute. 

  

  

   

Example 4.11 

Find the area of each of these triangles. 

(a) (b) 
e 1lem 

9em) 

6em 

Sem Solution 

e & (a) Since we have two side lengths that enclose an angle, we can draw a 

) ) perpendicular (dashed line in Figure 4.14) from one of the vertices of 
Hgure 4,14 Solutionito the triangle to the base, and thus calculate the height h. We obtain 
Example 4.1 (a) 7 

sin30 == h = 5sin30cm 

1lcm The area is then l(6)(5 s5in30) = 7.5cm? 

o k : (b) By drawing the height, h, of the triangle, we obtain the diagram in 
Figure 4.15 Solution to Figure 4.15. 
Example 4.1 (b) h 

$in20 = o h = 9sin20 

The area of the triangle is % (11)(9sin20) ~ 17 cm? 
b 

/0 - In general, the area of a triangle with an acute angle 0 enclosed by two sides of length a and 
biskabsing 

Figure 4.16 Area of triangle 
with two sides and the included 

e Jols| (e e AR Rilele Ot = s 

Inorder to avoid The following examples demonstrate how the primary trigonometric ratios can 
rounding errors, it is 

v s et be used in calculations involving navigation and architecture. Recall that a 3-digit 

enter the expression as bearing is an angle measurement that uses 0° for north and states angles measured 

itis written into your in a clockwise direction. Bearings are frequently used in navigation problems. 
calculator and only 

round the final answer. 
Do not calculate the 
trigonometric ratios 

and round them 

Example 4.12 

A aeroplane flies 400 km on a bearing of 078° from city A to city B. 

and then enter the (a) How far north or south is B from A? 
rounded value into the . 

expression. (b) How far east or west is A from B? 
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s 
Solution 

(a) By letting y be the distance travelled north, 

C0S78 = 5 = y = 400cos78 ~ 83k 

(b) By letting x be the distance travelled east, 

sin78 = Xx = 400sin78 ~ 391 km i 
400 

Angles of elevation and depression 

In land surveying and architecture, angles are often used to calculate lengths 
that are too large to measure. A clinometer is a device that helps measure such 

angles. Angles of elevation or inclination are angles above the horizontal, 
like looking up from ground level towards the top of a flagpole. Angles of 
depression or declination are angles below the horizontal, like looking down 

from your window to the base of the building opposite to you. 

Example 4.13 

The Burj al-Arab luxury hotel in Dubai, United Arab Emirates, is located 
on an island 280 m from Dubai beach. A land surveyor who is 1.78 m tall 

standing at the shore of Dubai beach measures the angle of elevation to the 
roof of Burj al-Arab to be 36.6°. How tall is the Burj al-Arab? 
e 

Solution 

Using the diagram in Figure 419, tan36.6 = 51 = h = 280tan36.6 
= h~208m 

Adding the height of the land surveyor now gives a total height of about 210 m. 

Exact values of trigonometric ratios 

We conclude this section by considering how to obtain exact values for 
trigonometric ratios of given angles. It is often difficult to obtain exact values 
for the primary trigonometric ratios in terms of fractions and roots, but for 30°, 

45° and 60°, we can construct appropriate right-angled triangles to enable us to 
find the exact values for sine, cosine and tangent. 

Example 4.14 

By constructing appropriate right-angled triangles, find the exact values of 
sin, cost, tan, 6 = 30°, 45°, 60° 

L 
Solution 

A right-angled triangle with an interior angle of 45° can be constructed by 

dividing a square of side length 1 unit along the diagonal (a). A right-angled 
triangle with interior angles of 30° and 60° can be constructed by dividing an 
equilateral triangle with side length 2 units into two congruent right-angled 
triangles (b). 

North 

z y X % 
A 78° 400km 

Figure 4.17 Solution to 
Example 4.12 

Angle of depression 

  

Angle of dlevation 

Figure 4.18 Angle of 
depression and angle of 
elevation 

  

Figure 4.19 Solution to 
Example 4.13 
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(a) (b) 

1 1 

Using the triangles shown in diagrams (a) and (b), we obtain 

sind5 = cosd5 = L 
2 

tan45 = 1 

S I ST | sin30 = 2,cosSO 5 , tan30 3 

. B i 
sin60 :VT, €0s60 = > tan60 = 3 

  

1. Use the right-angled triangle to state the required 

trigonometric ratios: 

(a) sin(6) (b) cos(6) (c) tan(6) 

@ sin(®) (@ cos(B) ® tan(p) 
(g) How are the angles 6 and f3 related to each other? 

  

(h) Clearly describe the link between the trigonometric ratios of the 

angle 6 and those of the angle . 

2. Find the missing side length in each triangle, writing your answer 

correct to 2 decimal places. 

(a) (b) —= (©) 6em fi (d) 
17cm 

ycm 45° 10em| \y 

A\ [ -~ 

80° 
3. Find the value of the interior angle 6, correct to the nearest degree. 

R NEEE e O ? (d)““‘EZ 
7cm 

7cm T 

4. (a) A cardrives 300km from city A to city B on a bearing of 065°. How far 

north/south has the car driven? How far east/west has the car driven? 

(b) Another car leaves city A and drives 300 km on a bearing of 110°. 

How far north/south has the car driven? How far east/west has the 

car driven? 

(c) How do your calculations from (a) and (b) differ from each other? 

104



  

The green and yellow buildings 
shown are 20 m apart along a 

street. The angle of elevation /563 
from the roof of the shorter 58°) 

building to the roof of the taller 
building is 36°. The angle of 

depression from the roof of the 

shorter building to the base of - 

the taller building is 58°. 20 

Find the height of the two buildings to the nearest metre. 

       o
o
o
E
a
g
 

      

A ladder that is 5m long is to be placed against a wall that is 4.5m high. 
The base of the ladder can be placed anywhere along a concrete strip 

that is 2m in width. What is the smallest possible angle that the ladder 

can make with the ground? 

45m 5m 

Find the area of the following triangles. 

@ ®)) 
7cm 

/[ 
8cm 

2m 

Figure 4.20 Diagram for 
question 6     

9¢m 10cm 

(a) Using trigonometric ratios, find the exact 

area of a regular hexagon with side 
length 1cm. 

  

(b) Using a similar procedure to (a), find a 

formula, using trigonometric ratios, for 

the area of a regular pentagon with side 

length 1cm. 

  

lem 

(c) Explain clearly how you can find the area of a regular polygon with 

n sides. 

By using 6 = 10,5,2,1, %, explain how the values of sin6 and cosf 

change as 6 approaches zero. 

Non-right-angled trigonometry 

In this section, we extend the primary trigonometric ratios to triangles that 

contain no right angles. Although the primary trigonometric ratios cannot be 

directly applied to such triangles, we can develop relationships between the 

side lengths and interior angles of these triangles. These relationships form 

the sine and cosine rules. First, we develop the trigonometric ratios of angles 

larger than 90°. 

1056



I y 

Terminal arm 

1 

Figure 4.21 Angles larger 
than 90° 

I y 

Terminal arm 

  

  

  

  1 v 

Figure 4.22 Trigonometric 
ratios 

o 

2 
1 N\E b 135° 

=1 x 

Figure 4.23 Diagram for 

Example 4.15 (b) 

  
  

Figure 4.24 Diagram for 

Example 4.15 (d) 
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The angle 6 will be defined as the angle that a terminal arm (red) makes with 

the positive x-axis, moving anti-clockwise. To calculate trigonometric ratios 

of angles larger than 90 degrees, draw the terminal arm of the angle and create 

a right-angled triangle in that quadrant. Label the base and height using the x 

and y values (which could now be negative!). The interior angle made by the 

terminal arm and the x-axis is acute and serves as the angle used to calculate 

the trigonometric ratio. 

In this way, we can uniquely draw any angle 6, 0° < 6 < 360°, in one of the 

four quadrants, labelled I, IT, III, IV. The trigonometric ratios can then be 

calculated by projecting a line perpendicular to the x-axis (dashed line in 

Figure 4.22) and creating a right-angled triangle in the respective quadrant. 

By drawing an appropriate triangle, calculate 

(a) sin120° (b) cos135° (c) tan210° (d) sin315° 

e —————— | 

Solution 

(a) By drawing a 120° angle, we create a right- 

angled triangle in quadrant II with an 

interior angle of 60°. Labelling the side 

lengths appropriately, we can calculate 

sin120 = ? 

Notice that cos120 = —2 since the adjacent 
2 

side is on the negative x-axis. 

  

b By drawing a 135° angle, as in Figure 4.23, we create a right-angled 

triangle in quadrant IT with an interior angle of 45°. Labelling the side 

lengths appropriately, we can calculate cos135 = i 

(c) By drawinga 210° angle, we create a right- 

angled triangle in quadrant III with an 

interior angle of 30°. Labelling the side 

lengths appropriately, we can calculate 

tan210 = % 

  

(d) By drawing a 315° angle, as in Figure 4.24, we create a right-angled 

triangle in quadrant IV with an interior angle of 45°. Labelling the side 

lengths appropriately, we can calculate sin315 = — L 
V2



Example 4.16 

(a) Show that for any angle 6, 0° < 6 < 90°, sinf = sin(180 — 6) 

(b) Find two different angles 6 with sinf = 0.65 

(c) Show that in a triangle containing an obtuse interior angle 6 and two 

enclosing sides with lengths a and b, the area is given by the formula %absine 

L~ | 

Solution 

(a) In Figure 4.25, we see that sinf = sin(180 — 6) = % 

(b) Using a GDC, we obtain 6 = sin~'0.65 ~ 40.5 

Using part (a), 0 = 180 — 40.5 = 139.5° is another angle satisfying 

sinf = 0.65° 

(c) In the triangle shown, n 

h = bsin(180 — 6) = bsinf and 

the area is then % absin®      
180° — 6 

Now that the trigonometric ratios for obtuse angles have been defined, we can 

consider how to find missing side lengths and interior angles of triangles that 

contain no right angles, or those containing obtuse angles. 

Consider the following triangle: 

3331° 

  

Figure 4.26 Notice the remarkable relationship 

1352 957 526 If we calculate the ratios: o1~ 17.42, 3T 17.42, iz~ 17.42 

we notice a remarkable relationship that turns out to be true for all triangles. 

The ratio of a side length of a triangle to the sine of the interior opposite angle of the 
triangle is constant. This relationship is called the sine rule. 
The sine rule 
In any triangle with side lengths, a,b,c and opposite b 
interior angles 4,B,C 9 
L4 _ b __c_ . sinA_sinB _sinC - g 
sind smB_snC e b ¢ B 

Figure 4.25 Solution to 
Example 4.16 (a) 
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& 
l4em 

Figure 4.27 Diagram for 
Example 4.17 

/> 

[ 
Figure 4.28 Diagram for 
Example 4.18 

9cm 

10cm 
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The sine rule allows us to find missing side lengths or interior angles of a 

triangle, provided we know a side length and its opposite interior angle. 

Example 4.17 

Find the value of the missing side length x in the triangle shown in Figure 

4.27, correct to 2 decimal places. 

Solution 

Since we have a side length and the opposite interior angle, we can apply the 

sine rule to obtain: 

14 _  x 

sin65  sin25 
_ 14sin25 

~sin65 
X~ 6.53cm 

Example 4.18 

Find the missing value of 6 in the triangle shown in Figure 4.28. 

Solution 

Using the sine rule, we obtain Snc0— % 

sinf = LW) 

0~742° 

RNl (A Y]] 

If in a non-right-angled triangle, only two side lengths a and b and the enclosed 

angle 6 between them are known, we cannot use the sine rule. In this case, we 

can calculate the side length ¢ (red) located opposite to the known interior 

angle. If we know all three sides of the triangle, we can also calculate the value 

of any of the interior angles of the triangle. The formula that enables us to do so 

is called the cosine rule. 

‘The cosine rule 
In a triangle in which two side lengths a and b, as well 
as the enclosed interior angle 6, are known, the side ¢ 
opposite to 8is given by 
& =a’+ b — 2abcosh 
Ifall three sides are known, then an interior angle 6 

  

can be found using 
os0 D Casta Ui Ca l0 g 8 m-x(M), 

2ab 2ab 
where c s the side of the triangle opposite to 6.and a and b are the sides enclosing 6.



One way to understand the cosine rule is to notice that the ¢ = a® + b? 

portion is similar to the Pythagorean theorem for right-angled triangles. 

If 6 < 90°, then a2 + b2 > c? and 2ab cos is the amount that must be 

subtracted to create equality (Figure 4.29). If § > 90°, then a* + b < ¢?and 

2ab cosO is the amount that must be added to create equality (Figure 4.30). 

If 6 = 90°, then cosf = 0 and the cosine rule collapses to the Pythagorean 

theorem for right-angled triangles. 

  

Example 4. 

Find the value of the missing side length x, correct to 2 decimal places. 

(a) (b) 150° 

5cm S ‘EM 

  

6cm 

i 

Solution 

(a) Using the cosine rule, (b) Using the cosine rule, 

x2 = 4% + 5% — 2(4)(5) cos30 x2 = 6%+ V172 — 2(6)(V17) cos150 

x =16 + 25 — 40cos30 X =136 + 17 — 12y17 cos150 

xR~ 2.52cm x~9.79cm 

Example 4.20 
  

In each of these triangles, find the angle 6, to the nearest degree. 

  

(a) 7em (b) 2lcm 

10cm, (> 
16cm 27cm 

Tiem 

Solution 
Zem 

(a) Using the cosine rule, we obtain e b 

9= coprf B0 
Rl W Tiem 

0~ 64° 

Notice the importance of recognising the side opposite to 6. 

  

Figure 4.29 Interpretation of 
the cosine rule when 8 < 90° 

A0 
— 

Figure 4.30 Interpretation of 
the cosine rule when 6 > 90° 

109



Geometry and trigonometry 1 

(b) Using the cosine rule, we obtain e 

= ,,(212 +16— 272) 
s X2 x16 16cm gy 

When using the cosine 6 93° 
rule to calculate missing 

angles, the expression Notice that if § > 90°, cosf < 0, so that the expression in brackets is 
e negative. One could calculate the expression in brackets before using 
take a value between . i . 

B cos ™, but this could lead to inaccuracy due to rounding. 

‘We conclude this section by considering examples in which both the sine and 

cosine rules are required in order to obtain missing information in triangles. 

Example 4.22 is an application of non-right-angled triangle trigonometry to 

navigation, and requires us to construct the appropriate triangle first before we 

can calculate missing information. 

  
. Example 4.21 

fi’ For the triangle shown in Figure 4.31, find 

Som (a) thesidelengthx (b) theangle (c) the area of the triangle. 
18m 
1 

? Solution 

i (a) Using the cosine rule, 
Figure 431 Diagram for 

Example 4.21 x? = 30% + 182 — 2(30)(18) cos27 

x =900 + 324 — 1080cos27 

x~162m 

(b) We can use the answer from (a) in the sine rule to obtain 

sin27 _ sinf 
16.2 30 

ing = 30.sin27 sinf = 16.2 

0~ 57.2° 

However, from the diagram, we see that the angle is obtuse, thus 

6 =180 — 57.2 = 123.8° 

(c) The area of the triangle is 1(18)(30) sin27 ~ 123 m? 

Example 4.22 

An aeroplane flies 280 km on a bearing of 009° from Calgary, Alberta in 

Canada to the provincial capital Edmonton. From Edmonton, the plane flies 

1320km on a bearing of 072° to Churchill, Manitoba, located on the shores 

of Hudson Bay. 
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(a) How far is Churchill from Calgary? 

(b) If an aeroplane flies at an average speed of 720kmh ™", how long is a 

direct flight from Calgary to Churchill to the nearest hour? 

L | 

Solution Churchill 

‘We can create the 

following diagram, 

labelling the cities 

and the given 

information: 

  

Calgary 

(a) The distance, d, between Calgary and Churchill can be found using the 

cosine rule with the triangle in the diagram, using the interior angle of 

18RO OI=N1178 

d* = 280% + 1320% — 2(280)(1320) cos(117) 

d ~ 1468km 
1468 
720 

1. Fillin the table with a + or — as necessary. The first row is filled in 

for you. 

  (b) The time taken to complete the flight is ~2.04 

  

sinf cosf tanf 

0° < 6<90° S + S 

90° < 6 < 180° 

180° < 6 < 270° 

270° < 6 < 360° 

  

  

  

              
2. Find two different angles 6 for which sinf = 0.707, correct to the nearest 

degree. 

3. If 6> 0, we define the angle —6 to be the angle a terminal arm makes 
with the positive x-axis, moving clockwise. By drawing an appropriate 

right-angled triangle, show that 

(a) cosf = cos(—6) 

(b) sin(—6) = —sinf 

4. By drawing an appropriate right-angled triangle, find exact values of 
05240, sin240, tan240 using fractions with roots. 

m
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Use the sine rule to find the missing side length, x, correct to 

3 significant figures. 

(a) 21cm (b) 

    
Use the sine rule to find the value of the angle 6, correct to the nearest 

degree. 

(a) (b) 20° 

3im 

18cm 8 
15cm 

Using the diagram, complete the 

following steps to derive the 

sine rule. 

(a) Show that h; = asinB = bsinA 

(b) Conclude that % = % 

(c) Show that h, = csinB = bsin(180 — C) 

(d) Conclude that sinB _ %, which completes a derivation of the 

sine rule. 

  

Use the cosine rule to find the missing side length, x, in each triangle, 

correct to 3 significant figures. 

(a) (b) . 

A 10cm @ 
2m 

V7m, 8cm 

7 

Use the cosine rule to find the value of the missing angle 6, correct to the 

nearest degree. 

(a) (b) 13cm 
27km X 3 

Sem 
VI3cm 

A8km 
17km|



10. 

I 

12. 

i}, 

14. 

Clearly explain the conditions under which you would use the sine rule 

and the cosine rule to find out information about a triangle. 

Using the diagram, complete the 

following steps to derive the 

cosine rule. 

(a) Show that x = acosB 

(b) Using the Pythagorean theorem 

in two right-angled triangles, 
—( 

find two different, equivalent expressions for 4 in terms of x. 

(c) Using your answers from (a) and (b), show that 

b*=a’+ ¢® — 2accosB 

For each triangle, find the missing angles and side lengths, giving your 

answers to 1 decimal place. 

10em 
1% \3~ 

7 (@ 

(c) V 

32km 

40km 

) 
19km 

Find the area of quadrilateral ABCD. 

B 

25cm 

25cm 

NG 
c 20cm D 

A car drives 100 km from city A to city B on a bearing of 050°. The car 

then drives an additional 250 km from city B to C on a bearing of 030°. 

(a) Find the distance between cities A and C if there is a direct road 

connecting the two cities. 

(b) On what bearing must one drive from A to C? 

(c) Ifacar drives an average speed of 110kmh ™", how long does it take 

to drive directly from A to C, correct to the nearest minute?   
Figure 4.32 
question 14 

Diagram for 
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Surface area and volume 

In this section, we consider the geometric properties of 3-dimensional solids 

such as right pyramids, right cones, cylinders, spheres, hemispheres, cuboids 

and prisms, as well as compound shapes composed from them. Remember that 

volume, V] is the amount of space that is contained in a solid, while surface 

area, S, is the amount of material required to create the surface of the solid. 

The following table shows the solids we will be using, and important formulae 

needed to compute with them. 

  

  

  

  

  

            
  

  

      

  

  

  

  

s 

Q [ 

Nameof | | Right circular A s Right (square) pyramid Lo Sphere Cylinder 

Volume V= 1Area, )k v=ltan | v=dar V=mh 

Surface | o _ ) rea, + Arcaug | S= R+ s | S=4mr | S = 2m? + 2arh e - vingles 

7 

pameol Cuboid (Triangular) Prism Hemisphere solid 

Volume V=lwh V= Areay,, X | v=_2m 

Surface | g oy + 2wh+ 20 | $ = 2Areay, + Area__ S=2m? iy e             
Table 4.1 Examples of 3D solids 

Example 4.23 
  

An ice cream cone has the shape of a right circular cone with radius 3 cm 

and a height of 8 cm. 

(a) Calculate the volume of the ice cream cone. 

(b) Calculate the surface area of the ice cream cone.



Solution 

(a) Using r = 3cm, h = 8.cm, the volume is given by 

= %W(S)Z(S) ~754cm’ 

(b) To calculate the surface area, we require the slanted height, s. 

This can be found using the Pythagorean theorem as follows: 

348 
s=v9+ 64 

s=y73cm 

‘We now use the formula § = 77s, as the ice cream cone is open at the 
top and does not have a circular base. Thus, S = m(3)(v73) ~ 80.5cm? 

Example 4.24 

A spherical rubber ball has a radius of 10 cm. Calculate the volume and 

surface area of the ball and interpret your answer. 

Solution 

The volume of the ball is V = %17103 ~ 4189 cm®. This is approximately the 

amount of space available inside the ball for air. The surface area of the ball 
is A = 4710 ~ 1257 cm™ If the ball was made from a thin sheet of rubber, 

this would be the area of the rubber sheet out of which the ball was made. 

The following example involves a compound shape, composed of the body of a 

cylinder and hemisphere. 

Example 4.25 

A grain container has the shape of a cylinder with radius 3.5 m and a height 

of 7m. 

The roof of the container is a hemisphere, as shown in Figure 4.34 

(a) Find the volume of the entire grain container. 

(b) Find the surface area of the grain container. 

Solution 

(a) The volume of the grain container is the sum of the volumes of the 

cylinder and hemisphere, V.= V_ 4 + Viemigphere- Notice that the 

cylinder and hemisphere have the same radius of 3.5 m. The volume is 

therefore V= 7(3.5)%(7) + 2(3.5)* ~ 359w’ 

  

  
Figure 4.33 Solution to 
Example 4.23 

A 
75 

7m 

Figure 4.34 Diagram for 
Example 4.25 
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2cm 

Figure 4.35 Diagram for 
Example 4.26 

The volume represents 
how much chocolate 

is in the chocolate bar, 
and the surface area 
gives the minimum 

area of the paper 
used to package the 

chocolate bar. 
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(b) In calculating the surface area, we notice that the base of the cylinder 

and hemisphere are not included. The surface area of the grain container 

is the sum of the surface areas of the bodies of the cylinder and 

hemisphere. 

S = Seiinder T Suemisphere = 27(3.5)(7) + 27(3.5) ~ 231 m* 

In the following examples, trigonometry must be used on triangles within our 

solids to enable us to complete the necessary calculations. 

Example 4.26 

A chocolate bar is in the shape of a right triangular prism as shown in 

Figure 4.35. 

(a) Calculate the volume of the chocolate bar. 

(b) Calculate the surface area of the chocolate bar. 

L]} 

Solution 

(a) In order to calculate the volume and surface area of the chocolate, 

we require the height, which can be calculated using 
height 

4 

The area of the triangular base is % (2)(3.46) = 3.46cm? and the volume 

is V = (3.46)(5) = 17.3cm? 

sin60 =   = height ~ 3.46 cm 

(b) To calculate the surface area, we use the following diagram, called a net, 

that shows all the faces of the solid. 

  

  

From the net, the surface area is: 

§=2(32)(3.46) + ()(5) + )5) + (5)(3.46) 
$=6.92+20+10 + 17.3 

S =5422cm?



Example 4.27 

The Cheops Pyramid in Giza, Egypt, shown in Figure 4.36, is a right 

square pyramid with a base length and width of 230 m and a height of 

147 m. Three of the base vertices are labelled B, C and D, while the apex is 

labelled A. The projection of the apex on the base is labelled O. 

(a) Find the volume of the Cheops Pyramid. 

(b) Find the length of the diagonal BD. 

(c) Find the length of AB. 

(d) Find the size of angle BAC and angle OBA. 

(e) Hence, find the area of the triangle ABC and the lateral area of the 

Cheops Pyramid (lateral area is the total area of the triangular faces of 

the pyramid). 

  

Solution 

(a) The volume of the pyramid is 

V= %(230)2(147) =2592100m* 

(b) Using the Pythagorean theorem on the right-angled triangle BCD yields 

BD? = 230 + 230° 

BD = /2(230)* ~ 325m 

(c) AB can be obtained using the Pythagorean theorem on the triangle AOB, 

with OB = %(BD) ~162.5m, and AB* = 162.5” + 147 and 

AB~219m 

(d) Angle BAC can be found by using the cosine rule on the isosceles 

triangle BAC, where BA = CA = 219m and BC = 230m. 

2(219)* — 230° 
2(219)° 

OBA can be found using the right-angled triangle OBA with 

— sin~!(147) ~ 49 0BA = sin(317) ~ 42 

Asa result, BAC = cos"( ) ~ 63° 

(e) The area of triangle ABC is %(219)Z s5in63 ~ 21367 m? and the lateral 

area of the pyramid is given by 

4 X Area,ggeanc = 4(21367) = 85468 m* 

Diagram NOT to scale 

Figure 4.36 Diagram for 
Example 4.27 
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1. For each of the solids described below, calculate 

(i) the volume 

(ii) the surface area. 

(a) A cuboid with length 3 cm, width 4cm and height 7 cm. 

(b) A cylinder with radius 1.2cm and a height of 2.3 cm. 

(c) A sphere with radius 6 cm. 

(d) A triangular prism 5cm long with an equilateral triangular base and 

side length 2 cm. 

(e) Aright circular cone with a radius of 5.4m and a slanted height 

of §m. 

(f) A hemisphere with diameter 8 cm. 

2. Find the volume and surface area of each of these compound shapes. 

(a) o ; 2cm : 

  

      

  

4 0.5cm 
0.8cm’ 3ci 

9m 3. Consider the house drawn in Figure 4.37, which is 17 m long. Find 

(a) the angle 6 

(b) the volume of the house 

(c) the surface area of the house. 

(d) For what practical purposes might you need to know the surface 

area and volume of a house? 

«— I2m—> 
4. The Earth has a radius of 6300 km and Jupiter has a radius of 69 900 km. 

Figure 4.37 Diagram for Both planets are approximately spherical in shape. 
question 3 i » 

(a) Calculate the volume of the Earth and Jupiter, writing your answer 

in standard form. 

(b) How many times larger is the volume of Jupiter than the volume of 

Earth? 

(c) Calculate the surface area of the Earth and Jupiter, writing your 

answers in standard form. 

(d) How many times larger is the surface area of Jupiter than the surface 

area of Earth? 
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5% (a) The equatorial circle is the cross section of a sphere resulting 

from cutting it in half along the equator (see circle on right in the 

diagram). How does the surface area of a sphere compare to the area 

of one of its equatorial circles? 

(b) How does the volume of a sphere change if you double its radius? 

(c) How does the surface area of a sphere change if you double its 

radius? 

(a) What can you say about two pyramids that 

have the same base area and the same height 

(as shown in the diagram)? 

  

  (b) Find the volume and surface area of the @ 

pyramid in the diagram. 

  

| 6em 

  

    Ziem   
e 

8cm 

The glass pyramid shown in the diagram is a representation of part of 

the Louvre Museum in Paris, France. Its square base has a length and 

width of 34m and a height of 21.6m. The apex is labelled A, while B and 

C are corners on the base and O is the projection of A on the base. 

  

(a) Find the length of OC. 

(b) Find angle OCA, the slant of the pyramid. 

(c) Find BAC. 

(d) Find the area of triangle BAC and hence, the surface area of the 

pyramid. 

(e) Find the volume of the pyramid. 
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1 N N Y (/ Chapter 4 practice questions 

/ 1. The four diagrams in Figure 4.38 show the graphs of four different straight 

lines, all drawn to the same scale. In each of them, c is a positive constant. 

0 x Copy the table and write the number of the diagram whose straight line 

corresponds to the equation in the table. 
h ¥ 

€ Equation Diagram number 

Ve 

. y=-x+c 
0 x 

= Scc 
3 % . 

¢ y=gxte 

2. The following diagrams show six lines with equations of the form 

N y=mx+c 

. , L L.y Ly 

3 

x*» 
S x x 

— o x 
L L ¥ Ny 

Figure 4.38 Diagrams for 

question 1 

N X x 

In the table there are four possible Condition 

fe) Q 

Figure 4.39 Diagram for 
question 4 
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Line 
  

conditions for the pair of values mand c. [, = 0andc> 0 
  

Match each of the given conditions m<O0andc>0 

with one of the lines drawn above. m<O0andc<0 
  

    m<0Oandc=0     
3. The straight line, L, passes through the points A(—1, 4) and B(5, 8). 

(a) Calculate the gradient of L. 

(b) Find the equation of L. 

The line L also passes through the point P(8, y). 

(c) Find the value of y. 

4. The diagram shows the line PQ, whose equation is x + 2y = 12. 

The line intercepts the axes at P and Q respectively. 

(a) Find the coordinates of P and of Q. 

(b) A second line with equation x — y = 3 intersects the line PQ at the 

point A. Find the coordinates of A. 

 



5. A triangle ABC is created using the intersections of the lines x = 0, 

y=x+ 1and y = 2x, as shown in the diagram: 

  

(a) Find the points A, Band C algebraically. 

(b) Find the lengths AB, AC and BC 

(c) Calculate the angle ACB 

(d) Hence, find the area of the triangle ABC 

6. A student has drawn the two straight line graphs L, and L, and marked 

in the angle between them as a right angle, as shown. The student has 

drawn one of the lines incorrectly. 

  

Consider L, with equation y = 2x + 2 and L, with equation 

B *ix i 

(a) Write down the gradients of L, and L, using the given equations. 

(b) Which of the two lines has the student drawn incorrectly? 

(c) How can you tell from the answer to part (a) that the angle between 

L, and L, should not be 90°? 

(d) Draw the correct version of the incorrectly drawn line on the 

diagram. 

7. A projector is mounted on a vertical wall AB. The beam of light from 

the projector makes an angle of 20° at A. The light makes a circle with 

diameter 9m on the horizontal ground, as shown in Figure 4.40. 

The distance from the projector to the closest point on the circle, C, is 

12m. The distance between B and Cis 10m. 

(a) Find CDA. Give your answer correct to 2 decimal places. 

(b) A 3.6m high wall has to be erected between B and C. Find the 

furthest point from B at which this wall can be placed without 

blocking the light from reaching the circular area. Give your answer Figure 4.40 Diagram for 
question 7 

   
C 9m D 

to the nearest metre. 
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8. 

2" 
13.4cm 

  

Figure 4.41 Diagram for 
question 9 

10. 

0 m 
1.38km 

Figure 4.42 Diagram for 
question 10 

ssm h 10m 11. 

50m 

50m 

Figure 4.43 Diagram for 125 
question 11 

‘The notation sin” § is 
used instead of (sin6)2. 

7 
Figure 4.44 Diagram for 
question 12 
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A room is in the shape of a cuboid. 

Its floor measures 7.2m by 9.6 m a 

and its height is 3.5m. L 

(a) Calculate the length of AC. o ) e e 

(b) Calculate the length of AG. e 72m B 

(c) Calculate the angle that AG makes with the floor. 

. Figure 4.41 shows triangle ABC in which BAC = 30°, BC = 6.7 cm and 

AC=134cm 

(a) Calculate the size of angle ACB 

Nadia makes an accurate drawing of triangle ABC. She measures angle 

BACand finds it to be 29°. 

(b) Calculate the percentage error in Nadia’s measurement of BAC 

José stands 1.38km from a vertical cliff. 

(a) Express this distance in metres. 

José estimates the angle between the horizontal and the top of the cliff as 

28.3° and uses it to find the height of the cliff. 

(b) Find the height of the cliff according to José’s calculation. Express 

your answer in metres, to the nearest whole metre. 

(c) The actual height of the cliff is 718 metres. Calculate the percentage 

error made by José when calculating the height of the cliff. 

A monument is shaped as a frustum (shaded in Figure 4.43) with a 

square base of length and width 50 m. The top of the frustum is a square 

with a length and width of 10 m. The black point is the projection of the 

apex on the base. 

(a) Show thath = 11m. 

(b) Find the volume of the frustum. 

(c) Calculate the angle 6, the slant of the frustum. 

A trigonometric identity is a formula relating trigonometric ratios that 

is true for all angles 6. 

(a) Using 6 = 30°, 45°, verify the following trigonometric identities: 

(i) tanf=Siné 
0s6 

(ii) sin’0 + cos’8 =1 
5 . 4 _ sinf 

(b) Using the triangle given, show that tanf = =550 

sin*6 + cos?@ = 1 for any angle 6, 0° < 6 < 90°. 

(c) The identity sin?0 + cos*6 = 1 is often called the Pythagorean 
Identity. Using your working from (b), explain why this is an 

appropriate name for the identity. 

and  
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14. 

153 

16. 

7z, 

18. 

The diagram shows the straight lines L, and L, 

The equation of L, is y = x 

(a) Find 

(i) the gradient of L, 

(ii) the equation of L, 

(b) Find the area of the shaded triangle. 

75 metal spherical cannon balls, each of diameter 10 cm, were excavated 

from a Napoleonic War battlefield. 

(a) Calculate the total volume of all 75 metal cannon balls excavated. 

The cannon balls are to be melted down to form a sculpture in the shape 

of a cone. The base radius of the cone is 20 cm. 

(b) Calculate the height of the cone, assuming no metal is wasted. 

Tennis balls with a radius of 2.5 cm are sold in pairs 

in a cylindrical can as shown. 

(a) Find the height, h, of the can. 

(b) Find the volume of the cylindrical can. 

(c) Find the total volume of the tennis balls. 

  

  (d) What percentage of the can is filled with air? 

A spherical statue is created by welding two hemispheres together with a 

metal band of length 12.56 m as shown in Figure 4.45. 

(a) Calculate the radius of the sphere. 

(b) Hence, calculate the volume and surface area of the sphere. 

In the diagram, AD = 4m, AB = 9m, 

BC = 10m, BDA = 90°and 
DBC = 100° 

(a) Calculate the size of ABC. 

(b) Calculate the length of AC. 

10m 

  

A 4m D 

Figure 4.46 shows a triangle ABC in which AC = 17 cm. 

M is the midpoint of AC. Triangle ABM is equilateral. 

(a) Write down 

(i) the length of BM in cm 

(ii) the size of angle BMC 

(iii) the size of angle MCB. 

(b) Calculate the length of BC in cm. 

  

12.56m 

Figure 4.45 Diagram for 
question 16 

A M C 

Figure 4.46 Diagram for 
question 18 
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9% 

20. 

124 

A car drives 80 km from city A to city B on a bearing of 070°. 

From city B, the car drives an additional 200 km directly east to city C. 

(a) Calculate the distance between city A and C. 

(b) What is the bearing of C from A? 

In a factory, contaminated water is pumped into a cuboid shaped 

container with dimensions 20m X 18m X 6m at a rate of 0.4m’*s ™", 

where it is purified. 

0.4m’s™! 

So.im 
  

18m 

6m       

20m 

(a) Find the volume of the cuboid container. 

(b) Calculate the time required to fill the container, correct to the 

nearest minute. 

(c) The inner surface of the container is to be covered with an anti- 

corrosion spray. The opening to the container is a circle with 

radius 0.1 m. Calculate the surface area to be covered with the spray. 

(d) After being purified, the water is pumped into a pond that is 

approximately cylindrical, with a diameter of 80 m. How much 

does the height of the pond increase by adding the water from 

the container, in cm?
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Learning objectives 

By the end of this chapter, you should be familiar with... 

« calculating arc length and area of a sector of circle 

+ Voronoi diagrams, including terminology, interpolation, how to create 

them, and their applications. 

You have already learned how to find many areas and lengths in triangles and 

other polygons. In this chapter we examine two important applications of 

geometry: measurement of arcs and sectors in a circle and Voronoi diagrams. 

Voronoi diagrams find uses as varied as describing soap bubbles and animal 

dominance, analysing geographic markets, and partitioning regions for mobile 

phone coverage. 

Arc length and area of a sector 

A sector can be thought of as a pizza slice. This is an intuitive way to begin to 

understand how to calculate the area of a sector. 

Suppose you have a pizza with a total area of 

120 cm?. The pizza is cut into 8 equal slices as 

shown in the diagram. 

  

(a) What is the area of one slice? 

(b) What is the total area of 3 slices? 

  

  

Solution 

Use a ratio to solve the problem. 

(a) Since we have cut the pizza into 8 equal slices, one slice is é of the total 

area. Therefore, the area of one slice is %(120) =15cm? 

(b) Now we have 3 slices, hence % of the total area: %(120) = 45cm? 

Mathematically, a pizza slice is a sector of a circle. We are often interested in 

calculating the area of sectors, and we can use the method of Example 5.1 to 

calculate the area of any sector.   Figure 5.1 The parts of a circle 
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On golf courses, the grass is carefully watered 

to make sure that the grass receives neither too 

much nor too little water. On a certain area of a 

golf course, a lawn sprinkler is set to spray an arc 

of 150° with a spray distance of 3 metres. 

Calculate the area of grass that is watered by 

this sprinkler. 

I  ———— 

  

Solution 

Since the sprinkler sprays an arc of 150°, the watered area is % of the total 

circle area. To find the total circle area, we use the formula for the area of a 

circle: A = 72, 

Therefore, the watered area is equal to the sector area 

—150 3o - > 300 TO? = 375w~ 118 m 

th of an ar 

  

  

Sometimes we are interested in the length of 

an arc on a circle. arc 

We use the same logic we used for area of a 

sector: we need the size of the central angle 

for the arc, and then we calculate the portion 

of the circumference using a ratio. . . 
Figure 5.2 Anarc and its central angle 

      Some airplane routes come very close 
to flying over the North Pole. The route  Seattle’s 

from Dubai, UAE, to Seattle, USA, 

comes very close to the North Pole. In 

this case, the distance of the flight can 

be estimated by the arc length. 

Given that Dubai’s airport is at 25°N 

and Seattle’s airport is at 47.5°N, as 

shown in the diagram, estimate the 

length of the flight between these two cities. The radius of the Earth is 

approximately 6370 km. 

(a) Calculate the distance along the Earth’s surface that the plane must travel. 

(b) Assuming the plane travels at a constant elevation of 10 km above 

ground level, estimate the actual flight distance. 

‘The area of a sector can 
be found usinga fraction 

of the area of a circle. 
‘The numerator of the 
fraction is the central 
angle; the denominator 
is the whole circle (360°). 
‘The figure below shows 
two central angles, with 
measurements of 70° 

and 290° 

& 
Remember that a central 

angle is an angle with its 
vertex on the centre of a 
circle. 

- Area of sector = 3 60A 

where A s the area of 
the circle and fis the 
measure of the sector’s 
central angle. 
This can be written as 

A, ar? ENGR ecor = 360 

where r is the radius of 

the circle and 6is the 

nmeasure of the sector’s 

central angle. 
Beware! This method 

only works for central 
angle measurements. 
‘The angles below are not 
central angles. 
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Solution 

(a) First we must calculate the arc measure. Since the semicircle formed by the 

equator measures 180°, the arc measure must be 180 — 47.5 — 25 = 107.5° 

‘We are given that the radius of the Earth is 6370 km, so the 

distance along the Earthis surface is 1;)6765(271')(6370) ~11952km 
= 12000km (3 s.£) 

(b) Our work in the previous question assumes that the plane travels along 

the Earth’s surface - but planes fly above the Earth’s surface! So, we must 

increase the radius of the circle to get a better estimate of the actual flight 

distance. The new radius will be 6370 + 10 = 6380 km. Therefore we can 

estimate the actual flight distance will be 
107.5 

  

o 2m(6380) &~ 11970 km = 12000km (3 5.£) 

Note that our estimate of flight distance, to 3 significant figures, 

has not changed! 

  
1. Find the length of the arc s in each diagram. 

(a) s (b) 

20 £ 

2. Find the area of the sector and the arc length determined by the given 

radius and central angle . Give your answer correct to 3 significant figures. 

(a) 6=30°%r=10cm (b) 6=45°%r=8m 

(c) 6=52°r=180mm (d) 6=n,r=15cm 

3. Find the measure of angle 0 in the diagram. 
12 

= 

4. A bicycle with tyres 70 cm in diameter is travelling such that its tyres 

complete one and a half revolutions every second. 

(a) The angular velocity of a rotating object represents the speed at 

which that object is turning. What is the angular velocity of this 

bicycle wheel in degrees per second? 

(b) At what speed is the bicycle travelling along the ground, in km h~'? 
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5. A sector of a circle with radius 4 cm has area %‘n’cmz. Find the measure 

of the central angle of the sector. 

6. In circle O, the value of the area of the 

shaded sector is equal to the value of 

the length of arc I. Find the radius of the 

circle. 

7. Many of the streets in Sun City, 

Arizona, USA, are formed by 

concentric circles. Maria and 

Norbert each go for a walk. 

Maria walks the path shown 

by the green arc, while 

Norbert walks along the path 

shown by the blue arc. 

Who walks further, and by 

how much? 

  

8. A circular irrigation system consists of a 400-metre pipe that is rotated 

around a central pivot point. The irrigation pipe makes one full 

revolution around the pivot point in a day. How much area, in square 

metres, is irrigated each hour? 

9. Use the information given in Example 5.2 to complete the following 

exercise. In an arid climate, a golf course requires 2.5 mm of water per 

square metre of grass per day. 

(a) Calculate the volume of water required by the sector of grass in 

Example 5.2 in cm®. 

The sprinkler delivers 800 cm®min ! (flow rate). 

(b) Calculate the amount of time the sprinkler should run for in order 

to water the grass correctly. 

The sprinkler is now adjusted to spray in a 100° arc. 

(c) Assuming the same flow rate and spray radius, calculate the amount 

of time the sprinkler should run for in order to water the grass 

correctly. 
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‘ Geometry and trigonometry 2 

/ 
Aline goes through . Emergency location services sometimes try 

two points and has no 
endpoints. to locate individuals based on their mobile- 

phone signal. The first step in this process 

/ can be to locate the individual based on the 
A ray goes through two nearest mobile-phone antenna. A map to 

  

[ 2’;:: :;;::3;{ identify service regions for each mobile- 

phone antenna would look something like 

P Figure 5.3. 
Aline segment goes 
through two points The map in Figure 5.3 is an example of a Figure 5.3 Each red dot indicates a mobile 
and has exactly two Voronoi diagram. The polygons on the phone tower, and the blue lines are the 

endpoints. X ; boundaries of each region served by that 
map, each of which shows the servicearea .. 

for a particular mobile-phone antenna, are 
Geometrically, we know called cells. The dots represent mobile-phone antennas and are called sites. 

that the set of points that . . . 
G e The line segment boundaries between each region are called edges and places 

two points lies on the where edges intersect are vertices. Notice that the some of the edges of cells 
perpendicular bisector 

of the line segment 
between those two points. 

‘Therefore, every edge in 
a Voronoi diagram is a 

perpendicular bisector of 
aline segment connecting 

adjacent sites. We can 
use this fact to generate 

around the outermost sites are actually rays, not line segments. 

A Voronoi diagram divides a plane into a number of regions called cells. Cells are divided by 

boundaries called edges. Each cell contains exactly one site, such that every point in a given cellis 
closer to that cell’ site than any other site. Points on edges are equidistant from two or more sites, 
vertices formed by edge intersections are equidistant from at least three sites. 

    
the equations of edges 

about points on the edges FEnpbas 
Vet Using the Voronoi diagram: ” 

50 
(a) identify the site closest 5 

to (30, 20) e 

(b) give the coordinates of a vertex 3% 

equidistant to four sites 30 
25 

(c) estimate the coordinates of 2 
Figure 5.4 Recall that the set . 3. 2 

of points equidistant to A and B R 15 
is the perpendicular bisector of E,and K 10 
the line segment with endpoints . . 
Aand B. In other words, any (d) explain why the diagram cannot 
potiton fie pefpendicular give us a point equidistant to 0% % 10 15 20 25 30 3 4o 45 %0 * 
bisector of segment AB is e na 
equidistant to points A and B SLESC. Lo 2 atl 

(e) the point (a, a) is equidistant to sites J and N. Find the value of a 
Edges in Voronoi 

diagrams mark points (f) find the equation of the edge between sites E(8, 28) and K(12, 18) in the 
that are equidistant from 

at least two adjacent sites. 
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Solution 

(a) The point (30, 20) is within the cell containing A, so A must be the 

closest site. 

(b) The vertex located at (20, 5) is formed by the intersection of four edges. 

Therefore, it must be equidistant to four sites, namely, C, G, M, and F. 

(c) The vertex located at approximately (19, 26.5) is equidistant to sites A, E, 

and K since it is on the edges of the cells for all three sites. 

(d) In this diagram, the edges of cells for sites C, F, I, and L do not share 

a common vertex. Therefore, this diagram cannot give us a point 
equidistant to those four sites. For part (¢), it may be 

. .3 5 helpful to draw the li 
(e) Points equidistant from J and N must be on the edge separating the y i " onothe ;:;g;r": ¢ 

cells of Jand N. On that edge, there is only one point with equal x- and since it contains all 
y-coordinates: the point (40, 40). Therefore, a = 40. points with equal xand y 

coordinates. 
(f) To find the equation of the edge, we must find the midpoint of segment EK 

and the gradient of a line perpendicular to EK. First, the midpoint: 

Midpointa = (“2—12 28;—18) = (10,23) 

Next, we find the gradient of EK: 

B 2SRl N 1O 

The gradient of the edge is therefore% 

Finally, use point—slope form to generate the equation of the line: 

y—23:§(x— 10) 

:y:%x+l9 

  

There are a variety of algorithms (methods) to construct a Voronoi diagram from 

a list of sites. We will first look at how to add a site to an existing Voronoi diagram, 

and then we will use this algorithm to build a Voronoi diagram ‘from scratch” 

Incremental insertion algorithm 
To add a new site p to an existing Voronoi diagram, we use the following process: 
1. Find the nearest existing ite. Call this site s (The nearest site is quickly found because the new 

site p must be in its cell. In the case that the new site is on an edge, start with either adjacent site.) 
2. Construct the perpendicular bisector of the segment joining p and s. 
3. On this perpendicular bisector, create a segment with endpoints on the edges of the cell 

containing s. This segment s the first edge of the new cell containing p. 
4. Build the remaining edges of the cell containing p by repeating the following: 

(a) At each endpoint of a new edge, divide the adjacent cell using a new perpendicular bisector 
between the new site and the site for the adjacent cell. 

(b) On the new perpendicular bisector, create a segment with endpoints on existing edges. 
(If only one existing edge is intersected, create a ray with its endpoint on that edge. If no 
existing edges are intersected, the entire perpendicular bisector becomes the new boundary.) 

(¢) Continue until there are no unused new-edge endpoints. 
5. Discard the edges inside the newly-created cell containing p. 
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Show the process for adding the site shown 

in red to the Voronoi diagram shown. 

  

Solution     
Step 1: Identify the Step 2: Construct a Step 3: Create a line 

nearest site. perpendicular bisector.  segment with endpoints 

on existing cell 

boundaries. This is the 

first edge of the new cell. 

    
Step 4a: Continueon  Step 4b: Create the next Step 4a: Continue this 

to the next cell adjacent new cell edge. process for the next 

to the newly-added adjacent cell. 

line segment and create 

anew perpendicular 

bisector. 

Note that in Step 4b 

of Example 5.5, it may 
happen that a new edge 
isaray instead of a line 

segment. This is the case 
when the new site is on i 

the outer edge of the Step 4b: Continue Step 4a/b: Continue Step 4c: Stop creating 
Voronoi diagram, and 

    
then the new cell may be creating new line until there are no more  new edges when there 

unbounded - two of the segments to form the  adjacent cells. are no more unused 
edges will be rays instead edges of the new site’s new-edge endpoints. 

of line segments. o 

Step 5: Remove any edges inside the new cell. 
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Example 5.6 

Show the steps to add site W to this Voronoi diagram.    
  

Solution 

  

Find the perpendicular ~ Add ray along Find perpendicular Add line segment along 

bisector between Wand  perpendicular bisector.  bisector between Wand  perpendicular bisector. 

the containing cell’s site. next adjacent site. 

   
Find perpendicular Add ray along Remove edges inside W’s 

bisector between Wand  perpendicular bisector.  new cell. 

next adjacent site. 

To create a new Voronoi diagram ‘from scratch, we simply apply the incremental 

insertion algorithm repeatedly. 

Creating a new Voronoi diagram 
To create a new Voronoi diagram from a list of stes Sy, Sy §,¢ 
1. Construct the perpendicular bisector between sites S, and ;. 

(This creates the cells for S, and S,.) 
2. For each additional site S;, S, ... S, repeat the incremental insertion algorithm until there are 

10 more vertices to insert. 

It doesn’t matter which two sites you start the Voronoi diagram with, nor does 

it matter in what order the remaining sites are added. When showing this 

process, however, it’s usually clearer to start with sites near to each other and 

then work on the next-closest site. 
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Example 5.7 

Create a Voronoi diagram for the points A(2, 0), B(6, 6), C(6, 0), and D(15, 3). 

  

Solution 

‘We begin by plotting the points and choosing two points to begin. 

2,0) (6,0) 
01 23 456 7 8 9 1011121314151617% 

S 
= 

N 
W
A
 

U 
N
 

B 

  

‘The initial set of four points 

Since it doesn't matter which pair of points we begin with, we will start with A 

and B for simplicity. We first construct the perpendicular bisector of segment AB: 

2,0 (o, 
01 23 456 7 8 9 1011121314151617% 

S 
=
N
 

W
A
 

u 
o 

N
 

o 

  

The first perpendicular bisector, shown in red 

Then, choose the next point to insert. We will use point C. Using the 

incremental insertion algorithm, we create the perpendicular bisector of 

segment AC and then work until there are no more adjacent cells to divide: 

2,0) (©, 
O 2 sl 585 7 s ol a2 13145 R 6 R 7% 

S 
=
N
 
W
U
 
N
 
o
 

  
‘We divide the cell containing A and C



(2,0 (©, 
01 23 456 7 8 910111213 14151617 % 

o
~
 

v 
w
e
 

wo
a 

N 
me
 

  

Add a line segment or ray to divide the cell containing A and C 

  

O 
- 

v 
W 

e 
Mo

o 
N 

e 

(2,0 (6, 
01 23 456 7 8 9 1011121314151617% 

Add another perpendicular bisector to divide the next adjacent cell (the cell 

of site B in this case). 

  

o
~
 

v 
W
A
 

M
o
 

N 
®e
 

2,0 (©, 
01 23 456 7 8 910111213 14151617 % 

We are almost finished creating the cell for site C, we just need to remove 

edges inside the new cell. 

2,0 (6,0) 
01 23 456 7 8 9 1011121314151617% 

S 
- 

v 
W
A
 

M
o
 

N 
e 

  
‘We have finished inserting site C, now we can insert site D 
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Using a Voronoi diagram 
to assign values to points 

is a function in the 

general sense, just like 
the functions you learned 

about in Chapter 3. Tn 
this case, the domain is 

aset of points and the 

range is the set of values 
or labels. Every point is 
assigned to exactly one 
value or label based on 

which site is closest to 

that point. 
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For brevity, we will not show all steps for inserting site D. The process for 

inserting site D is the same as for site C. Note that since D is on an existing 

edge, we can choose to start by dividing the cell for either B or C. Again, 

we follow the steps for the incremental insertion algorithm to obtain the 

following finished Voronoi diagram. 

2,0 (6,0) 
01 23 456 7 8 910111213 141516177% 

S 
=
N
 

W 
a 

U 
N 

o 

  

After using the insertion algorithm for point D, the Voronoi diagram is 

complete. 

Nearest-neighbour interpolation 

A common use of Voronoi diagrams is to assign values to points based on the 

nearest site. This is called nearest-neighbour interpolation. 

For example, consider the map in Figure 5.5. In the map, we can see 

measurements from rain-collection gauges on 27 July 2017 in Pueblo, 

Colorado, USA. The measurements are given in inches. If we want to estimate 

the rainfall at a location near one of the rainfall gauges, we can simply use the 

nearest gauge. 

¥ 

11 

10 

  
0 1 2 3 4 5 6 7 8 9 X 

Figure 5.5 A map showing measurements of rain-collection gauges in inches from Pueblo, Colorado, 
USA. The lines shown are major roads.



Example 5. 

Use the map of rainfall measurements in Figure 5.5 to estimate the rainfall at 

the coordinates P(6, 4) 

Solution 

To estimate the rainfall 

at P(6, 4), we will use the 

nearest neighbour method. 

To determine the nearest 

neighbour, we will first build 

a Voronoi diagram using each 

point as a site. 

Now, to determine the nearest 

neighbour to point P(6, 4), we 

simply look at which cell the 

point is contained within. 

‘We can see from the diagram 

that the nearest site has 

areading of 0.63 inches. 

‘Therefore, we estimate that the 

rainfall at P(6, 4) is 0.63 inches. 

0 
0 1 

‘The map of rainfall gauges with a Voronoi diagram added 
2 3 4 5> 6 7 8 9 % 

Largest empty circle 

One interesting application of Voronoi diagrams concerns finding the 

point(s) that are farthest from any site. For example, consider a Voronoi 

diagram where the sites are towns and you are looking for a place to put a 

toxic waste dump. Of course, no one wants the toxic waste dump in their 

backyard, so it makes sense to find the location farthest from any of the 

towns. This is why the largest empty circle (LEC) problem is sometimes 

called the ‘toxic waste dump’ problem. 

On a more positive note, suppose that a restaurant is looking for a new 

location within a city. They might be interested to see which place is 

furthest from competing restaurants, but still within the city. So, they draw 

a Voronoi diagram where the competing restaurants in the city are sites, as 

shown in Figure 5.6. 

Visually, it appears that the largest area without a restaurant, that is, the 

point furthest from any existing restaurant, is the area between sites B, C, 

F, and K, shown in green in Figure 5.7. 

  

You might argue that 
0.63 inches is not the best 
estimate for the rainfall 

at point P: wouldn't it 

be better to try to make 
some sort of average 
of the rainfall gauges 
surrounding P? Indeed, 
there are different 

methods for interpolating 
unknown values. A 

common method that 

uses an area-weighted 
average of the nearest 
sites is called natural 

neighbour interpolation, 
but it is beyond the scope 
of this text. 

  

  

  

Figure 5.6 A map of existing competitor 
restaurants in a city 

  

      
  
  

Figure 5.7 General area for a new 
restaurant location shown in green 
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But where exactly should the restaurant go? Suppose we decide to put it at 

point Q, shown in Figure 5.8. But, since Q is located inside the cell of site C, 

then it is closer to C than any other site. So, we should move it away from 

site C. 

When we move point Q away from site C, we need to be careful not to get 

closer to a different site. By this reasoning, it should be apparent that Q 

must be on an edge. Otherwise, Q would be closer to one site than another! 

By the same reasoning, to maximise distance from all existing sites, Q must 
Figure 5.8 Point Q is one possible be on an intersection of 3 or more boundaries. Thus, Q must be on a vertex. 
location. Is point Q the farthest point 

from any existing restaurant? 

  

      

d ‘The largest empty circle (LEC) that is contained within a Voronoi diagram must be centred ona 
Actually,itis possible for vertex. 
the centre of the LEC to 
be just on a boundary, 

not a vertex, if it is near 

the outside of the Voronoi 

diagram. To handle this 
case, we would need to 

Example 5.9 

Find the coordinates of the centre and radius of the largest empty circle    
  

learn about something 
called a convex hull. This (LEC) in the Voronoi diagram. 

topic is not included in 
the IB syllabus, so we | 
will only look at cases B 

where we want the LEC % 

o be ‘inside’ the Voronoi o 
diagram. 

5 

4 e 
| | bass3; 3 7“ e 

| 2 R, 

- I 
2 42,0 (6,0) ] ! 

0 1 2 3 456 7 8 9 1011 1213 14 15 16 17 * 

Solution 

To find the LEC, we Since the centre of the LEC must be on a vertex of the Voronoi diagram, 

examine all vertices and we only have to consider two points: (4, 3) and (10, 3). Although it is clear 

el visually that (10, 3) must be the centre of the LEC, we can check algebraically 
from each to a site N . 

adjacent to that vertex. by using the distance formula. 
‘The LEC is centred at the 

ety The vertex (4, 3) is equidistant to sites A, B, and C, so we can choose any 

distance to an adjacent of those coordinates to find the radius. Using site A(2, 0), we have 

sited d={4-22+(3-02=V4+9=V13 

The vertex (10, 3) is equidistant to sites B, C, and D, so we can choose any 

of those coordinates to find the radius. Using site C(6, 0), we have 

d=J10—62+ (302 =v16+9 =25 

Since 25 > y13, the point (10, 3) must be the centre of the LEC with radius 5. 
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1. A new site named W will be placed at y 

(15, 15) in the Voronoi diagram shown. 30 

(a) Write down the letter of the site 

whose cell will contain W. 20 

(b) Find the equation of the edge 

separating W from site G. 10    (c) Sketch the perpendicular bisectors 

required to adjust the diagram 0 0‘ I 25 & 

after site W is included. Then write 

down the letters of the sites whose cells will be changed after the 

  

Voronoi diagram is adjusted for site W. 

(d) An additional site X is to be placed at (5, 5). Will every edge of Xs 

cell be a line segment? 

2. Copy the Voronoi diagram 

given on to graph paper. 

Show the steps to add a new 

site at (5, 5). 

  
3. Thesites S, P, Q (not shown), 

and R in the Voronoi diagram 

represent the locations of 

mobile phone antennas. 

The grid units are in kilometres. 

Use the Voronoi diagram to 

answer the following questions. 

  

(a) Site Q is missing from the 01 23 4 56 7 8 9 10% 

diagram. Write down the 

coordinates of site Q. 

(b) Calculate the area covered by the mobile phone antenna located at 

site P. 

(c) Find the distance from point X(9, 2) to the nearest mobile phone 

antenna. 
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Site | Location | Soil type 

A w2 clay 

B | (63) sand 

c | @9 silt 

D | (45 | chalk     
Table 5.1 Data for question 5 
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4. Inless populated areas, internet service providers may use WiMAX 

antennas to provide service. The Voronoi diagram represents four WiMAX 

antennas located at sites J, K, L, and M. The axis units are in kilometres. 

y 

  

w 
oA
 
o
 
N
 

  

  

    
  

    
            

  

(a) Calculate the area for which the antenna at site  is the nearest antenna. 

(b) Calculate the angle BLN. 

(c) The antenna at site L has a maximum range of 4 km (shown by the 

shaded area). Calculate the area for which antenna L is the nearest 

antenna that is also within the range of 4 km. 

(d) Of the three vertices in the Voronoi diagram shown, which is the 

centre of the largest empty circle? Interpret your findings. 

5. A soil scientist takes samples of the soil in a certain area and records the 

data as shown in Table 5.1. Assume the units are metres. 

(a) Beginning with sites A and B, and continuing alphabetically, draw 

a Voronoi diagram for sites A, B, C, and D, using the incremental 

insertion algorithm. Show your method by drawing: 

(i) the Voronoi diagram after sites A and B are added 

(ii) the Voronoi diagram after site C is added 

(iii) the finished Voronoi diagram. 

(b) Use nearest neighbour interpolation to determine the likely soil type 

at point M(3.5, 2.5). 

(c) Give a reason why it is not possible to use nearest neighbour 

interpolation to determine the likely soil type at point N(5, 4). 

The soil scientist takes an additional sample at location E(6, 0) and 

determines that the soil type at E is loam. 

(d) Ifsite E is added to the Voronoi diagram, which cells would be 

divided? Give a reason for each cell that would be divided. 

(e) Given the new sample at site E, does your answer to question (b) 

change? Give a reason why or why not. 

(f) The study area is bounded by the area formed by the lines x = 0, 

y=0,x=7,and y = 6. Determine the area of the study that is 

likely to be loam.



6. Using the following Voronoi diagram, find the centre and radius of the 

largest empty circle. 

  

       
. 

B(221,19) 

G, 12) 

Y(16,8) 
ZON)  EQL8) ce8)       

  

     

  

    
   

  
0 2 4 6 8 10 12 14 16 18 20 22 24 X 

7. In the following Voronoi diagram, each labelled point is the location of a 

bank branch in a city. 

C(24,46) .     . «G(44,42) 

30 B-(S, 27) 

J(77,23) 

20 

  

     DO et 

0+ T 
0 10 20 30 40 50 60 70 80 W 

  

The bank decides to construct a new branch at H(66, 28). 

(a) Add this branch as a site and modify the Voronoi diagram accordingly. 

(b) The bank wants to add one more branch in the area bounded by 

branches E, G, H, and I. Find the optimal location for a new branch 

based on the largest empty circle. 

4
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. The light emitted by a source can 

Geometry and trigonometry 2 

Chapter 5 practice questions 

1. The planet Earth is approximately 150 million km from the Sun, on 

average. Assume that the orbit of the Earth is approximately circular and 

that one year is 365.25 days. 

(a) Find the distance travelled by the Earth in one day. 

Kepler’s second law of planetary motion states that a line segment 

joining a planet and the Sun will sweep out equal areas (equal sectors) 

during equal intervals of time. 

(b) Calculate the area of the sector swept by Earth in one day. 

The average distance from Venus to the Sun is 108 million km and 

Venus completes one orbit in about 225 Earth days. 

(c) Assuming a circular orbit, how far does Venus travel in one Earth day? 

(d) What area does Venus sweep in one Earth day? 

be measured in lumens (Im), and 

the illumination on an area can 

be measured in lux (Ix) which is 

equivalent to lumens per square 

  

meter (Imm~2). A particular flashlight has an adjustable beam that 

can emit 1000 Im. The angle of the beam is adjustable from 8° to 

78° as shown. 

Tllumination is usable if it is greater than 30 Ix. Assume that the entire 

sector is evenly illuminated. 

(a) Find the area of the sector when the beam angle is 8° and the radius 

is 5 m. Hence, find the illumination in Ix that this flashlight can 

produce for this area. 

(b) When the beam angle is set to 78°, what is the maximum radius, in 

metres, of the illuminated sector in order for the illumination to be 

at least 301x? 

(c) When the beam angle is set to 8°, what is the maximum radius 

in m of the illuminated sector in order for the illumination to 

be at least 30 Ix? 

(d) The engineers designing the flashlight would like at least 50 Ix with 

a beam angle of 8° and a distance of 22 m. How many lumens are 

required for this goal? 

The shortest distance from the cut to the 

centre of the pizza is 13 cm as shown. 

. A 20 cm cut is made across a circular pizza. \ 

(a) Find the diameter of the pizza. 

(b) Find the area of the shaded cut off piece.



4. A cone is made from a sector of a circle as shown in Figure 5.9. 

The radius of the circle is 15 cm. The vertical height h of the cone is 15em 

equal to the radius r of its base. 

(a) Find the value of r, the radius of the base of the cone. 

(b) Hence find the central angle 6 of the sector. 

5. The Earth is approximately spherical with a radius of 6371 km. 15cm 

Find the shortest distance between: 

(a) the North Pole and Novosibirsk, Russia, located at 55°N 

(b) the North Pole and Lusaka, Zambia, located at 15.5°S of the equator Figitie igure 5.9 Diagram for 
(c) the equatorial cities Macapa, Brazil, located at 51.1°W, and Entebbe, question 4 

Uganda, located at 32.5°E 

(d) the equatorial cities Quito, Equator, located at 78.6°W, and 

Pontianak, Indonesia, located at about 109°E. 

6. A concert hall has a balcony m 
that follows the arc of a circle 4 A B 

centred on the stage. The front 

edge of the balcony is 30 m from 

  

  

the stage centre and the balcony /—\ 
. < 80° 
is 5m deep. The measure of the 

angle from the stage centre is 80°. STAGE       

(a) A new guard rail will be installed at the front edge of the balcony. 

Calculate the length of the guard rail. 

(b) The floor of the balcony must be replaced. Calculate the floor area of 

the balcony in m 

(c) The two side walls and the back wall of the balcony will be covered 

with sound-absorbing panels to reduce echoes. Each panel is 0.5 m 

wide and 2 m tall. Find the maximum number of panels that could 

fit along these three walls. (Assume there are no doorways or other 

obstructions.) 

7. For this exercise, use a grid with0 s x < 18and 0 < y < 12 

(a) Create a Voronoi diagram with sites at A(7,0), B(3,4), C(11,8), 

and D(15,4). 

(b) Add the site X(7,4) to the diagram. 

(c) Find the equation of the edge between sites X and A. 

(d) Find the equation of the edge between sites X and C. 

(e) Add the site Y(7,8) to the diagram. 

(f) Find the centre of the largest empty circle with coordinates (a, b) 

suchthat3<a<15and0<b =<8 

(g) Add site Zat (a, b). 

(h) Find the equation of the edge between sites Z and D. Write your 

answer in the form ax + by = ¢, wherea, b,c€ Z 
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8. For this exercise, use a grid with —10 = x<10and —10 =y <4 

(a) Create a Voronoi diagram with sites at A(0, 1), B(—7, —2), C(3, —2), 

and D(6, —5). 

(b) Add the site X(0, —2) to the diagram. 

(c) Find the equation of the edge between sites X and C. 

(d) Add the site Y(3, —6) to the diagram. 

(e) Find the equation of the edge between sites X and Y. Write your 

answer in the form ax + by = ¢, where a, b,c€ Z 

9. In the Voronoi diagram shown each site is ¥    
   the location of a petrol station in a city. 254 

Given that a new petrol station is to be located , | 

as far as possible from existing petrol stations: 
15   

(a) give a reason why the new location 

should be on a vertex of the Voronoi 104 

diagram 
    

(b) give a reason why (15, 8) is the best 

location for the new station. 
      

10. Use the Voronoi diagram shown to answer the questions. 

He
ig
ht
 
(c

m)
 

  

0 2 4 6 8 10 12 14 16 18 20 

Hours 

(a) Find the centre and radius of the largest empty circle. Give two 

justifications for your answer. 

(b) Inserta new site X at the centre of the largest empty circle. 

11. Sites A, B, C, and D are collinear. Explain why the Voronoi diagram for 

A, B, C, and D has no vertices. 

12. Voronoi diagrams of regular polygons: 

(a) Sites A, B, and C are located at the vertices of an equilateral triangle. 

Sketch the Voronoi diagram for these sites. 

(b) Sites A, B, C, and D are located at the vertices of an square. Sketch 

the Voronoi diagram for these sites. 

(c) Give a description for the Voronoi diagram for a regular n-gon 

including the position of the edges and the number of vertices. 
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Modelling real-life phenomena 

Learning objectives 

By the end of this chapter, you should be familiar with... 

+ modelling linear, linear piecewise, quadratic, cubic, exponential, direct/ 

inverse variation, and trigonometric phenomena 

+ developing and fitting models (recognising the context, choosing an 

appropriate model, determining a reasonable domain and range, using 

technology to find parameters) 

« testing and reflecting upon models (commenting on appropriateness and 

reasonableness of a model, justifying the choice of a model) 

« using models (reading, interpreting, and making predictions, avoiding 

extrapolation). 

Mathematical models help us to describe the world around us. In this chapter, 

we will look at several different kinds of mathematical models. We will examine 

how to choose, develop, test, apply, and extend a model. Here are some 

examples of the different kinds of models we see in the world around us: 

« On along flight, the airspeed of a plane is constant, so the distance 

remaining to the destination can be described by a linear model. 

« Inasituation where the price to manufacture x units of some product 

decreases linearly, the revenue from selling x units can be described by a 

quadratic model. 

« The volume of a balloon relative to its diameter can be described by a cubic 

model. 

o The spread of algae in a polluted lake can be described by an exponential model. 

o A DJ charges a fixed amount to provide music for a party. The cost is spread 

equally among everyone who attends the party. The cost per person can be 

described by an inverse variation model. 

« The price of electricity is often billed per kilowatt-hour (kWh), so the cost of 

powering the lights of a stadium relative to the time the lights are on can be 

described by a direct variation model. 

« The height of a person above the ground on a Ferris wheel can be described 

by a trigonometric model. 

The process of mathematical modelling is a design process and is illustrated in 

Figure 6.1. 

Real-world Identify possible Choose and Use and evaluate 
problem models develop a model the model 

Figure 6.1 Mathematical modelling process 

    
       

  

‘model good 
enough? 
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In this chapter we will learn how to develop models both by hand and by using 

technology. We will discuss how to test a model and then how to reflect upon 

or analyse the validity of the model. Finally, we will talk about how to use and, 

if needed, extend or revise a model. 

Linear models 

Linear models are used to describe situations where one quantity (the 

dependent variable) increases at a fixed rate relative to another quantity (the 

independent variable). 

Developing and testing a linear model 

Suppose that you need a plumbing repair in your home. You call a plumber to 

ask about how much it will cost. Of course, the plumber cannot give you an 

exact cost but does give you the estimates shown in Table 6.1. 

Since we know that the cost must depend on the time required, cost is the 

dependent variable and time required is the independent variable. 

To decide if this situation can be described by a linear model, we need to see 

if the rate of change is constant. To do this, check the gradient (in this context, 

the cost per hour) between two or more pairs of points: 

185 — 110 _ 
2-1 

260 — 185 _ 
79 d ang 32 75 

Since the cost per hour is constant, a linear model is appropriate for this 

situation. In addition, we have discovered that the cost per hour is €75. 

However, there seems to be another part to the cost. We can use slope- 

intercept form to find a linear model. We will use y for the dependent variable, 

cost, and x for the independent variable, time: 

y—y=mx—x) = y—110=75x—1) = y=75x+35 

We can see that the plumber’s hourly rate is €75, and he adds a fixed amount of 

€35. This is probably to compensate him for travelling to your home! Finally, it'’s 

a good idea to test the model to make sure it describes the situation: 

For 1 hour: y = 75(1) + 35 = 110 

For 2 hours: y = 75(2) + 35 = 185 

This matches the estimates given so we can be confident that our model is 

appropriate. Now we can see what we might have to pay if it takes the plumber 

a whole 8-hour day to fix our problem: 

For 8 hours: y = 75(8) + 35 = €635 

Notice also that graphs of linear functions are always lines. 

Itis important to 
remember that all models 

are simplifications of 
reality. We use models to 
tell us something about 
the way a system behaves 
and to make predictions. 

‘The goal of a model is to 
simplify and approximate 
areal system so that we 

can learn, predict, and 
analyse the behaviour. 
Part of our job is to use 

models wisely and be 
sure we understand 
the limitations and 
assumptions of any 
‘model we use. 

  

  

  

  

Time Cost of 

required repair 
(hours) (€ 

1 110 

2 185 

3 260         

Table 6.1 Repair cost estimates 

800 

5 600 

% 400 
o 

200    0 
012345678910 

‘Time (hours) 

Figure 6.2 The graph of a linear 
‘model of the cost of hiring a 
particular plumber to come to 

your home 

Remember that ina 
graph the independent 
variable is usually placed 
on the horizontal axis, 

and the dependent 
variable is placed on the 
vertical axis. 

Linear models describe 

situations where the rate 
of change (gradient) is 
constant. The graph of a 
linear function is a line. 
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Figure 6.3 New York City tax 

rates decal from the late 1970s. 

Linear models are very well suited 
to this sort of situation 
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Extending and revising models 

Sometimes we can make an initial simple model but need to revise it to be 

more useful. Here is an example. 

  

Consider the taxi costs shown in Figure 6.3. Because the cost increases at a 

fixed rate relative to the distance driven (10 cents for each % miles driven), 

this is a good candidate for a linear model. Since the cost depends on the 

number of miles driven, we will make the cost the dependent variable and the 

distance driven the independent variable. It often helps to make a table showing 

the independent and dependent variables: 
  

  

  

  

  

Miles driven Calculation Cost ($) 

L 0.75+0 075 7 

% 0.75 + 0.10(1) 0.85 

% 0.75 + 0.1002) 0.95 

1 2 0.75 + 0.1003) 105           

Table 6.2 Independent and dependent variables 

By explicitly showing our calculations, we get a good idea of how to develop 

our model. From the table, it appears that an appropriate model is 

Cost = 0.75 + 0.10x. But be careful! In this case, what is x? Notice that the 

number we are multiplying by 0.10 is not the number of miles driven - it is the 

number of % miles after the first 7 mile! 

Since most people don’t think in terms of = miles, it would be useful if our 

independent variable was simply distance in miles. Let’s try to revise our table: 
  

  

  

  

  

  

  

‘The number of 

Miles driven Calculation Cost ($) 
after the first - mile 

1 T_1_ i 1-1-0 0.75 + 0.1000) 075 

2 2_1 B 2_1L- 75 + 0. . 2 7(7 7) 1 0.75 + 0.10(1) 0.85 

3 3_1 = E 75 + 0. . 2 7(7 7) ¥ 0.75 +0.102) 0.95 

4 4 1 = e .75 + 0. 2 ) 7(7 7) % 0.75 +0.1003) 105 

m 7(m B %) 0.75 + 0.10x c             

Table 6.3 Revised table



To change ‘miles driven’ into ‘the number of % miles after the 

  

10 

first % mile, we need to subtract % (representing the first % mile) 9 

and then multiply by 7 (so that each % mile is counted as one unit). 3 

So now we know that C = 0.75 + 0.10xand x = 7(m — %) % : 

where m is the number of miles. 2 B 

By substituting the equation for x into the equation for C, we get 3 

¢=075+010(7(m~ 1)) = c=07m+ 065 : 

A graph of this function is shown in Figure 6.4. B 0132 3 4567389 10 

Miles (m) 

Figure 6.4 A graph of the lincar model for the cost of 
hiring a New York taxi in the 1970s 

dels don'’t al s capture reality perfectly 

If we look at the graph of our model from the taxi cost example, we see that the 

model suggests that for a journey of 0 miles, we will pay $0.65. However, we 

know that we will always pay at least $0.75. What went wrong? 

The problem here is that the model assumes that the incremental cost 

(represented by the gradient of the function) is continuous - that is, that the 

taxi will charge us for any increment of a mile. However, we know that the 

taxi will charge for each % of a mile. To make this point clear, consider what 

happens if we drive 0.5 miles. The model suggests that the cost would be 

C =0.7(0.5) + 0.65 = $1.00 

But we know that 0.5 miles is more than % of a mile and less than % 50 we 

would actually get charged 

c=07(2) +065= 105 

That is, our model works as long as we round the miles up to the nearest% 

of a mile. As stated in the introduction, all models are a simplification of reality. 

This model can help us see how the cost of the ride relates to the length of the 

ride, but we need to be careful in using it to predict exact costs. 

Example 

The I&T Fitness Centre charges a one-time joining fee of $100 and then 
charges $2 per visit. 

(a) Develop a model for the total cost after v visits. 

(b) Use your model to find the cost of 20 visits. 

(c) Draw a graph of your model. 
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Solution 

(a) Since the rate is already given ($2 per visit), plus a one-time cost of $100, 

we can write the model directly: 

C=100+2v 

where C is the total cost and v is the number of visits. 

(b) Using our model, 20 visits would cost C = 100 + 2(20) = $140 

We have drawn the graph © - 
with a continuous line, 
even though it is only 180 

possible to visit a whole 160 
number of times - e.g, . 
we can't visit 1.5 times. = 

For convenience, we % 120 
often draw the graph as &0 

a continuous line even o 
though that may not 

strictly represent reality. 60 
40 

20 

0 

  

0 5 10 15 20 

Number of visits (v) 

Example 6.2 

A visitor to the I&T Fitness Centre decides not to buy a membership and 

instead just pays the daily rate. The first visit costs her $12. At the end of the 

month, she notices she has visited 5 more times and paid a total of $60 for 

those 5 visits. 

(a) Develop a linear model for the total cost after v visits. 

(b) Use your model to predict the cost of 20 visits. 

(c) After how many visits is it better to buy the membership described in 

Example 6.1? 

| 

Solution 

(a) One visit costs $12, and 5 visits cost $60. To be sure there are no extra 

fees, check that the cost per visit for 5 visits is the same as the cost for 

Lvisit. For 5 visits, the cost per visitis & = §12 

Therefore, the rate of change is constant, and we can develop the model: 

C = 12v where Cis the total cost and v is the number of visits. 

(b) Using our model, 20 visits would cost C = 12(20) = $240 

This is much more expensive than the membership plan in Example 6.1! 
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(c) To find out at which point the membership plan in Example 6.1 becomes 

the better option, we first find at which point the two plans are equal. We 

can do this algebraically or graphically. 

Algebraically, we are looking for the number of visits (v) that produces 

the same cost. Therefore, we can write C = 100 + 2v = 12v and solve 

for v: 

100 +2v=12v = v=10 

Therefore, the two plans are the same for 10 visits. Since we know that 

the membership plan costs only $2 per visit, we know that it will be 

cheaper for any number of visits more than 10. 

We can graph both models 

and look for the intersection, 2% 
180 

The intersection point of 160 

the two graphs tells us that 140 

the two plans will cost the C 120 

same ($120) at 10 visits. g 

We can see clearly that the 

membership plan increases 

much more slowly: $2 per 

visit instead of $12 per visit, 

s it is cheaper after 10 

visits. 0 5 10 15 20 
Number of visits (v) 

erpreting and evaluating linear models 

It is important to be able to recognise the structure of a linear model and interpret 

its meaning. Also, we must be careful to recognise limitations of linear models. 

Co
st
 

(( 

  

Example 6. 

The number of items that a clothing store sells can be modelled by the 

function N = 1000 — 5p, where N is the number of items sold and p is the 

price of the jeans in euros. 

(a) Use the model to predict the number of jeans sold when the jeans are 

priced at €100. 

(b) Interpret the value of the gradient and N-intercept in context. 

(c) Interpret the value of the p-intercept in context. 

(d) Use the model to predict the number of jeans sold when the jeans are 

priced at €500. Give a reason why this prediction is not reasonable. 

151



Example 6.3 shows that 
linear models often 

become nonsensical for 

certain extreme values of 
the independent variable. 

For this reason, it’s best 

to give alimitation on the 
domain of the model to 

avoid these silly results. 
In the model above, it 

is sensible to limit the 

domain of the model to 

1=p=200 

‘The upper bound of 
P = 200is when the 

model predicts that N' 
will be zero. 
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Solution 

(a) The model predicts that the number of jeans sold when the jeans are 

priced at 100 euros is: N = 1000 — 5(100) = 500 jeans. 

(b) The gradient of —5 represents that for each euro that the price increases, 

the number of jeans sold decreases by 5 jeans. The N-intercept of 

(0, 1000) theoretically represents that the number of jeans sold when the 

jeans are free will be 1000 jeans — probably not realistic! 

(c) The p-intercept occurs when N = 0. Therefore, we must solve 

0= 1000 — 5p to obtain 1000 = 5p = p = 200 
This tells us that when the price of jeans is 200 euros, the number of 

jeans sold will be 0. 

(d) The model predicts that the number of jeans sold when the jeans are 

priced at €500 will be: N = 1000 — 5(500) = —1500 jeans 

This is not reasonable because this suggests that customers will be giving 

back their jeans! 

Piecewise linear models 

Sometimes a real-life situation is not modelled by a single linear function, but 

is linear in parts. Consider the following example: 

Example 6.4 

A phone company charges a rate of $0.24 for the first minute of a call, then 

$0.12 per minute for the next 9 minutes, then $0.06 per minute thereafter. 

Calls are charged on a per-second basis. 

(a) Develop a piecewise linear model for the cost C of a call lasting ¢ seconds. 

(b) Use your model to calculate the cost of calls lasting: 

(i) 45 seconds (ii) 4 minutes (iii) 15 minutes. 

Solution 

(a) For 0 < t < 60, the cost is $0.24 per minute, or % = $0.004 per 

second. Then, for 60 < t < 600, the cost is $0.12 per minute or 
0.12 
60 

the first minute, and not charge twice for the first minute, so in total 

the cost will be 0.24 + 0.002(t — 60) for a call of ¢ seconds. Likewise, for 

calls more than 10 minutes, we have the cost of the first minute, plus the 

= $0.002 per second. However, we must also add in the cost for 

cost of the next 9 minutes, plus the remaining cost of % = 0.001 per 

minute, which gives us 0.24 + 0.12(9) + 0.001( — 600), which 
simplifies to 1.32 + 0.001(t — 600) for a call of t seconds.



Many calculators We express this mathematically with the following notation: o can graph piecewise 
0.004t, 0<t<60 functions, as shown in 

C =< 0.24 +0.002(f — 60), 60 < t= 600 Fgure6; 

1.32 + 0.001(t — 600), > 600 -   

In this notation, we define the value of C through a piecewise function. 

To evaluate the function, we select the piece of the function that applies 

to the value of t we want, as in part (b). . +   

        

b) For each value of t, we simply select the appropriate piece of the function. [ 00, ocxssn 1 
L PPIOPRSIE £101={0.25¢0.002-(x-60), 60<x2600 (1)={0.2500.002- (x-60), G0 

(i) Since t = 45 is between 0 and 60 seconds, we use C = 0.004t to give 5 11732¢0.001- (v—600), 600 

us C = 0.004(45) = $0.18 Figure 6.5 GDC piecewise 
function 

(ii) Since 4 minutes is 240 seconds, and t = 240 is between 60 and 

600 seconds, we use C = 0.24 + 0.002(t — 60) to give us 

C = 0.24 + 0.002(240 — 60) = $0.60 

(iii) Since 15 minutes is 15 X 60 = 900 seconds, and t = 900 is more 

than 600 seconds, we use C = 1.32 + 0.001(t — 600) to give us 

C = 1.32 + 0.001(900 — 600) = $1.62 

Exercise 

1. A plane is currently 3000 km from its destination, travelling at a 

constant speed of 900 kmh~!. 

(a) Develop a linear model for the distance d remaining after ¢ hours of 

travel. 

(b) Interpret the d-intercept of your model in context. 

(c) Interpret the t-intercept of your model in context. 

(d) State a reasonable domain and range for your model. 

2. A plane is currently 5000 km from its destination. 1.5 hours later, it is 

3800 km from its destination. 

(a) Develop a linear model for the distance d remaining after ¢ hours of 

travel. 

(b) Interpret the gradient of your model in context. 

(c) Interpret the d-intercept of your model in context. 

(d) Interpret the t-intercept of your model in context. 

(e) State a reasonable domain and range for your model. 

3. The table shows a comparison between EU and USA shoe sizes. 

USA (Men’s) 7 8 9 

EU 40 41 42 

  

  

            

(a) Develop a linear model to find the EU shoe size given the USA shoe size. 

(b) Use your model to predict the EU shoe size for a USA Men’s shoe 

size of 12. 
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(c) Use your model to predict the USA Men's shoe size for an EU shoe 

size of 44. 

(d) Interpret the gradient of your model in context. 

(e) Given that USA Men’s shoe sizes typically run from 6 to 16, calculate 

a reasonable domain and range for your model. 

4. Julie has collected data on how long it takes her to read books, based on 

the number of pages. The data she collected are shown in the table. 
  

Number of pages 340 | 290 | 500 
Time to read (minutes) 490 | 420 | 714 
  

            

(a) Develop alinear model for the time required to read n pages. 

(b) Use your model to predict the time required to read 1000 pages. 

Give your answer to the nearest 10 minutes. 

(c) Interpret the gradient and y-intercept of your model in context. 

(d) State a reasonable domain and range for your model. 

5. Given that 68°F = 20°C and 212°F = 100°C: 

(a) Develop a linear model for degrees Fahrenheit (F) in terms of degrees 

Celsius (C). 

(b) Explain, in context, what the gradient of your model represents. 

(c) Interpret the F-intercept of your model in context. 

(d) Interpret the C-intercept of your model in context. 

(e) Use your model to convert 10°C into °F. 

(f) Use your model to find the numerical value in °C that is the same in °F. 

(g) Given that absolute zero (the lowest possible temperature) is —273°C, 

calculate a reasonable domain and range for your model. 

6. The DJ, IB Cool, charges a flat fee of $150 per party plus $75 per hour. 

The DJ, MC Numbers, charges $120 per party plus $80 per hour. 

(a) Find linear models for each DJ as a function of the length of the 

party in hours. 

(b) For parties longer than # hours, IB Cool is less expensive. Find the 

value of n. 

7. A cyclist pedals at the rate of 300 m min ™! for 20 minutes, then slows down 

to 150 m min~! for 16 minutes, then races at 400 m min ! for 4 minutes. 

(a) Find the distance travelled after: 

(i) 20 minutes (ii) 36 minutes (iii) 40 minutes. 

(b) Write a piecewise linear function for the distance D(#) in terms of 

the time ¢ in minutes. 

(c) Find the distance travelled after: 

(i) 30 minutes (ii) 38 minutes. 

(d) When has the cyclist travelled: 

(i) 8km (ii) 9km? 
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8. The Athabasca Glacier in Alberta, Canada, has been slowly shrinking for 

many years. Photos from 1844 show the glacier about 2 km longer than 

it was in 2018. 

(a) Calculate the average rate at which the glacier is shrinking. 

(b) In 1844, the glacier was 8 km long. Assuming the present rate 

continues, in what year will the glacier be gone? 

In the year 1900, the end of the glacier was about 300 km from the US- 

Canada border; as it shrinks it moves farther from the border. 

(c) Write a function for the distance d in km between the end of the glacier 

and the US-Canada border, in terms of time £, in years, since 1900. 

(d) Assuming that the rate of change has been constant for many years, 

at what time did the glacier reach the US-Canada border? 

9. Two plastic cup factories, Cups R Us and Cupomatic, can produce cups 

printed with the image of your choice. At Cups R Us, the mandatory 

setup and design cost is ZAR350 and the cost per cup is ZAR8.50. 

(a) Develop a linear model for the cost, C, of an order at Cups R Us 

based on the number of cups, n. 

(b) Write down a reasonable domain and range for your model. 

(c) Use your model to calculate the cost of an order of: 

(i) 100 cups (ii) 200 cups (iii) 400 cups. 

(d) Calculate the average cost per cup for: 

(i) 100 cups (ii) 200 cups (iii) 400 cups. 

(e) Hence, give a reason why, in general, it is more cost-effective to 

order more cups. 

Cupomatic charges ZAR2150 for 200 cups and ZAR3750 for 400 cups. 

(f) Develop a linear model for the cost, D, of an order at Cupomatic 

based on the number of cups, n. 

(g) Write down a reasonable domain and range for your model. 

(h) Interpret the gradient of your model in context. 

(i) Use your linear model to predict the cost of 600 cups. 

(j) For orders of more than x cups, it is more cost-effective to order 

from Cupomatic. Find the value of x. 

10. Continuing from the previous question, Cups R Us will waive the setup 

and design cost if the order is at least 500 cups. 

(a) Develop a piecewise model for the cost, C, of an order at Cups R Us 

based on the number of cups, n. 

(b) The main competitor of Cups R Us is Cupomatic. You are given that 

the model for the cost, D, of ordering n cups from Cupomatic is 

D = 8n + 550. It is less expensive to order from Cupomatic if x, the 

number of cups ordered, is in the intervals a < x < bor x > k. 

Find the values of a, b, and k. 
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y=ac+bxtec 

  

Axis of symmetry at x = =54 

Figure 6.6 1fa > 0 then the 
parabola is concave up 

   
Axis of symimetry at x =~ 

Figure 6.7 1fa < 0 then the 
parabola is concave down 
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11. As of 2018, taxi cab tariffs for working hours in London, England, are as 

follows. 

o For the first 234.8 metres or 50.4 seconds (whichever is reached first) 

there is a minimum charge of 2.60 GBP. 

o For each additional 117.4 metres or 25.2 seconds (whichever is 

reached first), or part thereof, if the distance travelled is less than 

9656.1 metres there is a charge of 0.20 GBP. 

+ Once the distance has reached 9656.1 metres then there is a charge of 

0.20 GBP for each additional 86.9 metres or 18.7 seconds (whichever 

is reached first), or part thereof. 

(a) Develop a piecewise linear model for the cost, C, of a taxi ride based 

on the distance travelled, m, in metres. 

(b) Find the cost of 0.2 km, 5km, and 15 km rides. 

(c) Develop a piecewise linear model for the cost, D, of a taxi ride based 

on the time taken, t, in seconds, ignoring distance. 

(d) Find the cost of 0.5 minute, 5 minute, and 15 minute rides. 

(e) Given that the actual taxi fare is always the greater of the two 

models, find: 

(i) the cost of a ride that takes 10 minutes to go 4 km 

(ii) the cost of a ride that takes 5 minutes to go 4 km. 

Quadratic models 

Quadratic models appear frequently in real-world situations involving area, 

economics, projectile motion, and falling objects, among others. In this section 

we will look primarily at quadratic models of the form y = ax* + bx + ¢ 

Quadratic models are used in situations where the rate of change in the 

dependent variable changes linearly with respect to the independent variable. 

For example: 

Falling objects due to gravity, projectile motion: the acceleration is constant, 

the velocity follows a linear model, and the displacement (position) follows a 

quadratic model. 

Revenue models: the number of items sold of some item based on the price 

follows a linear model; the revenue from selling the number of items follows 

a quadratic model. 

Quadratic models also have some geometric properties that make them well- 

suited to designing satellite dishes and to modelling bridge spans. 

Before we begin, we will restate key properties of quadratic functions that you 

have seen before.



Fora quadratic function of the form y = ax® + bx + ¢, where a 70 
‘The graph of a quadratic function s roughly U-shaped and is called a parabola. 
Concavity: The graph of the function is concave up if and only if a > 0 
Itis concave down if and only if a < 0 
Symmetry: The graph of the function s symmetrical about the vertical line with equation 

  

b= 

“This line is called the axis of symmetry. 
+ Maximum/minimum: The function has a maximum (when concave down) or minimum 

(when concave up) where the graph intersects the axis of symmetry. This point is called the 
‘vertex of the parabola. The x coordinate of the vertex is therefore given by x = = 

‘The y-intercept of the graph is found at (0, ) 
‘The x-intercepts of the graph, also called the zeros of the function, can be found with the 

—b+ /b~ dac 
2a 

Remember that a graph may have zero, one, or two x-intercepts. 

quadratic formula: x = 

Example 6.5 

A ball is thrown upwards from the top of a building. The height of the ball 

from ground level can be modelled by the function h(f) = —4.9t> + 11t + 50 

where h(#) is the height of the ball in metres and ¢ is the time in seconds after 

the ball was thrown. 

(a) Sketch a graph of the function. 

(b) Write down the height of the building. 

(c) Find the time when the ball reaches its maximum height. 

(d) Find the maximum height reached by the ball. 

(e) Find the time when the ball hits the ground. 

(f) Describe a reasonable domain and range for this model. 

L 

Solution 

‘We can solve this problem either by using an algebraic approach (‘by hand’) 

or by using our GDC to analyse the graph. 

Algebraic approach 

(a) We know the ball travels upwards before coming back down and we 

know the parabola is concave down since a < 0 

(b) The height of the building is the initial height of the object, which is the 

height of the ball when t = 0, in other words, the y intercept. Therefore, 

the height of the building is 50 m. 

(c) The time when the ball reaches its maximum height is the ¢-coordinate 

of the vertex of the parabola. We start by finding the ¢ coordinate, which 

is also the location of the axis of symmetry: 

O 11 

"2 249 
  =112s(3sf) 

h(
t)
 
(m
et
re
s)
 

  

 (seconds) 

Figure 6.8 Solution to 
Example 6.5 () 
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£1(3)=-4.9- 3411450 

    [t oy y   

Figure 6.9 GDC approach (a) 

      
£1(30)=-4.9- 53411450 

£0,5) ]     et X y 
  

£1(0) 50. 

Figure 6.10 GDC approach (b) 
  7 

     
£1(x)2-4.9- 33411 x+50] 

  e kY   

Figure 6.11 GDC approach () 

  KT 

     
£1(3)=-4.9:5411x+50 

(1.12,56.2) 

(4.51,0) 
      
  

hY     

Figure 6.12 GDC approach (¢) 
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(d) The maximum height reached by the ball is found by substituting the t 

value from (c) back into the function: 

h(1.12) = —4.9(1.12)% + 11(1.12) + 50 = 56.2m (3 s.£.) 

(e) The ball hits the ground when height is zero. Therefore, we must solve 

the equation 0 = —4.9¢> + 11¢ + 50 

‘We can use the quadratic formula to solve this: 

i —bx PP —dac _ —11£ /1"~ 4=49150 

(f) We should limit the domain to non-negative values. Also, the model 

doesn’t make sense after the ball hits the ground since the graph suggests 

that the ball goes underground. Therefore a reasonable domain for this 

model is 0 < t < 4.51 

The range indicates the possible heights of the ball. Here, 0 < h(f) < 56.2 

makes sense since we know the maximum height of the ball and we 

presume the ball does not go underground. 

GDC approach 

(a) Here we use the GDC to obtain a graph, as shown in Figure 6.9. 

‘We need to be careful to adjust the viewing window appropriately. 

On our calculator, we need to use x in place of ¢. It is important to note 

that this graph is height versus time - it is not the trajectory (path) of 

the object. The horizontal axis represents time, not distance. 

(b) The Graph Trace feature can be used to evaluate the function at t = 0 to 

find the initial height, as shown in Figure 6.10. We could also evaluate 

the function directly. 

(c) We can use our GDC to find the maximum height, as in Figure 6.11. 

‘We see that the x coordinate is 1.12, so the ball reaches a maximum 

height at 1.12s. 

(d) Using the same point from part (c), we see that the y coordinate is 56.2, 

so the ball's maximum height is 56.2 m. 

(e) We can use our GDC to find the positive zero of the function, as in 

Figure 6.12. The ball hits the ground after 4.51 s. 

(f) We use the same logic as in the algebraic approach to conclude that 

a reasonable domain is 0 < # < 4.51 and a reasonable range is 

0<h(t) <56.2 

In the next few examples we will look at building a quadratic function.



Example 6.6 

The number of jeans sold by a clothing store can be modelled by the function 

N = 1000 — 5p, where N is the number of items sold and p is price of the 

jeans in euros. 

(a) Develop a model for the revenue earned from selling these jeans based 

on the selling price p. 

(b) Use your model to find the price the jeans should be sold at in order to 

maximise revenue. 

(c) Find the maximum revenue predicted by your model. 

(d) Give a reasonable domain and range for your model. 

Solution 

(a) In general, revenue = selling price X number of units sold. Therefore, 

we can develop a model for revenue by multiplying the selling price, p, 

by the expression for the number of jeans sold: 

R = (p)(1000 — 5p) = R = —5p2+ 1000p 

(b) Since this is a quadratic model with a concave-down graph (a < 0), we 

know there will be a maximum at the vertex. In this case, the p coordinate 

of the vertex is the selling price and the R coordinate is the revenue. To 

find the price, we use the formula for the p coordinate of the vertex: 

p= 72_1; = 7% = 100 euros 

(c) To find the maximum revenue, we need to evaluate the model for 100 

jeans (from part (b)): 

R = —5(100)* + 1000(100) = 50 000 euros 

(d) Clearly, our model doesn't make much sense if the price p is less than 

zero. But what about a maximum price? Since we know that this is a 

concave-down quadratic function with a vertex above the p axis, we 

know there will be two p intercepts. Solve for them algebraically: 

0=—5p>+1000p = 0=(—5p)(p — 200) = p =0, p =200 

Therefore the p intercepts are 0 and 200. So 0 < p < 200 is a reasonable 

domain. The range is given by the minimum and maximum values of T 
E—— 

the function on this domain: 0 < R < 50 000 S 
(100,5244) 

  

It’s often helpful to generate a graph of a model to get a picture of it. In this 

case, we can clearly see the maximum revenue and can use our GDC to verify flozer @00\ 

our results in (c) and (d) , as shown in Figure 6.13. i1 2         
  

Note that 5SE+4 for the y coordinate of the vertex is the GDC’s version of Flgure6.13 The graph of the model for revenue vs price of 
scientific notation. We should read it like this: 5SE+4 = 5 X 10* = 50 000 jeans 
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  ‘When using a GDC to analyse a model graphically, o 

  

its important to take care when setting the viewing window. LSO 
‘The default view for many GDCs is —10 < x < 10 and 
—10= y = 10 or smaller. This view can be very misleading. [ : £ 
For example, the model in Example 6.5 looks like this with 
the default viewing window.   ‘The graph s there but with the current settings it i almost o 
indistinguishable from the y axis. We can use our knowledge 

of the function to choose more appropriate settings. £Lmmseaeio0nex 

  

  

  After setting the x-axis to a suitable domain, in this case o 
0= x = 300, and using the Zoom Fit feature to scale the 

y-axis to fit the function, we get the image shown. 

gl 

‘The negative part of the graph isn't very useful, but you 
can then use Zoom Box to examine the function more 
accurately.     me 

  

Example 6. 

The Sydney Harbour Bridge is supported by two spans that can be modelled by quadratic functions. 

The lower span is approximately 503 m wide and 118 m tall at its highest point. 

Develop a quadratic model for the lower span such that one end of the span is positioned at (0, 0). 

I 

Solution 

We can start by drawing our axes and locating the vertex at the maximum point of the lower span. 

Since the vertex must be halfway along the length of the bridge, its x coordinate must be 251.5. 

(251.5,118) 

  

0 50 100 150 200 250 300 350 400 450 500 550 X 

(0,0) (503, 0) 

Then we can use the general quadratic model y = ax? + bx + ¢ and some algebra to find the model for the 

lower span. First, since the graph must pass through (0, 0), it must be true that 

0=al02 +b60)+c= c=0 

Upon reflection, we could have deduced the value of ¢ from recognising that the y intercept of the graph is 

at (0,0). So far, our model is therefore 

y=ax’+ bx 

Next, since the graph must also pass through (251.5, 118) and (503, 0), we can generate a system of 

equations by substituting each coordinate pair into the model: 

{118 = a(251.5) + b(251.5) {63 252.25a + 251.5b 

0 = a(503)? + b(503) 253009a + 503b = 0 

  

118 
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‘We can solve this system (algebraically, or by using a GDC) to obtain: 

a = —0.001866, b = 0.9384 

Therefore, our model is y = —0.001866x> + 0.9384x 

If we graph this function with appropriate axes, we can see that it fits the lower span very well: 

(251.5,118) 

  

  

              

  

Note that most GDCs have a quadratic regression feature that can 
[~Quadfieq( 

also find the model. TS 
118 RegEan [ax2sbix 

Notice that the values for a and b calculated by the GDC agree with o2 0001885 

our values. e el 0 
D 

  

Remember that the graph may appear differently depending on the viewing window chosen on your graph. For example, i the first 
screenshot, the scale of the units on the x and y axesis not 1:1, so the function appears taller than it should. 

  
£1(20=-0.002-°40.938-x40. 5Ty 

£1(x)=-0.002- 40,938 x40, 

        

  

  0}   
A graph can appear distorted if the x and y axes Using the Zoom Square feature changes the 
are not scaled in a 1:1 ratio xand y axes toa 1:1 ratio 

Using the GDC’s Zoom Square function fixes this, as shown in the second screenshot. 

1. On Earth, the position of a falling object can be modelled by the 

function h(t) = —4.9¢* + vyt + hy where h(#) is the height in metres after 

t seconds, v, is the initial velocity and hy is the initial height. 

(a) Write a model for the height of a ball thrown upwards with an initial 

velocity of 5ms™! from the roof of a 60-metre tall building. 

(b) Use your model to find: 

(i) the maximum height of the ball 

(ii) the time until the ball hits the ground 

(iii) the interval of time for which the ball is more than 50 metres 

above the ground. 
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Modelling real-life phenomena 

2. A small manufacturing company makes and sells x machines each month. 

The monthly cost, C, in dollars, of making x machines is given by 

Cx) = 0.35x2 + 3200 

The monthly revenue, R, in dollars, obtained by selling x machines is 

given by R(x) = 180x — 0.55x 

quadratic function P(x) = —0.9x2 + 180x — 3200 profit = revenue — cost. 

(a) Show that the company’s monthly profit can be calculated using the 
Remenmber that p 

(b) The maximum profit occurs at the vertex of the function P(x). 

How many machines should be made and sold each month for a 

maximum profit? 

(c) If the company does maximise profit, what is the selling price of 

each machine? 

(d) Find the smallest number of machines the company must make and 

sell each month in order to make a positive profit. 

3. The diagram shows two ships, A and B. At noon, ship A was 20 km due 

south of ship B. Ship A was moving north at 10 km h™~! and ship B was 

B-—)— ........ moving east at 4kmh~! 

I i Find the distance between the ships at: 

ZOkm; (a) 13:00 

(b) 14:00 

" Let s(t) be the distance between the ships ¢ hours after noon, for 0 < t < 4 

= /116¢2 — 400f + 400 Figure 6,14 Diagram for (c) Show that s(t) = V116t> — 400t + 400 

question 3 (d) Sketch the graph of s(f) 

(e) Due to poor weather, the captain of ship A can see another ship only 

if they are less than 9 km apart. 

(i) Find the values of t during which ship A can see ship B. 

(ii) Write down the times between which ship A can see ship B. 

4. Worldwide grain production for the years 1965 to 2000 can be modelled 

by the function G = —0.144¢> + 6.88¢ + 266, where G is the number of 

kilograms per person and t is years since 1965. 

(a) Based on this model, what was the grain production in 19752 

(b) What was the maximum level of grain production and when did it 

occur? 

(c) The actual worldwide grain production in 2005 was 10 kg per 

person. What does this model predict for 20052 

(d) If worldwide grain production drops below 100 kg per person, 

major economic and health consequences are possible. Based on 

this model, when might this occur? 

(e) Give a reason why this model will not (we hope) continue to be true. 
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5. The density of water based on temperature follows a quadratic model. 

The maximum density of water is 1 gml~! at 4°C. At 80°C, the density is 

097183 gml-1. 
(a) Find a quadratic model for density, D, in terms of temperature, T, 

in the form D = a(T — h)? + k where a, h, and k are constants to be 

determined. 

(b) Use your model to find the density of water at 0°C to 5 significant 

figures. 

(c) At what temperature ¢ > 0 does the density of water drop below 

0.960 gml~'? 

6. The main span of the Verrazzano-Narrows bridge in New York City has 

a central span that is about 1300 m wide. 

  
  
  

The main cable supporting this span is about 150 m above the roadway 

at the top of each suspension tower, and about 6 m above the roadway at 

its lowest point in the centre. 

(a) Find a quadratic function to model the height / of the cable above the 

roadway in terms of the distance d from the left suspension tower. 

(b) Write down the domain and range of your function. 

(c) Calculate the height of the cable at a point 100 m from the left 

suspension tower. 

(d) Atwhat distances from the left suspension tower is the cable less 

than 50 m above the roadway? 

7. A farmer wants to fence two identical adjacent fields as shown in 

Figure 6.15. 
  

He has 1200 m of fencing to enclose the two identical regions. 

(a) Write down an expression for the total area, A, in terms of x. & 

(b) Find the maximum total area for the two fields and the dimensions 

xand y. t } 
¥ 

8. A shop sells t-shirts for €16 each and ls 40 t-shirts per day. Analysing Figure 6.15 Diagram for 

past sales shows that for every euro increase in price, the shop sells 2 question 7 

        

fewer t-shirts per day. Let x be the price increase in euros. 

(a) Write an expression for the price of a single t-shirt in terms of x. 

(b) Write an expression for the number of t-shirts the shop can expect 

to sell per day in terms of x. 
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(c) For what value of x should the shop expect to sell no t-shirts? 

(d) Hence write an expression for R, the expected revenue per day, in 

terms of x. 

(e) Find the maximum value of R, and the price the shop should set in 

order to attain that maximum. 

9. A decorative archway follows a parabolic curve. The inside height is 

5m and the inside width is 6 m. A large truck must pass through this 

archway. The truck is 4.3 m tall and 2.6 m wide. 

(a) Show that the truck will not fit through the archway. 

(b) Find the maximum height of a 2.6 m wide truck that can fit through 

the archway. 

(c) Find the maximum width of a 4.3 m tall truck that can fit through 

the archway. 

10. A tennis player hits a ball straight up. The height of the ball above the 

ground is described by the model h(t) = —4.9¢* + kt + 1, where h(f) is 

the height in metres at time ¢ seconds after the ball is hit. 

(a) Find the h intercept and interpret in context. 

(b) Given that the tennis ball hits the ground after 3.2 seconds, find the 

value of k. 

(c) The tennis ball is more than 10 m above the ground during the time 

a <t < b. Find the values of a and b. 

(d) Find the average speed of the tennis ball for the first 0.5 seconds. 

(e) Find the maximum height of the tennis ball and the time at which 

this occurs. 

Cubic models 

Cubic models are slightly more complex than quadratic models. We often 

encounter cubic models when we are dealing with quantities based on volume 

(such as optimising the volume or surface area of a package, or calculating 

forces from wind or water). Cubic models are also widely used in computer 

graphics, in everything from modelling the curves of the letters in this textbook 

to smoothing computer-generated effects and animation. In this section, we 

will examine cubic models of the form 

fo=ax® + bx2 +ex+d 

Note that a simple cubic model, as in the next example, may have b, ¢, and d 

equal to zero. In that case, it can also be considered a direct variation model, 

which we will study later in this chapter.



Example 6.8 

The maximum theoretical power that can be generated by a wind turbine 

can be modelled by the function 

P =0.297AdV? 

where P is the power in watts 

A is the area swept by the turbine blades (swept area), in m? 

d is the air density, in kgm 

Vis the wind speed in ms ™! 

A certain wind turbine has a swept area of 80 m? and is located at sea level, 

where the air density is 1.225 kgm 3 

(a) Find the cubic model for this wind turbine. 

(b) Use your model to calculate the maximum theoretical power generated 

when the wind speed is 10ms ™! 

(c) Given that wind speeds above 20 m s ! are strong enough to cause 

damage, give a reason why this turbine will not produce more than 

300000 watts. 

(d) Determine a reasonable domain for this model. 

—Seeeeseeee——————————————————— 

Solution 

(a) We substitute the known values to find the model for this particular 

turbine. Therefore, the cubic model for this turbine is 

P =0.297AdV? = 0.297(80)(1.225)V* = P =29.1V? 

(b) The maximum theoretical power generated when the wind speed is 

10ms~'is 

P =29.1V3 = 29.1(10)° = 29100 watts (3 s..) 

< Using the model, we can find the wind speed required to produce 

300000 watts. 

P=29.1V3 = 300000 =29.1V® = V=y10309 =21.8ms"! 

Since this is greater than the wind speed we are told will cause damage, 

it is not reasonable to expect this turbine to generate more than 

300000 watts. 

(d We are told that wind speeds above 20 m s~ are strong enough to cause 

damage, so that can be the upper limit for our domain. It doesn’t make 

sense to predict power for negative wind speeds, so a reasonable domain 

is0sVs20 

We often use models to find optimal solutions: that is, we are interested in 

maximising or minimising a quantity. Example 6.9 examines a classic problem. 

165



166 

Example 6.9 

The dimensions of a piece of A4 paper, to the nearest centimetre, are 

21 X 30 cm. It is possible to create an open box by cutting out square 

corners and folding the remaining flaps up, as shown in the diagram. 

ar 
    

    

      
  

              1l 
    

  

Mark 4 fold lines, Cut out and discard Fold into an 
equidistant from the corners open box 
edges of the paper 

(a) Develop a cubic model for the volume of the open box that can be 

created using this method. 

(b) Determine a reasonable domain for your model. 

(c) Find the dimensions of the open box with the largest volume that can be 

created using this method. 

(d) Calculate the maximum volume of the open box. 

L 

Solution 

The first step in solving this problem is to find an appropriate model. Since 

we are interested in the volume of the box, it seems appropriate to start with 

a model for volume: 

V= lwh 

Then we need to think about what we know. The paper starts as 21 X 30 cm 

but those are not the dimensions of the open box. If we look at the second 

step in the first diagram, we can see that part of the width and length of the 

paper becomes the height for the box 

(a) 21 

CoN 2110y 0 
g A 

  

  

  

  

30| 30 — 2x| 

  

                  



(b 

(c 

The width and length of the paper get reduced by twice the length of the 

corners we cut out. Therefore, we know that 

length = 30 — 2x, width = 21 — 2x, height = x 

Now we can use those to develop a model for the volume of the box by 

substituting into the general model for volume: 

V = lwh = (30 — 2x)(21 — 2x)(x) 

It doesn’t make sense to remove a square with negative or zero length, 

s0x>0. 

Is there an upper bound? What is the largest corner we can cut out? 

We are limited by the width of the paper. Since the paper is 21 cm wide, 

we need to cut less than 5(21) = 10.5 cm from the edge in order to make 

an open box. Therefore, a reasonable domain is 0 < x < 10.5 

Our goal is to find the maximum volume. To do this, we can use our 

GDC to graph the model and look for a maximum value. 

Remember, when using a GDC to analyse a model, it’s important to 

choose the viewing window carefully. Since the x axis represents the 

distance of each fold from the edge of the paper (which is also equal to 

the size of each square we cut out), we are only interested in positive 

x values. Also, because our paper is only 21 cm wide, x must be less 
Zil 

than == = 10.5 an = 

Therefore, we set the window to 0 < x < 10.5 and use the GDC’s Zoom 

Fit to scale the y axis accordingly. 

From the graph shown in Figure 6.16, we conclude that the value of x 

that produces the maximum volume is 4.06 cm. To find the dimensions, 

we need to go back to our expressions for the length, height, and width 

of the box. We can use these to obtain the missing dimensions: 

length = 30 — 2x = 30 — 2(4.06) = 21.9cm 

width = 21 — 2x = 21 — 2(4.06) = 12.9cm 

height = x = 4.06 cm 

(d) The volume of the open box is given in the GDC output since the 

s 

volume is the y coordinate in our GDC. Therefore, V = 1140 cm?. 

Re-do Example 6.9 using a piece of paper with dimensions 

8.5 X 11 inches (such as standard letter paper). 

Re-do Example 6.9 using a piece of A3 paper, with approximate 

dimensions 30 X 42 cm. 

If we expand the model 
for volume, we get 

V= (30 — 2021 — 2x)x) 
= V=4x - 10222 

+ 630x 

This shows us that this 

is indeed a cubic model. 

However, since we are 
going to use our GDC to 
analyse this model, there 
is no need to expand the 
model. 

  =y 

(4.06,1.14243) 

£1(31)= (30-203)(21-2%) 

Lo 
5 16         

Figure 6.16 GDC screen for 
Exercise 6.9 (c) 

  

Remember that 

L14E+3 = 1.14 X 10° 

= 1140cm® 
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£ (seconds) | h (metres) 
1 105 

2 98 

* 84 

4 60 

5 26     
Table 6.4 Data for question 3 

Figure 6.17 Diagram for 

question 4 
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A rock falls off the top of a cliff. Let & be its height above ground in 

metres, after  seconds. Table 6.4 gives values of /i and t. 

Jane thinks that the function fif) = —0.25¢* — 2.32¢2 + 1.93t + 106 is a 

suitable model for the data. Use Jane’s model to: 

(a) write down the height of the cliff 

(b) find the height of the rock after 4.5 seconds 

(c) find after how many seconds the height of the rock is 30 m. 

Kevin thinks that the function g(f) = —5.2t> + 9.5t + 100 is a better 

model for the data. 

(d) Use Kevin's model to find the point at which the rock hits the 

ground. 

(e) Create graphs of f, ¢, and the data given. By comparing the graphs 

of fand g with the plotted data, explain which function is a better 

model for the height of the falling rock. 

An efficient way to stack cannonballs is as a pyramid with a square base, 

as shown in Figure 6.17. 

The balls are stacked such that there is 1 ball on the first layer, 4 balls on 

the second layer, 9 balls on the third layer, and so on. 

(a) Copy and complete the table. 
  

Number of layers in stack, n [ 2 3 4 
Total number of balls, B 1 5 
  

              

(b) The total number of balls, B, can be modelled by a cubic function 

B = an® + bn? + cn. Using your GDC, or otherwise, find the exact 

values of @, b, and c. 

(c) Find the total number of balls in a stack with 10 layers. 

(d) Find the number of layers required to stack 819 balls. 

The cumulative number of HIV AIDS cases reported in the United 

States from 1983 to 1998 follows the cubic model 

C = —222¢% + 7260¢* — 12700t + 13 500 

where C is the cumulative number of HIV AIDS cases, and t is the 

number of years since 1983. 

(a) Find the cumulative number of reported cases in 1990. 

(b) Find the year in which the number of cases exceeds 500 000. 

(c) If this pattern continues, in what year will the maximum number of 

cases be reported? 

(d) Give a reason why this model will probably not be correct past 1998.



6. A colony of bacteria is exposed to a drug that stimulates reproduction. 

The number of bacteria is given by the model P = 1200 + 17t — ¢* 

where P is the number of bacteria present t minutes after the drug is 

introduced, 0 < ¢ < 20 

(a) Find the number of bacteria present when the drug is first introduced. 

(b) Find the number of bacteria present after 5 minutes. 

(c) At what time are there 1000 bacteria? 

(d) Find the maximum number of bacteria and the time at which this 

occurs. 

(e) At what time are there no bacteria remaining? 

7. Researchers are monitoring how a particular drug causes patients’ body 

temperatures to change. They measure the patients’ body temperatures 

just before and 1 hour after the drug is given. After x milligrams per kg 

of body mass of a drug are given, body temperature increases according 

to the model AT(x) = 0.25x%1 — 0.1x), 0 < x < 10, where AT is the 

change in °C. 

(a) How much will a patient’s body temperature change when 4 mgkg~! 

are given? 

(b) Dosages between a and b mgkg ™! will increase patients’ body 

temperatures by at least 3°C. Find the values of a and b. 

(c) What is the maximum body temperature increase from this drug, 

and at what dosage does it occur? 

Exponential models 

Exponential models arise in situations where the rate of change is a constant 

factor, that is, when the next value is found by multiplying by a constant factor. 

This sort of change can produce surprising results. 

Just how fast is exponential growth? 

A classic fable about the game of chess goes something like this: 

A great long time ago a wise man invented the game of chess. This king of 

this land was so pleased with this new game that he offered the wise man the 

riches of his kingdom as a gift. The wise man replied, T am a simple man, and 

my needs are modest. Instead of your riches, please place one grain of rice on 

the first square of the chessboard, two grains of rice on the second square, four 

grains of rice on the third square, and so on, doubling the number of grains of 

rice for each of the remaining squares’ 

The king replied, ‘What a silly man! I offer him the riches of my kingdom and 

all he asks for is a few grains of rice!” 
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How much rice did the wise man ask for? To investigate this, let’s build a table. 

Since we are multiplying by 2 each time, we can write the multiplication using 

exponents as shown in Table 6.5. 

  

  

  

  

1 1 1= 

2 2 1x2=2' 

3 4 1X2X2=2% 

4 8 1X2X2X2=23           

Table 6.5 Building the table 

Now, we could keep multiplying by 2 each time until we get to the 64th square, 

but that seems like a lot of work. If we look carefully, we can see a pattern: the 

exponent of 2 is equal to one less than the number of the square. Now we can 

add a few more rows as shown in Table 6.6. 

X 

2! 

22 

23 

" o1 

64 2% 

  

Table 6.6 Adding rows to the table 

So, we can conclude that the king must place 2°* grains of rice on the last 

square. How much rice is that? If we estimate that one kilogram of rice 

contains approximately 50 000 grains of rice, then we have 
63 

502000 = 184467 440737095 = 1.84 X 10" kg of rice. Is that a lot? 

According to the Food and Agriculture Organisation of the United Nations, 

the estimated worldwide production of rice in 2017 was 759.6 million tonnes, 

or 7.596 X 10! kg of rice. Therefore, the amount of rice on the last square 
1.84 X 10 

7.596 X 101! 

rice in 2017! 

  

alone is ~ 240 times more than the entire worldwide harvest of 

  So, in situations where exponential models apply, 

  

  
  

                                              

AR e 
BRI R A R e e e It H s S gE EE=t - 3 IR PR AR . 3 f;%l? b | Yoo e}fpect to see very fa;st increases or decreases. 

< S :' n e L + H e ”i;i To see this more clearly, let’s graph the model we 

s ol developed, y = 25!, shown in Figure 6.18. 
A 
G fi fii{ ‘fi'i 33%% % E T ;Ei io s oE £ % - jo fi::zi Most calculators can't even graph numbers this large! 

TR j R | Atthescale of this graph, it looks like there are almost 

30§ 16 24 32 40 48 56 64 72 80 no grains of rice until somewhere around the 56th 
Square number square. Only if we zoom in to the very first few squares 

Figure 6.18 y=2*"! 
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can we see some of the initial growth, as shown in 

Figure 6.19.



So, both visually and numerically, we can see that exponential functions 

  

can describe very rapid change. We will need to keep this in mind when g 20 

we consider the reasonableness of our models. g 

Of course, doubling the number of grains of rice on each square of a E 10 

chessboard might seem like an extreme example. However, many real-life ~ © 

phenomena double in a fixed interval. For example, a single bacterium 0 

in ideal conditions can divide itself into two bacteria every 15 minutes! 0 1 2 3 4 56 

Furthermore, any amount that increases by a fixed fraction will also double Square number 

in a fixed interval. For example, the mean university tuition increases in ~ Figure6.19 Zooming in on the graph 
the USA is 4.2% per annum. This doesn’t sound like much, but it means 

that the tuition rates have doubled about every 17 years. (Think: for a 

student at a US university, the cost of their children’s education will be at 

least twice as much as their own, if they have children right away.) 

Developing exponential models 

Exponential models can sometimes be developed from examining a table, as in 

the case of the grains-of-rice-on-a-chessboard example. Other times we know 

about or can hypothesise a percentage growth, doubling time, or growth factor. 

Any of these can be used to develop an exponential model. Example 6.10 looks 

at a situation where the growth rate is known. 

Example 6.10 

Suppose that a population of wombats is increasing at 7% per annum. 

The population at the beginning of 2018 is recorded to be 240 individuals. 

Assume that this rate of growth remains constant. 

(a) Develop a model for the population of wombats over time. 

(b) Use your model to predict the number of wombats at the beginning of 2025. 

(c) How long will it take the population of wombats to double? 

(d) An ecologist estimates that this region can sustain at most 1000 

wombats. In what year will the population reach 1000 wombats? 

| 

Solution 

(a) To develop a model, we start by making a table and see if we can see i o el 
a pattern. We start by simply adding 7% for each year. However, to where we are looking 

over time to think of the simplify our model, we start with year 0 as 2018. Bty i e e ) 

  

  

  

  

  

Yearssince | Calculationof | Number of L could be thestarting Year e e e hour, day, month, or 
8 number of wombats ‘wombats year, but doing so will 

2018 0 240 240 simplify the calculations 
2019 1 240 + 240 X 0.07 256.8 P e we have to be careful to 
2020 2 2568 + 256.8 X 0.07 2748 e kb ol 
2021 B 274.8 + 274.8 X 0.07 294.0 times or dates when             interpreting our results. 

m



Modelling real-life phenomena 

Although it doesn't There doesn’t seem to be an obvious pattern so far. However, if we make a 

e change to how we calculate the number of wombats we might have better 
256.8 wombats, we 

  

   

  

  

      

  

  

  

  

keep the decimal value luck. The key insight relies on a clever factorisation of our calculation: 
in order to make our — : 

sibseceis ca el stions 240 + 240(0.07) Original expression 

‘more accurate. On your _ S oo 240(1) + 240(0.07) Multlplylns by 1 does not change the value of 

the previous results to the expression 
maintain full precision _ Lo 
inyour calculations, s = 240(1 + 0.07) Distributive property 

shown below. — 240(1.07) Simplify 

2E2D0LT el Now we rewrite our table: 
256.8+256.8:0.07 274.776 
T — Years since Calculationof | Number of 

2018 number of wombats ‘wombats 

Figure 6.20 Store results to 2018 0 240 240 

maintain full precision 
2019 1 240(1.07) 256.8 
2020 2 256.8(1.07) 274.8 

2021 3 274.8(1.07) 294.0 
  

Finally, notice that we are multiplying 1.07 by the previous result each 

time. But, each previous result is also from multiplying by 1.07. So, we 

can then write the table like this: 
  

  

  

  

            
. Years since Calculation of Number of 

2018 number of wombats | wombats 
2018 0 240 240 
2019 1 240(1.07) 256.8 
2020 2 240(1.07)(1.07) 274.8 
2021 3 240(1.07)(1.07)(1.07) 294.0 
  

Now we see that we are repeating the same multiplication, adding 

another factor of 1.07 in each row. This means that the exponent of the 

1.07 factor is equal to the year since 2018. This allows us to write an 

exponential model in the final row of our table: 
  

  

  

  

  

    

o Years since Calculation of Number of 
2018 number of wombats | wombats 

2018 0 240 240 
2019 1 240(1.07)! 256.8 
2020 2 240(1.07) 274.8 
2021 3 240(1.07)° 294.0 

2018 + 1 n 240(1.07)" 240(1.07)"           

Expressed as a function, our model is P(n) = 240(1.07)" where P(n) is the 

population of wombats 1 years since 2018. 

Since 2025 is 2025 — 2018 = 7 years since 2018, our model predicts that 

the population of wombats will be P(7) = 240(1.07)” = 385 wombats. 

(c) To double, we need to solve the equation P(n) = 480, i.e., 480 = 240(1.07)". 

‘We can use a GDC to solve this equation. There are two common methods. 

(b 
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GDC graphical method 

Graph the left-hand side and the right-hand side of the equation 

480 = 240(1.07)" as two separate functions. We need to think carefully 

about a suitable viewing window. For the x axis, a domain of 0 < x < 20 

is a good start. Since the y axis is the number of wombats, and we know 

we are starting with 240 and looking for the point when the population 

is 480, we could choose 200 < y < 600 as a place to start and use the 
Intersect feature to find the solution, as shown in Figure 6.21. 

The population of wombats will reach 480 after 10.2 years. Therefore, the 

population will double every 10.2 years. 

GDC numerical solver method 

We could also use the numerical solver on a GDC (see Figure 6.22). 

Again, we see that the population of wombats will double after 10.2 years. 

( To find the year during which the population reaches 1200 wombats, 

solve P(n) = 1200 = 1200 = 240(1.07)" to obtain n = 23.8 (3 s.f.) 

Therefore, the population of wombats will reach 1200 after 23.8 years. 

But what year is that? It is 2018 + 23.8 = 2041.8, that is, during the year 
2041. 

We've now looked at two examples of exponential models relating to growth. 

The technique we used for developing the model is general. (In fact, it even 

works when there is a constant rate of decrease.) If we look back at the previous 

two examples, we can see that the general form of an exponential model is as 

follows. 

General form of an exponential model 
A quantity that is changing at a fixed fractional rate p per fixed period can be modelled by the 
exponential function 

S =k(1+p 

where k is the initial value of the quantity. 

In the general model, the fixed period we refer to may be days, hours, years, 

generations, chessboard squares, etc. Remember that p is the fraction of the 

previous value that is added each time. For example, if a quantity is doubling 

every period, we are adding 100% so p = 1. A quantity that increases by 10% 

every period has p = 0.10 

A quantity that decreases by 15% every period has p = —0.15 (we call this 

exponential decay). 

Sometimes, we add a constant c to the exponential model to obtain 
fx)=k1+p)*+c 

The value of ¢ represents the asymptotic value of the quantity. We will see this 

in the next example. 

  g 

(10.2,480) /B2 (x)=240- (107 
  

(=480 

  

Figure 6.21 GDC graphical 
method 

  
scotve{sE0-240-(1.07y7,m) 10:2889       

Figure 6.22 GDC numerical 

solver method 

Using a numerical solver 
feature on a GDC is 

a quick way to find a 
solution to an equation 

if you know that there 
is only one solution. 
(You can tell numerical 
solvers to look near a 

starting value that you 
guess, but it can be hard 
to guess where to start!) 

So, be sure that you 
have thought about the 
equation you are trying 
to solve and are confident 
that there is, in fact, only 

one solution. Otherwise, 
a numerical solver can 

give you a solution that 
doesn't make sense in the 
context of the equation. 

In this case, it is often 
worth taking the time to 
use the GDC to make a 
good graph of the model 
by setting the viewing 
window appropriately. 
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nsolve (20000=39000- 0.72)+1000, x) 

2.18508       

Figure 6.23 GDC numerical 

solver 

Approaching a constant 
value 

If a quantity is 
approaching a constant 

value ¢ from an initial 

value k + ¢, and the 

difference k — cis 

changing at a fixed 
fractional rate p per fixed 

period, the growth or 
decay in the quantity 

can be modelled by the 
exponential function 

fo=k(L+py+c 
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Interpreting exponential models 

As with any model, we need to be able to understand what an exponential 

model can tell us and how it might be useful. In this example, we will look at 

how to interpret an exponential model. 

Example 6.11 

The value of a certain new car decreases according to the model 

Vi) = 39.000(0.72)" + 1000 where V(#) represents the value in euros of the 

car t years after is it purchased. 

(a) Find the original purchase price of the car. 

(b) Interpret the meaning of the value 1000 in the model. 

(c) Calculate when the value of the car will be half its original value. 

Solution 

(a) The original purchase price is 

V(0) = 39000(0.72)° + 1000 = 39000 + 1000 = 40 000 euros. 

(b) The expression 39 000(0.72) tends toward zero as ¢ increases. Therefore, 

the value 1000 in the model represents the eventual or residual value of 

the car. (This is probably the value of the car as scrap!) 

(c) Since the original price of the car was 40 000, we are looking for 

V() = 20000 hence 20 000 = 39 000(0.72)! + 1000 

Our GDC numerical solver is useful here (see Figure 6.23). 

Therefore, the car will be worth half its original value after about 2.19 years. 

Notice that when we use an exponential model of the form fix) = k(1 + p)* + ¢, 

the value k is no longer the initial value. 

The generic statement of the model makes sense: if we consider Example 6.11, 

the original purchase price of €40 000 is not decreasing by a fixed percentage. 

Rather, it is the amount above the residual value of €1000 that is decreasing at a 

fixed percentage per period. Table 6.7 illustrates this idea. 

  

  

  

  

  

    

Percent change 
Ters |y, | Percentchange | Value () above | i ahove 

since in total value | residual value of 5 
T (€) - €100 residual value 

P! o2 of car 
0 40000 39000 

1 29080 —27.3% 28080 —28.0% 

2 21218 —27.0% 20218 —28.0% 

3 15557 —26.7% 14557 —28.0% 

4 11481 —26.2% 10481 —28.0%             

Table 6.7 The amount above the residual value decreases at a fixed percentage per period



It's common in science applications to use a different form of the exponential 

model. Instead of changing the base of the exponent by adding the fractional 

rate p to 1, we add a parameter r as a factor in the exponent and use the special 

base e: flx) = ke™. The value of r is often determined through experimental 

evidence. It turns out that the two models are equivalent, as Example 6.12 will 

show. 

Example 6.12 

A student measures the temperature of a cup of coffee at regular intervals in 

aroom where the temperature is 20°C. Table 6.8 shows her data. 

  

  

  

        

(a) Develop an exponential model of the form fix) = ke’ + ¢, where k, r, 0 95 

and c are constants to be determined. 1 79.00 

(b) Use your model to find the temperature of the coffee after 8 minutes. 2 6641 

(c) Use your model to predict when the temperature of the coffee will reach 5 5L 

room temperature, to 3 significant figures. G A2   

. . . Table 6.8 Data for Example 6.12 
(d) Find the rate of decrease in the difference between the coffee 

temperature and room temperature as a percentage per minute. 

| 

Solution 

(a) We know the coffee is cooling, so our model must be a decreasing 

exponential function. We also know that a decreasing exponential 

function will tend towards zero unless a constant is added, so the 

expression ke™ must represent the (decreasing) difference between the 

room temperature and the coffee, while ¢ represents room temperature 

(20°C). Therefore, ¢ = 20. Since fl0) = 95, we have 

95=ke®+20 = k=75 

Thus, so far we have fix) = 75e"* + 20 

Using the data value from the first minute, we know f(1) = 79.0 so 

79.0 = 75" + 20  Substitute known values 

0.787 = er Subtract 20 and divide by 75 

In0.787 = rlne Apply natural logarithm and use 

Ina" = nlna 

—0.240 =r Evaluate with GDC 

Therefore, the model is 

fix) = 75e70240x + 20 

(b) After 8 minutes, the coffee temperature is f(8) = 75e~021® + 20 = 31.0°C 

(c) Theoretically, the coffee cup will never reach room temperature 

according to the model. However, it will be within three significant 

figures of room temperature when the temperature is less than 20.05°C. 

So, we are looking for the time when fix) = 20.05 
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wsotvela0.05e75- 470245 120,) 
  30.4718     

Figure 6.24 GDC numerical 

solver 
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Algebraic approach 

20.05 = 75e~%21%% 4 20 Substitute known values 

6.67 X 1074 = e 0240 Subtract 20 and divide by 75 

In(6.67 X 10~*) = —0.240xIne  Apply natural logarithm and use 

Ina" = nlna 

30.5=x Evaluate with GDC, divide by —0.240 

Therefore the coffee temperature will be within 3 significant figures of 

room temperature after 30.5 minutes. 

GDC approach 

‘We can enter the equation directly into the numeric solver to obtain the 

same result as above. 

(d) At first, it might seem that we could simply calculate the percentage 

decrease from the data table. If we try this, we get this table. 

95 

79.00 —16.8% 

66.41 5 15:9% 

56.51 —14.9% 

48.72 —13.8% 

  

This doesn't make sense, since the percentage change must be 

constant. We need to read the question more carefully: ‘Find the rate 

of decrease in the difference between the coffee temperature and room 

temperature...’ Let’s try another table. 

95 75 

79.00 59.00 —21.3% 

66.41 46.41 —21.3% 

56.51 36.51 —21.3% 

48.72 28.72 —21.3% 

  

Therefore, the percentage change per minute in the difference between 

the coffee temperature and room temperature is —21.3% 

Notice that in part (d), what we are doing is removing the effect of the room temperature and. 
considering the cooling rate of the coffee. Algebraically, that means we are considering the 
expression 75¢ 24 Tf we are looking for a percentage rate, we could convert this expression into 
a percentage-decrease model by using a law of exponents: 

756303z Original expression 
=75(920)«  Using the law (x4 = x< 
=750.787%  Evaluate e "2 using GDC 

Notice that 1 — 0.213 = 0.787, confirming our result that the coffee temperature difference is 

decreasing by a fixed rate of 21.3%



[olalle=INIplEI oIz i (o]g) 

It's worth looking at the graphs of the last few models. Notice that in each case, 

the location of the horizontal asymptotes is given by the value of ¢ in the model 
foo=k(1+pF+c 

For the wombats in Example 6.10, ¢ = 0 so the asymptote is at y = 0. In that 

context, the horizontal asymptote is not meaningful because it occurs in 

negative ‘years since 2018, so there doesn't seem to be a useful interpretation 

of it. For the car in Example 6.11 (not shown), ¢ = 1000 so the asymptote is at 

= 1000. In that context, it represents the eventual (residual) value of the car. 

For the coffee in Example 6.12 (Figure 6.26), ¢ = 20 so the asymptote is at 

y = 20. In that context, it represents the room temperature, which 

is the eventual temperature of the coffee. 

A common use of exponential functions is half-life calculations. 

Half-life refers to a process of radioactive decay. A substance’s half-life is the average amount of 

time it takes for the activity of a substance to decrease to halfits previous value. Activity refers to 
the number of nuclei decaying at any time, measured in decays per second or Becquerel (Bg). 
For example, the half-life of fermium-253 is 3 days. If the activity of a sample of fermium-253 is 
100Bg, then after 3 days the activity will have decreased to 50 Bq. After another 3 days, the activity 
will be 25 B. 

Example 6.13 

All living things on Earth continuously take in carbon. Since a tiny fraction of 
the carbon on Earth is the naturally occurring radioactive isotope carbon-14, 

the fraction of carbon-14 in all living things is constant. However, once an 

organism dies, it stops taking in carbon and the carbon-14 in its body begins 
to decay. Because of this, scientists can use carbon-14 dating to determine 

how many years have passed since an organism died. 

A model for carbon-14 dating is A(f) = ke~ 012!, where A(f) is the activity 
of carbon-14 remaining from an initial activity k, after ¢ years. 

(a) Show that the half-life of carbon-14 is 5730 years, to 3 significant figures. 

(b) A tissue sample from a body discovered on the border between Austria and 

Ttaly has an average activity of 6.92 Bq. A sample of live tissue of the same 

size has an average activity of 12 Bq. Determine the age of the sample. 

- 

Solution 

(a) Using the model, A(f) = ke 009121, 3 half-life is the time taken for the 

activity of carbon-14 to halve. 

Therefore, we can set k = 2 and A() = 1 to find 

1 =2e-00021 = 57785 =t 
Therefore, to 3 significant figures, the half-life of carbon-14 is 5730 years. 

(b) Using the model, we obtain 6.92 = 12e 000021t = 4550 = ¢ 

Therefore, the age of the tissue sample is 4550 years. 

      
   

Horizon 
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yTFOo 

Figure 6.25 Horizontal asymptote 

aty=0 
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5 100 o < o Horizontal 
g asymptote 
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Figure 6.26 Horizontal asymptote 

aty =20 

Horizontal asymptotes 
For an exponential model 
of the form 
foo =K1+ pjr+ cor 
foo=ke=+c 
the graph of fhas a 
horizontal asymptote at 
y=c 
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Modelling real-life phenomena 

1. When a skydiver is falling towards the Earth, they will accelerate until 

the force of gravity is equal to air resistance. The velocity of the skydiver 

at this point is called terminal velocity. A skydiver records the difference 

between her velocity and terminal velocity every 5 seconds and obtains 

the data shown in the table. 
  

Free fall time (s) 0 5) 10 15 20 

Difference between velocity and 
terminal velocity (ms!) 

  

56 234 | 979 | 410 | L71                 

(a) Develop an exponential model for this data. 

(b) Find the difference between velocity and terminal velocity at 7 seconds. 

(c) When is the skydiver first within 5ms~! of terminal velocity? 

(d) Predict the time when the skydiver will be within 1 ms~! of 

terminal velocity. 

2. The number of bacteria in two colonies, A and B, starts increasing at the 

same time. The number of bacteria in colony A after ¢ hours is modelled 

by the function A(f) = 12e%4 

(a) Find the number of bacteria in colony A after four hours. 

(b) How long does it take for the number of bacteria in colony A to 

reach 4007 

The number of bacteria in colony B after t hours is modelled by the 

function B(f) = 24e* After four hours, there are 60 bacteria in colony B. 

(c) Find the value of k. 

(d) The number of bacteria in colony A first exceeds the number of 

bacteria in colony B after n hours, where n € Z. Find the value of n. 

3. The concentration of medication in a patient’s bloodstream is given 

by C(1) = 9(0.5)°92!, where C is in milligrams per litre t minutes after 

taking the medicine. 

(a) Write down C(0). 

(b) Find the concentration of medication left in the patients’ bloodstream 

after 40 minutes. 

(c) A patient takes the medicine at 14:00. The patient should take the 

medicine again when the concentration of medication reaches 

0.350 milligrams per litre. What time should the patient take the 

medicine again? 

4. A large lizard known as a Gila Monster is about 16 cm long at birth. 

For the first 8 years of its life, the Gila Monster’s length increases by 

about 8% each year. 

(a) Write a function to model the length L of a Gila Monster ¢ years 

after birth.



(b) Estimate the length of a 3-year-old Gila Monster. 

(c) Estimate the age of a 25-cm long Gila Monster. 

. DDT is a toxic insecticide that was widely used in the past. The function 

A = Ayek can be used to describe the amount A of DDT left in an area 

t years after an initial application of A, units. 

(a) Given that the half-life of DDT is about 15 years, find the value of k. 

(b) Find the amount of DDT left after 2 years when 50 units were 

initially applied to an area. 

(c) A sample of soil is tested and 35 units of DDT are found. It is known 

that the last application of DDT was 20 years ago. Find the initial 

amount of DDT applied to this soil. 

(d) In one area, 120 units of DDT are applied. Given that the safe level 

of DDT is 40 units, for how long will the area be unsafe? 

. In certain soil conditions, the half-life of the pesticide glyphosate is 

about 45 days. A scientist studying how this chemical decays wrote in 

his notes that the data in an experiment could be modelled with the 

function A(#) = 500(0.5) 

(a) Find A(0) and interpret in context. 

(b) Explain what the variable  represents in this context. 

(c) Find A(1) and interpret in context. 

. Sameera is baking a birthday cake. H(t), 

She places the cake mix in a 180 
preheated oven. The temperature 

in the centre of the cake mix in °C 

is modelled by the function 

H(t) = 180 — a(1.08) "' where 

time ¢ is in minutes after the mix 0 

is placed in the oven. The graph t(min) 

of H(t) is given. 

(a) Write down what the value of 180 represents in the context of the 

question. 

(b) The temperature in the centre of the cake mix was 22°C when placed 

in the oven. Find the value of a. 

(c) The cake is removed from the oven 29 minutes after the temperature 

in the centre of the cake has reached 150°C. 

Find the total time that the baking tin is in the oven. 
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Time | Temperature 
(minutes) o 

0 100 

2 85 

5 ? 

¥ 35       
Table 6.9 Data for question 9 
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Modelling real-life phenomena 

8. The number of fish, N, in a pond is decreasing according to the model 

N(t) = ab™' + 40, t = 0 where a and b are positive constants, and ¢ is the 

time in months since the number of fish in the pond was first counted. 

The fish are first counted in January. Some data collected is shown in the 

table. 
  

Month January May September 
Fish 850 100 ? 

(a) Find the value of a and of b. 

(b) Use your model to estimate the number of fish in September. 

  

            

(c) Use your model to find the first month when there were less than 

50 fish. 

(d) The number of fish in the pond will not decrease below p. 

Write down the value of p. 

9. A cup of boiling water is placed in T 

aroom to cool. The temperature 

of the room is 20°C. This situation 

can be modelled by the exponential 

function T = a + b(k~") where T 

is the temperature of the water, in 

°C, and m is the number of minutes 

for which the cup has been placed in 

the room. A sketch of the situation is given. 

(a) Explain why a = 20 

Table 6.9 shows some data about the temperature of the water. 

(b) Find the value of b and of k. 

(c) Find the temperature of the water 5 minutes after it has been placed 

in the room. 

(d) Find the total time needed for the water to reach a temperature 

of 35°C. Give your answer in minutes and seconds, correct to the 

nearest second. 

10. A potato is placed in an oven heated to a temperature of 200°C. 

The temperature of the potato, in °C, is modelled by the function 

P = 200 — 190(0.97)", where t is the time, in minutes, that the potato 

has been in the oven. 

(a) Write down the temperature of the potato at the moment it is placed 

in the oven. 

(b) Find the temperature of the potato half an hour after it has been 

placed in the oven. 

(c) After the potato has been in the oven for k minutes, its temperature 

is 40°C. 

Find the value of k.



11. The amount of electrical charge in 

a rechargeable battery is modelled 

by the function C(t) = 3 — 2.4°* 

where C(#) is the amount of charge 

after ¢ hours of charging. 

(a) Write down the amount of 

electrical charge in the battery 

att=0 

  

(b) The line L is the horizontal asymptote to the graph. Write down the 

equation of L. 

(c) The charging of the battery should stop when it is within 1% of 

the maximum charge possible. After how many hours should the 

charging stop? 

12. The number of cells, C, in a culture is given by the equation 

C = p X 2% + g, where t is the time in hours measured from 12:00 on 

Monday and p and g are constants. The number of cells in the culture 

at 12:00 on Monday is 47. The number of cells in the culture at 16:00 on 

Monday is 53. 

(a) Write down two equations in p and g . 

(b) Calculate the value of p and of q. In general, direct 
variation occurs when 

one quantity increases 
along with another 
quantity. Inverse 
variation occurs when 

one quantity decreases 

(c) Find the number of cells in the culture at 22:00 on Monday. 

Direct and inverse variation along with another 
quantity. 

Direct variation and inverse variation are two types of models that occur so If you have studied the 

often in real life that they deserve a special look. falling-object model or 
physics, you might protest 

In the following two sections, we will examine direct and inverse variation that the constant of 

models more carefully. variation must be 

equal m%g: 491ms! 
However, remember 

Direct variation that the falling-object 
model only perfectly 
describes objects falling 
in a vacuum or with 

Suppose a ball is dropped from the roof of a building. The distance the ball 

has fallen varies directly with the square of the time since it was dropped. negligible air resistance. 

Sy‘mbolica].ly, ‘we write In Earths atmosphere, 

the air resistance will 

d=at* decrease the acceleration 
of the object, so that its 

where d is the distance travelled, ¢ is the time elapsed, and a is a constant of acceleration will be less 
than 491 ms . The ball 
in this example could be 

At the instant the ball is dropped, it has travelled 0 metres. One second later, it fllligh“rifi;h‘ perforated 
plastic ball. 

variation that we will determine. 

has travelled 4 metres. 
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Notice that we cannot 

use the point (0, 0)to find 
the constant of variation. 
Why not? The point (0, 0) 

produces the equation 
0=0 
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By two seconds, it has travelled 16 metres. By three seconds, it has travelled 

36 metres. We can express this data as ordered pairs: 

(0,0), (1,4), (2,16), (3,36) 

How can we find the constant of variation? We simply need to substitute one of 

the ordered pairs into the model: 

4=a(1? = a=4 

Therefore the direct variation model is 

d =4t 

To be sure, we can check the other points for agreement: 

(2,16) = d=4Q22=16 v 

(3,36) = d=432=36 v 

Direct variation models are simplified polynomial models of the form 
y=ax"wheren€ Z, n>0 

‘The constant a is sometimes called the constant of variation. 

In common usage, direct variation s often used only to refer to linear direct variation models, 
where y = ax 
Here we use a broader definition, as shown in the key fact box. 

Example 6.14 

The cost C of a phone call varies directly with the length of the call m in 

minutes. A recent 5-minute phone call cost $0.60. 

(a) Write a direct variation model for this situation. 

(b) Use your model to predict the cost of a 7-minute phone call. 

(c) Find the length of a call that cost $1.56. 

(d) Write down the cost per minute for phone calls. 

1 

Solution 

(a) Since a 5-minute phone call cost $0.60, we have 

C=am = 0.60 = a(5) = a = 0.12 therefore the model is C = 0.12m 

(b) A 7-minute phone call would cost C = 0.12(7) = $0.84 

(c) A call that cost $1.56 must have 1.56 = 0.12m = m = 13 minutes. 

(d) From the model, we see that @ = 0.12. Therefore, calls cost $0.12 per 

minute.



Example 6.15 

  

The volume of a sphere varies directly with the cube of the radius of the 

sphere. You are given that a sphere with a radius of 14 cm has a volume of 
11500 cm? (3 s.£.). 

(a) Find a direct variation model. 

(b) Use your model to find the volume of a sphere with a radius of 7 cm, to 

3 significant figures. 

(c) Using 6 significant figures, find the percentage error between your 

  

model and the volume given by the formula V = %fl-fi for a sphere with 
Figure 6.27 Diagram for 
Example 6.15 radius 7 cm, to three significant figures. 

1 

Solution 

(a) Since the volume varies directly with the cube of the radius, we have 

V=ar? 

Given that a sphere with radius 14 cm has a volume of 11 500 cm?, we 

can solve for the constant of variation: 

11500 = a(14® = a=4.19 (3s.f) 

Therefore, our model is V = 4.1973 

(b) For a sphere of radius 7 cm, we have 

V = 4.19(7)> = 1437.17 = 1440 cm’® (3 s.f.) 

(c) The theoretical volume of a 7 cm sphere is V = %71-(7)3 = 1436.76 cm? 

[1436.76 — 1437.17] 
1436.76 

Inverse variation 

Suppose you want to hire a DJ for a party. The cost of the D] is $500 for the 

night. To cover the cost, you plan to sell tickets. What price should you set for 
the tickets, based on how many you think you will sell? This is a case of inverse 

variation, because the more tickets you sell, the lower the price per ticket can 
be in order to cover the cost of hiring the DJ. Consider a few data points: if you 

only sell one ticket, the ticket price will need to be $500 to cover costs (but it 

would be a lonely party!). If you can sell two tickets, then each one can be $250 
500 

(party for two!). If you can sell 10 tickets, then each one is 0 $50 

For 20 tickets, each one is % = $25. Ah-ha! We have already developed the 

model without even thinking (too hard) about it: to cover costs, the ticket price 

is the total cost divided by the number of tickets you can sell. Symbolically: 

500 
P==r 

There percentage error is therefore X 100 = 0.0285% 

where P is the ticket price and # is the number of tickets you must sell. 
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In Figure 6.28, we have 
drawn the graph as a 

series of dots but have 

not connected them. 
Why not? It’s not possible 

tosell 1.5 tickets - we 
can only sell whole 

tickets. So, we plot the 
graph as a series of points 

rather than a smooth 
function. However, for 
convenience, we often 

draw the graph as a 
smooth function even 

though that may not 
strictly represent reality. 

Inverse variation 

models are of the 

form y = ax" where 
nezZ,n<0 

The constant a is 
sometimes called the 

constant of variation. 

While it s quite common 
to state a weight in kg, it 
s technically incorrect. 
Kilogram (kg) is a unit 

of mass, not of weight. 
Weight is a force, 

which can be measured 

in Newtons (N) or 
kilogram-force (kgf); 

1kgfis equal to 9.81N. 
However, kgfis a non- 

standard unit. 

‘The answer to (b) might 
seem counter-intuitive: 

if the astronaut still 

weighs 530N on the 
International Space 

Station, why do we 
always see videos of 

astronauts floating? The 
answer is that the space 

station and the astronauts 
inside it are actually 

falling towards the Earth 
at the same rate, so the 
astronauts seem to be 

floating inside the space 
station. 
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Modelling real-life phenomena 

This produces an interesting graph, 
shown in Figure 6.28. Price per ticket 

  

5 

varies inversely with the number of 3 

tickets sold. g 
g 

Notice that in Figure 6.28 the graph §‘ 

approaches - but does not intersect - the & 
horizontal axis. This makes sense, because 

: 0 as we sell more and more tickets, we could 0 10 20 30 40 50 
reduce the price per ticket. But, if we give Number of tickets sold () 

away the tickets for free, we can’t possibly Figure 6.28 Price per ticket varies 
cover the cost of the DJ. inversely with the number of tickets sold 

In this example, we can rewrite our model using a negative exponent: 

p=2%0 - p=soon- 

This leads us to the definition of inverse variation models shown in the key 
fact box. 

Notice that the only difference between direct and inverse variation models is 

the sign of the exponent. 

Example 6.16 

The weight of an object varies inversely with the square of the distance from 
the centre of the Earth. At sea level (6370 km from the centre of the Earth), 

an astronaut weighs 600 N. 

(a) Find a model for the weight of the astronaut based on the distance from 

the centre of the Earth. 

(b) The International Space Station orbits at an altitude of 408 km. Find the 

weight of the astronaut while on board the International Space Station. 

(a) Find the required distance from the centre of the Earth for the astronaut 

to weigh half what she weighs at sea level. 

| 

Solution 

(a) Since the weight varies inversely with the square of the distance, we can 

write w = % where w is the weight in kg, d is the distance from the 

centre of the Earth, and a is the constant of variation that we will 

determine. We find a by substituting known values: 

a a 
== 600 = Y ET 6370° 

243 X 10 
77 

(b) At an altitude of 408 km, the distance from the centre of the Earth is 

6370 + 408 = 6778 km 

= a=243 X 10"   

Therefore our model is w = 

10 
Therefore the weight of the astronaut would be w = % =530N



(c) We need to solve 

_ 243 X101 
e 

300 = 30042 = 2.43 X 10 

=9010km (3s.f) 

  

1. Choose always/sometimes/never: 

(a) Direct variation models always/sometimes/never pass through the 

origin (0, 0). 

(b) Direct variation models are always/sometimes/never a type of 

polynomial model. 

(c) Direct variation models are always/sometimes/never a type of linear 

model. 

(d) Direct variation models are always/sometimes/never a type of 

exponential model. 

2. Choose always/sometimes/never: 

(a) Inverse variation models always/sometimes/never pass through the 

origin (0, 0). 

(b) Inverse variation models are always/sometimes/never a type of 

polynomial model. 

(c) Inverse variation models are always/sometimes/never a type of 

linear model. 

(d) Inverse variation models are always/sometimes/never a type of 

exponential model. 

3. Given that y varies directly with x, and y = 462 when x = 11, find: 

(a) ywhenx =5 (b) x when y = 672 

4. Given that y varies directly with the square of x, and y = 10 when x = 5, 

find: 

(a) ywhenx =20 (b) x when y = 40 

5. Given that y varies directly with the cube of x, and y = 250 when x = 5, 

find: 

(a) ywhenx =8 (b) x when y = 128 

6. Given that y varies inversely as x, and y = 10 when x = 5, find: 

(a) ywhenx =20 (b) xwheny = 0.5 

7. Given that y varies inversely as the square of x, and y = 10 when x = 5, 

find: 

(a) ywhenx =20 (b) xwheny =25 
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A regular dodecahedron 
has 12 pentagonal faces. 

-y 

g 
Figure 6.29 Dodecahedron 
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Modelling real-life phenomena 

8. Given that y varies inversely as the cube of x, and y = 54 when x = 5, find: 

(a) ywhenx =15 (b) xwhen y = 250 

9. The height of an image produced by a projector varies directly with the 

distance from the screen. The image is 1.5 metres tall when the projector 

is 2 metres from the screen. 

(a) Find a direct variation model for the size of the image S given the 

distance d from the screen. 

(b) Hence predict the size of the image for a projector 7 metres from the 

screen. 

(c) Use your model to find the distance required to project a 10-metre 

image. 

10. The velocity of a falling object varies directly with the amount of time it 

has been falling. 

(a) Given that an object that has been falling for two seconds has a 

velocity of 19.6 m s, calculate the constant of variation. 

(b) Calculate the velocity of an object that has been falling for 4 seconds. 

(c) Terminal velocity for a skydiver is approximately 200 kmh~!. 

Calculate the approximate number of seconds it takes a skydiver to 

reach terminal velocity according to this model. 

11. The position of a falling object varies directly with the square of the number 

of seconds it has been falling. We assume the initial velocity is zero. 

(a) Given that an object that has been falling for 10 seconds towards the 

surface of the Moon travels 162 m, find the constant of variation. 

(b) Calculate the distance an object falls in 5 seconds. 

(c) Calculate the time required for an object to fall 200 m. 

12. The radius of a satellite’s orbit around the Earth varies inversely with the 

square of the velocity of the satellite. 

(a) Given that a satellite that travels at a velocity of 7700 m s~ ! has an 

orbital radius of 6.75 X 106 m, calculate the constant of variation. 

(b) Find the orbital velocity of a satellite with an orbital radius of 

7.0 X 10°m. 

(c) Find the orbital radius of a satellite with a velocity of 8000 m s~1. 

13. The volume of a regular dodecahedron varies directly with the cube of 

the length of an edge a. 

(a) Give that the volume of a dodecahedron is 958 cm? with the edge 

length a = 5, find the constant of variation. 

(b) Find the volume of a dodecahedron when the edge length is 8 cm. 

(c) Find the edge length of a dodecahedron with volume 100 m?.



14. The power a wind turbine can generate varies directly with the cube of 

the wind speed. A certain turbine can generate 314 W when the wind 

speed is 8ms~1. 

(a) Find the constant of variation. 

(b) Find the power generated when the wind speed is 12ms™". 

(c) Find the wind speed necessary to generate 2000 W. 

Trigonometric models 

Trigonometric models are well-suited to describing phenomena that repeat 

themselves: tides, seasonal temperatures, motion of wheels, etc. In this section, 

we will examine the models y = asin(bx) + d and y = acos(bx) + d 

Exploration 

To be able to use the sine and cosine functions to model effectively, you need to 

understand how the parameters a, b, and d affect the graphs of the functions and 

the difference between the graphs of sine and cosine. This is best done by using a 

graphing application such as Geogebra and experimenting with different values 

of these parameters. Your goal is to observe carefully the effect each parameter 

has on the shape of the graph. Follow the suggestions below to help you to 

understand what a, b, and d do. Make sure you work in degree mode. 

1. What does a do? 

Use your graphing program to generate a graph of y = asin x. Experiment with 

different values of a and notice the effect on the graph. Make sure to set a to at 

least the following four values: a = 1, %, 2, =2 

You should notice that |al is equal to the amplitude of the graph, which is half 

of the wave height, as shown in Figure 6.30. Also, if a is negative, then the 

graph is reflected across the x axis. 

  

    wene| LY 
| —p60  —270 —1g0 —90 

         
Figure 6.30 Amplitude is half of wave height 
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360° 
  

180° 
  

720° 

      180°     

Table 6.10 Values of b and 

length of period     y = sin(2x) 

  

2. What does b do? 

Use your graphing program to generate a graph of y = sin(bx). Experiment 

with different values of b and notice the effect on the graph. Make sure to set b 
1 
3 2, =2 

You should notice that b controls the wavelength of the graph. In mathematics 

and science, we refer to this as the period of the function. The period is the 

distance it takes for the graph to repeat itself - the distance between two 

adjacent local maxima or local minima, for the sine and cosine functions. 

But, how exactly does b affect the period? If we 

Sersd= 2% write down the values of b and the length of the 

] period, we get Table 6.10. What can we observe? 

First we notice that the sign of b does not seem 

to make a difference to the period since the 

period is the same for both 2 and —2. Next, 

we see that as the absolute value of b increases, 

the period gets shorter. This suggests that the 

length of the period and the value of b vary 

inversely. We can also see from the table that the 

product of |b| and the period is a constant 360°. 

Therefore, we conclude that 

360° 
|blp = 360° = p= W This is shown in 

to at least the following four values: b = 1, 

Figure 631 Relationship between period and b Figure 6.31. 
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Also, notice that if b is negative, then the graph is reflected across the y axis. 

3. What does d do? 

Use your graphing program to generate a graph of y = sin(x) + d. Experiment 

with different values of d and notice the effect on the graph. Make sure to set d 
1 
5,2, 2 

You should notice that d controls the vertical position of the graph. Specifically, 

the value of d gives us the position of the principal axis of the function. 

The principal axis is a horizontal line with equation y = d (Figure 6.32). 

to at least the following four values: d = 0, 

y=sin(x) +2 principal axis at y =2 

  Figure 6.32 'The principal axis of a periodic function



‘What is the difference between the graphs of sine and cosine? 

Notice that in the questions above, we have only used sine. This is because the 

graphs of sine and cosine are very similar - the properties of a, b, and d are the 

same for both. However, there is an important difference between the graphs of 

sine and cosine. Graph the functions y = cos x and y = sin x and look carefully 

at the graphs. 

y=cosx y=sinx 

  

Figure 6.33 Comparison of sine and cosine graphs 

Look at the behaviour of both functions when x = 0, as shown in Figure 6.33. 

Cosine has a maximum at x = 0 and then decreases. For sine, when x = 0 

the graph increases from where the principal axis meets x = 0. Is that always 

true? It's not — remember how the parameters a, b, and d affect the graphs. For 

the cosine function, because the value of a can cause the graph to be reflected 

across the principal axis, when a < 0 cosine will have a minimum at x = 0 and 
then increase. For the sine function, when a < 0 the curve will decrease from 

where the principal axis meets x = 0. These graphs are shown in Figure 6.34. 

  

y=-cosx  y=rsinx 

Figure 6.34 When a < 0, the graphs of sine and cosine are reflected across the x axis. This causes a 

change in behaviour around x = 0 that is important for modelling 

‘The key findings of the exploration are summarised here. 
For the trigonometric models y = asin(bx) + dand y = acos(bx) + d 

Amplitude = |a| 
‘The amplitude is equal to half the wave height. 
For a < 0, the graph is reflected across the x axis. 

Period = 2> 
[ 

For b < 0, the graph is reflected across the y axis. 
‘The principal axis is at y = d 
Use a sine model when you want the initial value of the model to be equal to the location of the 
principal axis (half-way between the maximum and minimurm values). I the model should 
initially increase, let a > 0. If the model should initially decrease, let @ < 0. 
Use a cosine model when you want the initial value of the model to be a maximum (let a > 0) 
or minimum (let a < 0). 
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Modelling real-life phenomena 

  

Developing trigonometric models 

Now that we have an understanding of the parameters of trigonometric models, 

we can model some real-life periodic phenomena. 

Example 6.17 

A reflector is attached to a bicycle wheel at a point about 17 cm from the 

centre of the wheel. The radius of the wheel is approximately 30 cm. 
The wheel rotates clockwise and takes 4 seconds to complete one revolution. 

(a) Assuming that the reflector is at the top-most position at time t = 0 

develop a model for the height 1 of the reflector above the ground at any 

time ¢ in seconds. 

(b) Revise your model so that the reflector is at the bottom-most position at 
time t =0 

(c) Revise your model so that the reflector is at the right-most position at 

time t =0 

(d) Revise your model for a point on the outer edge of the wheel. Assume 
that the point is at the left-most position at time t = 0 

Solution 

(a) Since the radius of the wheel is 30 cm, and the reflector is 17 cm from 

the centre of the wheel, we know that the minimum height of the 

reflector is 30 — 17 = 13 cm. At the top-most position, the reflector will 
be 30 + 17 = 47 cm from the ground. Since the amplitude is half of the 

475013 

2 
  wave height, it must be =17cm,s0a = 17ora = —17. 

That makes sense since the reflector is located 17 cm from the centre of 

the wheel! Also, the principal axis must be halfway between the 

47 +13 

2; 
  minimum and maximum values, so it must be at =30cm, 

hence d = 30. That makes sense because the centre of the wheel is 30 cm 
above the ground. Since it takes 4 seconds for the wheel to complete one 
revolution, the period of our model must equal 4. We can then find |bl: 

360 360 360 Period === = 4=="" = |pl ====90 
bl bl 4 

Sob=900rb=—90 

Finally, we need to decide if a sine or cosine model is better suited for 

this situation. Since we are told that the reflector begins at the top-most 
point, our model must begin at a maximum. Therefore, we choose the 

cosine function, and we keep both a and b positive since no reflection 

across the x or y axis is needed. Thus, we have a = 17, b = 90, and 

d = 30, and our model is 

h = 17cos(90t) + 30



(b 

(c 

(d 

) 

We can check by graphing two h = 17cos(901) + 30 
complete periods (0 < t < 8) 

The graph appears to fit the 

behaviour we expect. 

  

    
    

For the reflector to start at the 

bottom-most position, the model 

must have a minimum as an initial 

value. In this case, we simply let a 

be negative, and revise our model 

accordingly: 

1) + 30 

    h = —17cos(901) + 30 
  

as shown in the graph. 0 3 4 6 8t 

For the reflector to start at the h h= —17sin(908) ¥ 30 
right-most position, the model S0, o | 
must have an initial value equal 

to the location of the principal axis. 

Therefore, we must choose a sine 

model. Also, we are told that the 

‘wheel rotates clockwise, which will 

cause the height of the reflector to o - 

initially decrease. Therefore, we must 

let a < 0 and so our model is: 

  

      
h = —17sin(901) + 30 

as shown in the graph. 

A point on the outer edge of the h = 30sin(901) + 30 

‘wheel will have a similar model, T 

but the amplitude of the model is 

now equal to the radius of the wheel. 

Also, since the point is in the 

left-most position at time t = 0, 

the model must increase initially. 

Therefore, we use a sine model 

with a = +30: 

  
h = 30sin(901) + 30 

as shown in the graph. 
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Figure 6.35 GDC screen for 

solution to Example 6.18 (c) 

  
e 212) /\ 

\4: 31, mnu 69,1 n» 1) \nm 
  

        i   
Figure 6.36 GDC screen for 

solution to Example 6.18 (f) 

‘We do not consider the 

next period, since the 

question asked only for 
the first ten minutes. 
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Example 

The height of a person on Vienna’s famous Riesenrad ferris wheel can be 

modelled by the function 

h(t) = acos(36(t —5)) +d 

where h(t) is the height in feet at time ¢ minutes. 

(a) Given that the diameter of the Riesenrad is 200 feet, deduce the value of a. 

(b) The boarding platform at the lowest point of the Riesenrad is 12 feet 

above the ground. Find the value of d. 

(c) Calculate the number of minutes until a person riding the Riesenrad 

reaches the top of the wheel. 

(d) Calculate the time required for one complete rotation. 

(e) Determine a reasonable domain and range for this model if each ride is 

exactly one complete revolution. 

(f) In one 10-minute ride, during what interval of time will a person on the 

Riesenrad be at least 100 feet above the ground? 

(g) Comment on the reasonableness of this model. 

| 

Solution 

(a) Since the diameter of the Riesenrad is 200 feet, the wave height of the 

model must be 200, so the amplitude a = 100 

(b) Since the minimum value of the function is 12 feet, the principal axis 

must be located at 12 + 100 = 112. Therefore d = 112 

(c) By graphing the model, we obtain the GDC screen shown in Figure 6.35. 

‘We can see that a local maximum is at t = 5 minutes. 

(d) Since the first maximum is reached 5 minutes after the first minimum 

(when the person boards the Riesenrad), we can conclude that one 

complete rotation takes 10 minutes. This agrees with the graph. 

(e Since one complete revolution takes 10 minutes, the domain for this 

model should be 0 < ¢ < 10. In that time, the person will travel from 

12 feet to 212 feet, so the range is 12 < h(t) < 212 

(f) Again, we can use our GDC to solve this, by adding a second function 

with the constant value of 100, as shown in Figure 6.36. 

Then, by using the Intersection command, we can find the times when a 

person goes above and below 100 feet. 

‘We see that a person would be at least 100 feet above the ground for 

2.31 < t < 7.69 minutes. 

Although this model is reasonable in principal, it assumes that the 

rotation speed of the wheel is constant. In reality, the wheel would need 

to stop at regular intervals to allow passengers to get on and off the ride. 

(g



1. At Cabot Cove the height of the ~ h(®) 

water in metres is read from a 6 
depth gauge in the water. The 

depth can be modelled by the 
function h(t) = pcos(q X t) + r, 

where t is the number of hours 

after high tide at 15:00 on 0 
10 March 2018. The diagram 
shows the graph of h, for 0 < h < 72 

      

   

  

B(13,5.8) 

A(65,2.2) 

The point A(6.5, 2.2) represents the first low tide and B(13, 5.8) represents 

the next high tide. 

(a) How much time is there between the first low tide and the next high tide? 

(b) Find the difference in height between low tide and high tide. 

(c) Find the value of p, g, and . 

(d) There are two high tides on 11 March 2018. At what time does the 

second high tide occur? 

(e) Calculate the number of minutes where the height of the water is at 

least 5.5 metres on 11 March 2018. 

2. The depth of water at a dock can be modelled by the function 

d(t) = acos(bt) + 6.2, for 0 < t < 18, where d(f) is the depth in metres 

t hours after high tide. At high tide, the depth is 9.0 m. Low tide is 
6.25 hours later, at which time the depth is 3.4 m. 

(a) Find the value of a and the value of b. 

(b) Use the model to find the depth of the water 9 hours after high tide. 

(c) A certain sailboat needs water at least 4.5 m deep. How many hours 
after high tide can it stay at the dock before it must leave? 

3. The height of a seat on a Ferris wheel can be modelled by the function 
h(t) = —22cos(40t) + 23, for t > 0, where h(t) is the height in metres 

after t minutes. 

(a) Find the height of the seat when t = 0 

(b) The seat first reaches a height of 35 m after k minutes. Find k 

(c) Calculate the time needed for the seat to complete a full rotation. 

4. The London Eye, a large Ferris wheel, has a diameter of 120 metres. 

One revolution of the wheel takes 30 minutes. Let A be a point at the 

bottom of the wheel, at ground level. 

(a) Write down the height of A above ground level after: 

(i) 15 minutes (ii) 20 minutes. 

(b) The function h(t) = acos(bt) + c gives the height in metres of point 

A after t minutes. Find a, b, and c. 

(c) Find the number of minutes that A is more than 100 metres above 

the ground during one rotation. 
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Figure 6.38 Diagram for question 7 
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5. A water-wheel rotates clockwise. Point P is at the right-most position on 

the wheel. 

The diameter of the wheel is 16 metres. The centre of the wheel, C, is 

5 metres above the water level. The height of point P above the water 
level is modelled by h(t) = asin(bt) + ¢ 

(a) Find the value of a 

(b) It takes 90 seconds for the wheel to rotate once. Find the value of b 

(c) Calculate the number of seconds point P is underwater during one 
rotation. 

. The number of hours of daylight in San Diego, California, can be 
modelled by the function d(t) = asin(bt) + ¢, where d(#) is the number of 

hours of daylight ¢ days after 21 March. The longest day has 14.4 hours 

of daylight and the shortest day has 9.6 hours of daylight. On 21 March 
there are 12 hours of daylight. Assume 365 days in one year. 

(a) Find the value of a and of ¢ 

(b) Assuming that the cycle of day lengths repeats exactly every year, 

find the value of b in the form 7 wherep,qe Z 

(c) Find how many days in a year have more than 14 hours of daylight. 

. The temperature in degrees Celsius during a 24-hour period is shown on 

the graph in Figure 6.38 and is given by the function fit) = acos(bt) + ¢, 

where a, b, and c are constants, ¢ is the time in hours, and (bf) is measured 

in degrees. 

(a) Write down the value of a. 

(b) Find the value of b. 

(c) Write down the value of c. 

(d) Write down the interval of time during which the temperature is 

increasing from —4°C to —2°C. 

The height, h(t), in centimetres, 

of a bicycle pedal above the 

ground at time t seconds is a 
cosine function of the form 

h(t) = Acos(bt) + C, where 

(bt) is measured in degrees. 

The graph of this function 

for 0 < t =< 4.3 is shown here. He
ig

ht
 o
f 
pe

da
l 

(c
m)

 

(a) Write down the maximum 

height of the pedal above 

the ground. Time (s) 

  

(b) Write down the minimum height of the pedal above the ground. 

(c) Find the amplitude of the function. 

(d) Hence, or otherwise, find the value of A and of C. 

(e) Write down the period of the function h(t), including units.
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(f) Hence find the value of b. 

(g) Calculate the first value of  for which the height of the pedal above 

the ground is 30 cm. 

(h) Calculate the number of times the pedal rotates in one minute. 

The depth, in metres, of water in a harbour is given by the function 

d = 4sin(0.5¢) + 7, where ¢ is in minutes, 0 < < 1440 
(a) Write down the amplitude of d. 

(b) Find the maximum value of d. 

(c) Find the period of d. Give your answer in hours. 

(d) On Tuesday, the minimum value of d occurs at 14:00. Find when the 

next maximum value of d occurs. 

The graph represents the T 
temperature (T° Celsius) 23 

in Washington measured ~ 22 

at midday during a period 21 

  

of thirteen consecutive 20, 

days starting at Day 0. 19 

These points also lie on 18 
the graph of the function 17 

T(x) = a + beos(cx), o 

0 < x < 12, wherea, b, 0 

ceR 

(a) Find the value of a and of b. 

(b) Find the value of c. 

(c) Using the graph, or otherwise, write down the part of the domain 
for which the midday temperature is less than 18.5°C. 

At Kabulonga Beach the height  h(z) 
of the water in metres is 15 A(9.75,13) 

modelled by the function 
h(t) = psin(q X t) + 1, 10 

where t is the number of 

hours after 8:00 hours on 5 

19 September 2018. 

  

The diagram shows the 

graph of h, for 0 < h < 48 

The point A(9.75, 13) represents the first high tide and B(3.25, 3) 

represents the first low tide. 

(a) How much time is there between the first low tide and the first high tide? 

(b) Find the difference in height between low tide and high tide. 

(c) Give a reason why p must be negative. 

(d) Find the values of p, g, and r. 

(e) There are two high tides on 20 September 2018. At what time does 

the second high tide occur? 
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Dayssince | Mass 
birth (kg) 

0 336 
4 34 

17 3.69 
45 5.29 
73 6.15 

Table 6.11 Baby mass 
recordings 
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Figure 6.39 Mass versus days 
since birth for a young child 
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Figure 6.40 Linear model for 

mass in terms of days after birth 
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;WA Modelling skills 

In the real world, it’s critical to be able to identify, develop, evaluate, and use 

models responsibly. In the preceding sections of this chapter we have examined 

different models and touched on many of the uses and limitations of models. 

However, it’s also important to be able to choose an appropriate model. 

One of the authors recorded the mass of his young baby at a several points after 

she was born. The data is given in Table 6.11. 

A graph of this data is shown in Figure 6.39. 

The data appears approximately linear, so the author used technology to 

generate a linear model for this data: 

m = 0.0408d + 3.24, where m is mass in kg, d days after birth. 

The model suggests that she is gaining 0.0408 kg per day, with an initial mass of 

3.24kg. Graphically, the model appears to fit the data reasonably well, as shown 

in Figure 6.40. 

Of course, the author was very interested in the eventual mass of his young 

baby girl. How much would she weigh she was one year old? Five years old? 

Ten years old? He used the model to make some predictions, shown in 

Table 6.12 (he even added leap days to be sure). 
  

Days since birth 365 (1ycar) | 1826 (5years) | 3652 (10 years) 
Mass (kg) 18.1 77.7 152 

  

            

Table6.12 Mass projections 

Are these results reasonable? A mass of 77.7 kg for a five-year-old girl is 

alarming, and a mass of 152 kg for a ten-year-old girl is definitely a cause for 

concern! 

‘What went wrong? The mathematical mechanics are perfectly correct. 

There are two flaws in our reasoning. One, our model choice (linear model) 

assumes that the rate of change is constant (in this case, 40.8 g per day), which 

is not correct; we know that the growth rate will decrease as the child gets older. 

Two, we extrapolated beyond known data. We will discuss both of these issues 

in this section. 

Choosing a model 

One of the most challenging parts of modelling in the real world is choosing an 

appropriate model. Often, we try to use our understanding of a situation when 

we are choosing and developing a model. Other times we may look at the shape 

of the data (as seen on a graph) to try to help us choose a model.



Here are some guidelines to help, with examples from the introduction to this 

chapter: 

« Consider the rate of change. 

o Isit constant? Try a linear model. 

Example: On a long flight, the airspeed of a plane is constant, so the 

distance remaining to the destination can be described by a linear model. 

o Is the quantity increasing/decreasing by a fixed percentage or ratio? Try 

an exponential model. 

Examples: Algae in a polluted lake doubles every 3 days; a bank account 

earns 5% quarterly interest, compounded annually; the value of a car is 

decreasing by 25% per year; what will the activity of a radioisotope be 

after a given time. 

o Is the quantity increasing/decreasing at a linearly increasing/decreasing 

rate? Try a quadratic model. 

Examples: The price to manufacture x units of some product decreases 

linearly, the revenue from selling x units can be described by a quadratic 

model; the velocity of a falling object changes linearly, the position follows 

a quadratic model. 

« Consider the nature of the phenomenon. 

o Does it relate volume to a linear quantity? Try a cubic model. 

Examples: The volume of a balloon relative to its diameter can be 

described by a cubic model; electricity generated by a wind turbine based 

on wind speed. 

o Isit cyclical/periodic/repeating? Try a trigonometric model. 

Examples: tide height; person on Ferris wheel; seasonal average temperatures. 

o Does one variable appear to be in constant ratio to a positive or negative 

power of the other variable? Consider a direct or inverse variation model. 

Examples: A DJ charges a fixed amount to provide music for a party, 

the cost per person can be described by an inverse variation model; the 

distance a dropped object has travelled varies with the square of elapsed 

time, use a direct variation model. 

« Consider the shape of the data. 

  

   
  

    
                      

      

Figure 6.41 Linear models 

  

Figure 6.42 Exponential models 

  

Figure 6.43 Quadratic models 

Figure 6.44 Cubic models 
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Figure 6.45 Trigonometric models Figure 6.46 Direct variation models ~ Figure 6.47 Inverse variation models 

197



198 

Modelling real-life phenomena 

Example 6. 

For each of the following examples, choose an appropriate model and state a 

reason why you chose it. 

(a) Modelling a person’s mass as a function of their height. 

(b) The number of hours of daylight in Tokyo each day of the year. 

(c) The population of bacteria in a Petri dish over time. 

(d) The resale value of a computer over time. 

(e) The distance from Earth for a Voyager space probe travelling away at a 

constant rate. 

(f) The height of the golf ball Alan Shepard hit on the moon in 1971. 

(g) The number of payments required to repay a loan as a function of the 

amount of the monthly payment. 

| 

Solution 

(a) Since weight is based on volume, and volume varies with the cube of 

height, we should use a cubic direct variation model of the form 

W = kh? 

(b) Number of hours of daylight per day is a periodic phenomenon, so a 

trigonometric model is appropriate. 

(c) The population of bacteria in a Petri dish will grow exponentially (until 

the maximum population for the dish is reached), so an exponential 

model is appropriate. 

(d) A computer’s value will depreciate exponentially, so an exponential 

model is appropriate. 

(e) Since the Voyager is travelling away from Earth at a constant rate, a 

linear model is appropriate. 

(f) The golf ball will follow a quadratic falling-object model as it is still 

subject to gravity (just less than on Earth). 

(g) If we increase the amount of the monthly payment, the number of 

payments we have to make decreases, and vice-versa. Since the total 

repayment amount (the value of the loan) is the product of the number 

of payments and the payment amount, this will be an inverse variation 

model of the form V=an = n= %where Vis the value of the loan 

(a constant), a is the amount of each payment, and  is the number of 

payments. 

Testing a model 

Once a model is developed (using the techniques in this chapter), it is 

important to test it. In fact, in real life, it is often the case that after testing 

amodel you decide to develop an alternative model or revise your existing



model. How do we test a model? We can test a model by looking at the fit of 

the model for the known data. If the model does not seem to fit well, it can be a 

sign that we do not fully understand the phenomenon we are trying to model. 

In that case, we may decide to try a different model, or perhaps more research 

is necessary! 

Developing useful models is the work of many people: economists, doctors, 

aid workers, actuaries, and many other researchers. This chapter is a basic 

introduction to the art and science of modelling. 

It is important to understand that, in the real world, for many topics, there 

is often no ‘right’ model. Instead, for real-life applications we often judge a 

model by its usefulness. What does it tell us about the data we have? Does it 

tell us something about the nature of the phenomena we are modelling? Does 

it allow us to make meaningful predictions? Are the predictions surprising but 

plausible? What assumptions are we making? Asking these sorts of questions is 

a crucial skill for the practicing mathematical modeller. In the context of this 

course, we can only simulate the sort of scenarios you might encounter in the 

real world in the hope that you might be critical and thoughtful in your future 

encounters with mathematical models. 

Example 6.20 

Anna is attempting to model the temperature of a pond at her school. 

She has collected 12 points of data, measuring the temperature of the pond 

every 2 hours. Based on her data, she believes a quadratic model may be 

useful so she has used the vertex and y-intercept to fit a model. The graph 

shows her data points and model. 
er   

  

S 

      lr.os do slsuser-defined 3.5     

(a) Give two reasons why Annas choice of model may not be appropriate. 

(b) Suggest a better model and give a reason why it would be more 

appropriate. 

_-——— 

Solution 

(a) Anna’s model doesn’t seem to fit the data very well. Also, the 

temperature of the pond probably varies during the day and night in a 

periodic way, which would not suggest a quadratic model. 

(b) Since the temperature of the pond probably varies periodically, 

a trigonometric model would be more appropriate. 
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Interpolation versus extrapolation 

As in the example at the start of the section, we can quickly get into trouble 

when we extrapolate. But what exactly is extrapolation? How can we tell when 

we are using a model appropriately and when we are extrapolating? One way to 

check is to look at the range of known data, as in Example 6.21. 

Example 6.21 

  

  

  

  

  

  

A used-car dealer has recently sold five of the Ageofcar | Sale price 

same kind of car, called the Canyonero. All five (years) [©) 

were in similar condition, but the ages of the cars 2 20000 

varied. The data are shown in the table. 3 14500 

The dealer decides to use the model 4 12000 

P =20000(0.75)*2 to describe the price of 6 6100 

the Canyonero (P represents the price and ¢ 10 2000         

represents the age in years). 

(a) Use the model to predict the price of a new Canyonero. 

Comment on the usefulness of your prediction. 

(b) Use the model to predict the price of an 8-year-old Canyonero. 

Comment on the usefulness of your prediction. 

(c) Use the model to predict the price of a 15-year-old Canyonero. 

Comment on the usefulness of your prediction. 

[, LS, > 

Solution 

(a) According to the model, the price of a new Canyonero would be 

P =20000(0.75)°"2 = $35600 (3 s.f.). Although this may seem like a 

reasonable prediction, our data only includes cars from 2 to 10 years old, 

so we cannot be confident in this prediction. Therefore, it is not a useful 

prediction. 

b According to the model, the price of an 8-year-old Canyonero would be 

P =20000(0.75)*"2 = $3560 (3 s.f.). Since 8 years is within the range 

of the age of cars in our data, we can be reasonably confident in this 

prediction. Therefore, this is a useful prediction. 

(c According to the model, the price of a 15-year-old Canyonero would be 

P =200001(0.75)'52 = $475 (3 s.f.). Not only does this value seem like 

a small amount, but it is not within the range of the age of cars in our 

data. Therefore, it is not a useful prediction. 

As you can see in Example 6.21, it is important to note that we decide whether 

a prediction is interpolation or extrapolation based on the range of our 

independent variable. This is easier to see when we look at a graph. 
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As shown in Figure 6.48, any predictions based on values y 

within the range of the independent variable are called 40000 10,85600) | | | | | | | 

interpolations. Therefore, any predictions for cars between T e 

2 and 10 years old would be interpolations and therefore 30000 [ 

relatively safe and useful. %Z’ =T Tt 
E 20000 T— 

On the other hand, any predictions based on values 

outside the range of the independent variable are called 

extrapolations. Therefore, any predictions for cars newer 

than 2 years old or older than 10 years old are considered 0 L 
extrapolations. Extrapolated predictions are less reliable 0 2 4 6 8 10121416 18 20 ¥ 

Extrapolation | Interpolation } Extrapolation 

10000 st — T ——t 
63560 (15,475)    

and therefore less useful, since we simply can’t be sure what 
the value of the car might be outside the range that we have Age of Canyonero (years) 
observed. Figure 6.48 Interpolation is based on the range of the 

independent variable 

Although itis tempting to look at the value of a prediction to decide whether a prediction is 
usefl or not, it i critical to consider first whether the value of the independent variable is within 
the range of known values of the independent variable. That is, we can decide whether a value is 
interpolation or extrapolation before we make a prediction. Prediction based on extrapolation 

should always be used with caution! 

Interpolations are predictions based on values within the range of known values of the 
independent variable. Extrapolations are predictions based on values outside the range of known 
values of the independent variable. 
Given a model f{x) based on data with minimum x value @ and maximum x value b,a < x < b 

* Ifa =< ¢ =< b, then fi¢) is an interpolated value. 

* Ifc<aorc> b,thenfic) is an extrapolated value. 

1. Identify appropriate models for the following situations. 

(a) The acceleration produced by exerting a constant force on various 
masses. 

(b) The total cost of fuel purchased at a fixed price per litre. 

(c) The area of a rectangle where the length is twice as large as the 
width. 

(d) Average monthly temperature over a year in Tokyo. 

(e) The volume of a cube as a function of its side length. 

(f) The value of a savings account growing at a fixed percentage rate. 

(g) The height of tide at a beach. 

(h) The value of a new car over time. 

(i) The cost for hiring a bus, per person. 

(j) The cost of a wedding as a function of the number of guests. 
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2. For the following data sets, identify the valid domain for interpolation. 

Assume we are treating the first row in the table as the independent 

variable. 
  

(a) [ Timeindive (s) | 2 4 | 6 
Velocity (ms™) | 10 | 53 | 90 
  

          

  

(b) [ 41 53 100 76 11 

y 334 | 318 | 523 | 47.3 | 16.6 

  

              

  

) [n 82 [ 39 | 55 [ 13| 85 

Pm) | 155 | 115 | 123 | 60 | 152 
                  

In general, what are the key feature(s) that we might see to suggest that 

we should use each of the following models: 

(a) Linear (b) Quadratic (c) Trigonometric 

(d) Exponential (e) Inverse 

Chapter 6 practice questions 

1. A city is concerned about pollution, and decides to look at the number 

of people using taxis. At the end of the year 2000, there were 280 taxis in 

the city. After n years the number of taxis, T, in the city is given by 

T=280 X 1.12" 

(a) Find the number of taxis in the city at the end of 2005. 

(b) Find the year in which the number of taxis is double the number of 

taxis there were at the end of 2000. 

At the end of 2000 there were 25 600 people in the city who used taxis. 

After n years the number of people, P, in the city who used taxis is given 
by P — 2560000 
Y710 + 90e o 

(c) Find the value of P at the end of 2005, giving your answer to the 

nearest whole number. 

(d) After seven complete years, will the value of P be double its value at 

the end of 20002 Justify your answer. 

Let R be the ratio of the number of people using taxis in the city to the 

number of taxis. The city will reduce the number of taxis if R < 70 

(e) Find the value of R at the end of 2000. 

(f) After how many complete years will the city first reduce the number 

of taxis?



2. The profit (P) in Swiss Francs made by three students selling homemade 

lemonade is modelled by the function P = — %xz + 5x — 30 where x is 

the number of glasses of lemonade sold. 

(a) Copy and complete the table. 
  

& 0 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 

15 90 75 | 50 
  

                          

(b) On graph paper draw axes for x and P, placing x on the horizontal 

axis and P on the vertical axis. Use suitable scales. Draw the graph of 

P against x by plotting the points. Label your graph. 

(c) Use your graph to find: 

(i) the maximum possible profit 

(ii) the number of glasses that need to be sold to make the 

maximum profit 

(iii) the number of glasses that need to be sold to make a profit of 

80 Swiss Francs 

(iv) the amount of money initially invested by the three students. 

(d) The three students Baljeet, Jane and Fiona share the profits in 

the ratio of 1:2:3 respectively. If they sold 40 glasses of lemonade, 

calculate Fiona’s share of the profits. 

3. The function Q(f) = 0.003#> — 0.625¢ + 25 represents the amount of 

energy in a battery after t minutes of use. 

(a) Write down the amount of energy held by the battery immediately 

before it was used. 

(b) Calculate the amount of energy available after 20 minutes. 

(c) Given that Q(10) = 19.05, find the average amount of energy used 

per minute for the interval 10 < t < 20 

(d) Calculate the number of minutes it takes for the energy to reach 

zero. 

4. Jashanti is saving money to buy a car. The price of the car, in US Dollars 

(USD), can be modelled by the equation P = 8500(0.95) 

Jashanti’s savings, in USD, can be modelled by the equation 

S = 400t + 2000 

In both equations ¢ is the time in months since Jashanti started saving 

for the car. 

(a) Write down the amount of money Jashanti saves per month. 

(b) Use your graphic display calculator to find how long it will take for 

Jashanti to have saved enough money to buy the car. 
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(c) Jashanti does not want to wait too long and wants to buy the car two 

months after she started saving. She decides to ask her parents for 

the extra money that she needs. Calculate how much extra money 

Jashanti needs. 

. A building company has many rectangular construction sites, of varying 

widths, along a road. The area, A, of each site is given by the function 

A(x) = x(200 — x) where x is the width of the site in metres and 

20=x=180 

(a) Site S has a width of 20 m. Write down the area of S. 

(b) Site T has the same area as site S, but a different width. Find the 

width of T. 

(c) When the width of the construction site is b metres, the site has a 

maximum area. 

(i) Write down the value of b 

(ii) Write down the maximum area. 

(d) The range of A(x)is m < Ax) < n 

Write down the value of m and of n. 

. Water has a lower boiling point at higher altitudes. The relationship 

between the boiling point of water (T) and the height above sea level (h) 

can be described by the model T = —0.0034h + 100 where T is measured 

in degrees Celsius (°C) and h is measured in metres above sea level. 

(a) Write down the boiling point of water at sea level. 

(b) Use the model to calculate the boiling point of water at a height of 

1.37 km above sea level. 

(c) Water boils at the top of Mt. Everest at 70°C. Use the model to 

calculate the height above sea level of Mt. Everest. 

. The temperature in °C of a pot of water removed from a cooker is given 

by T(m) = 20 + 70 X 2.727%4", where m is the number of minutes after 

the pot is removed from the cooker. 

(a) Show that the temperature of the water when it is removed from the 

cooker is 90°C. 

(b) Calculate the temperature of the water after 10 minutes. 

(c) Calculate how long it takes for the temperature of the water to reach 

56°C. 

(d) Write down the temperature approached by the water after a long 

time. Justify your answer. 

Consider the function S(m) = 20m —40for2<=m =<6 

The function S(m) represents the temperature of soup in a pot placed on 

the cooker two minutes after the water has been removed. The soup is 

then heated.
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(e) Comment on the meaning of the constant 20 in the formula for S(i) 

in relation to the temperature of the soup. 

(f) Solve the equation S(m) = T(m). Interpret the solution in context. 

(g) Hence describe by using inequalities the set of values of m for which 

S(m) > T(m) 

. Shiyun bought a car in 1999. The value of the car, V, in USD, is 

depreciating according to the exponential model V' = 25000 X 1.5-°%, 

t = 0, where t is the time, in years, that Shiyun has owned the car. 

(a) Write down the value of the car when Shiyun bought it. 

(b) Calculate the value of the car three years after Shiyun bought it. 

Give your answer correct to two decimal places. 

(c) Calculate the time for the car to depreciate to half of its value when 

Shiyun bought it. 

. In an experiment it is found that a culture of bacteria triples in 

number every four hours. There are 200 bacteria at the start of the 

experiment. 

(a) Write down the number of bacteria after 8 hours. 

(b) Calculate how many bacteria there will be after one day. 

(c) Find how long it will take for there to be two million bacteria. 

The cost per person, in euros, when x people hire an airplane can be 

determined by the function Cix) = x + @ 

(a) Calculate the cost per person when 40 people hire the airplane. 

(b) When the number of people who hire the airplane is a or b, the cost Peop! D 
per person is 33 euros. Find the value of a and of b. 

(c) When n people hire the airplane, the cost per person is the 

minimum possible value. Find n. 

(d) Find the minimum cost per person, to the nearest 0.01 euro. 

In Fairbanks, Alaska, there are 3.7 hours of daylight on 21 December. 

This is the shortest day of the year. The number of hours of daylight can 
be modelled by the function L(d) = pcos(q X d) + r, where L(d) is the 
number of hours of daylight d days after 21 December. 

(a) Write down the number of hours of daylight for the longest day of 

the year. 

(b) Give a reason why p must be negative. 

(c) Hence find the values of p and r. 
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Each of these news clips 
involves information in 

the form of numbers — 

length of time, number 
of responses, percent of 

‘wealth, etc. In each of the 

news items, conclusions 
can be drawn from 

the data presented. 

Statistics is a way to get 
information from data. 

Statistics is gathering, 
organising, and drawing 
conclusions from data. 
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Descriptive statistics 

  

Le: 

  

ing objectives 

By the end of this chapter, you should be familiar with... 

« concepts of population, sampling, random sampling, outliers 

(introduction), discrete and continuous data 

o reliability of data sources 

« sampling techniques and their effectiveness and bias in sampling 

« presenting data: frequency tables for discrete and continuous data, 

histograms, and cumulative frequency tables and graphs 

« how to find median, quartiles, percentiles, range and interquartile range 

(IQR) and identify outliers 

 interpreting box-and-whisker plots, and comparing distributions using 

box-and-whisker plots 

« central tendency and spread of data; calculation of mean and standard 

deviation; effects of constant changes on the original data. 

Statistics are used daily in newspapers, on television, on the internet, in 

advertisements, and in ordinary conversations. Consider the following 

examples. 

« Ina certain large city, people complain that police take a long time to 

respond to calls for help. A news reporter collected some data over a month 

and discovered the following: for 1200 victims of a major assault, it took an 

average of 5 minutes and 20 seconds for the victim to call the police. Once 

the police were called, she found out that on average a police car was on the 

scene within 2 minutes and 40 seconds. 

« A person sent 10 job applications with his original name and 10 applications 

with a popular name. The applications with the original name received no 

response. Those with the popular name received 8 responses. 

 Business Insider (19 July 2016) reported that just four countries are home 

to over 60% of the world’s high net worth individuals, according to the 

‘World Wealth Report by the consulting firm Capgemini. 

« The UK Office for National Statistics reported that households without 

children spent a higher proportion of their total spending on transport than 

households with children. (Statistical Bulletin, 18 January 2018.) 

« Antibacterial soaps are no better than regular soap. This is the result of a 

study carried out in a large city with 448 households where 224 were given 

antibacterial soaps and the other 224 were given normal liquid soap. The 

families used the soap for a year. All participants’ hands were cultured for 

bacteria at the beginning and the end of the study. By the end of the year, 

tests revealed that they had the same number of bacteria regardless of which 

soap they used.



7,1 Data and variables 

Data are numerical evidences. To learn from data, we need more than just the 

numbers. The numbers in a medical study, for example, mean little without 

some knowledge of the goals of the study and of what blood pressure, heart 

rate, and other measurements contribute to those goals. That is, data are 

numbers with a context, and we need to understand the context if we are to 

make sense of the numbers. On the other hand, measurements from the study’s 

several hundred subjects are of little value to even the most knowledgeable 

medical expert until you organise, display, and summarise them. We start with 

examining data. This branch of statistics is called descriptive statistics. 

Example 7. 

A new advertisement for an ice-cream in May last year resulted in a 35% 

increase in sales. Therefore, the advertisement was effective. Do you agree? 

e 

Solution 

A major flaw in this argument is looking at the numbers only. A 35% 

increase is good. However, knowing the purpose and background is also 

important. In the northern hemisphere, general sales of ice-cream increase 

in the months of June, July, and August regardless of advertisements. 

Individuals are the 

objects described in a set 
3 of data. Individuals are 

the objects that we want 

Any set of data contains information about some group of individuals. tostudy are not people, 
we often call them cases. 

The information is organised in variables. & Units, objects and other 

  

  

  

  

Take for example part of the school records by the end of school year, "a“:: are frequeatly 
used too. 

which may look like Figure 7.1. o Avariable s any 
Variable characteristic of an 

— individual. A variable can 
PR 1) | || @l || o] [ o take diffrent values for 
g 1101 F 6 85 25640 different individuals. 
individual, 
or object 1102 ™ 8 | 72 J31200 

1103 M 2 93, 18700               

Observation, value, 
measurement 

Figure7.1 A sample of school records 

The data set is constructed to keep track of some information about the 

students. The individuals are the students in the class. There are five variables 

in this data set. These include an identifier for each student - ID, gender, class, 
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A qualitative 
(categorical or attribute) 

variable places an 
individual into one of 

two or more groups or 
categories. 

A quantitative variable 
takes numerical values 

representing counts or 
‘measurements for which 

arithmetic operations 
such as adding and 

averaging make sense. 
Quantitative variables 

can be split into two 
types. 

Discrete variables 

result from a finite 

(countable) number of 
possible values. Number 

of children in a family, 
number of customers 

waiting to be served, the 
number of eggs a hen 

can lay per week, etc. are 
discrete variables. 

Continuous variables 

can have infinitely many 
possible values that can 

be associated with points 

on a continuous scale in 

such a way that there are 
1o gaps or interruptions. 
‘The time it takes to finish 

your homework, the 
thickness of a hard disk, 

the amount of milk a cow 

can produce per day, etc. 

are continuous variables. 

‘The distribution of a 

variable tells us what 

values it takes and how 
often it takes these 

values. 

Population is the 
complete collection of all 

elements (scores, people, 
measurements, etc.) to be 

studied. 

A sample s a sub- 
collection of elements 

drawn from a population. 
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final score, and fee. There are no units of measurement for ID, gender or class. 

The other variables both have a unit. For example, Final could be a number 

of marks and Fee is probably a currency. Some variables, like gender and 

class, simply place individuals into categories. Others, like Final and Fee, take 

numerical values for which we can do arithmetic and find averages. 

It makes sense to give an average grade or fee, but it does not make sense to 

give an average gender. We can, however, count the numbers of female and 

male students and do arithmetic with these counts. 

Example 7. 

Identify each variable as qualitative or quantitative, and if quantitative, 

whether it is discrete or continuous. 

(a) A cigarette contains 16.13 mg of tar. 

(b) There were 15 females and 21 males in the statistics course last term. 

(c) Major earthquakes happened in 1952, 1960, 1964, 2004, and 2011. 

(d) The average rainfall in Rio de Janeiro for the first 6 months of the year is: 

114 mm, 105 mm, 103 mm, ... 

(e) Upon completion of training for his upcoming bicycle race, Kevin's mass 

was 3.26 kg less than when he started. 

(f) Zip codes (post codes) of a country. 

e 

Solution 

(a) Quantitative, continuous 

(b) Qualitative 

(c) Quantitative, discrete 

(d) Quantitative, continuous 

(e) Quantitative, continuous 

(f) Qualitative (There is no numerical meaning, they are just numbers and 

sometimes letters.) 

Populations and samples 

Descriptive statistics is a range of methods for planning the collection of, 

collecting, organising, summarising, and presenting data. There are also tools 

to analyse, interpret, and draw conclusions based on the collected data. This 

is called inferential statistics. At the core of these two branches we have the 

concepts of population and sample. 

If we are interested in predicting which party will win the next elections, then our 

population will be all registered voters. An opinion poll organisation will choose 

a certain number of voters and ask them about their preferences. This is a sample.



   
    

Population 

Figure 7.2 Population and sample 

A computer company buys a shipment of hard disks from a supplier. The A parameter is a 
contract with the supplier states that less than 1% of the disks may be defective. numerical characteristic 

i 5 - of the population. 
The company cannot test all the shipment. It is time-consuming, costly, and Nl 

also partly damages the units. They perform what is called acceptance sampling characteristic of the 
by taking a sample, say of 100 disks, and if more than 1 defective disk is found, sample. 

the shipment is returned. The whole shipment is the population and the 100 

disks selected is a sample. 

Information contained in the sample is usually used to make an inference 

concerning a parameter, which is a numerical characteristic of the population. 

For instance, in predicting the winning party in elections, we are interested 

in the proportion of voters choosing that party on election day. That is a 

parameter. If we are interested in the average time commuters spend on 

using public transport, then that is a parameter. A parameter is estimated by 

computing a similar characteristic of the sample. This is called a statistic. 

150 000 European Union students attend university in the UK. To estimate 

the average yearly expenditure of these students a service provider plans to 

conduct a study by interviewing 500 students. 

What is the population, the parameter, the sample and the statistic? 

L 

Solution 

The population is the 150 000 EU students in the UK. 

The parameter is the average yearly expenditure. 

The 500 students who will be interviewed constitute a sample. 

The average expenditure of this sample is a statistic that could be used to 

estimate the parameter of interest. 
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Sampling 

As you know by now, any study concerning populations needs data to be 

collected. Usually we do not collect data from the entire population. For statistical 

studies, data from samples is used. Schemes similar to the one below are followed: 

« Specify the population of interest. 

« Choose an appropriate sampling method. 

« Collect the sample data. 

« Analyse the pertinent information in the sample. 

« Use the results of the sample analysis to make an inference about the population. 

« Provide a measure of the inference’s reliability. 

    
  

‘Choose a sampling Use inferential 
Rese?rch SowY e it statistics to draw 
problem pOPulatm T data conclusions 

    

    

   

  

    
  

A sample that represents 

the characteristics of the 
population as closely 
as possible is called a 

representative sample. 
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Figure 7.3 Sampling process 

Reasons for sampling 

Taking a sample instead of conducting a census offers several advantages. 

« The sample can save money and time. If an eight-minute interview is being 

undertaken, conducting the interviews with a sample of 100 people rather 

than with a population of 100 000 is obviously less expensive. In addition 

to the cost savings, the significantly smaller number of interviews usually 

requires less total time. 

« For given resources, the sample can broaden the scope of the study. 

With fixed resources, more detailed information can be gathered by 

taking a sample than gathering information from the whole population. 

Concentrating on fewer individuals or items, the study can be broadened 

in scope to allow for more specialised questions. 

« Some research processes are destructive to the product or item being 

studied. For example, if light bulbs are being tested to determine how 

long they burn or if candy bars are being taste tested to determine 

whether the taste is acceptable, the product is destroyed. 

« Ifaccessing the entire population is impossible, a sample is the only option. 

If sampling is deemed to be appropriate, it must be decided how to select a 

sample. Since the sample will be employed to draw conclusions about the 

entire population, it is crucial that the sample is representative - it should 

reflect as closely as possible the relevant parameter of the population under 

consideration.



ndom and random sampling 

The two main types of sampling are random and non-random. In random 

sampling every unit of the population has the same probability of being 

selected into the sample. Random sampling implies that chance enters into the 

process of selection. 

In non-random sampling not every unit of the population has the same 

probability of being selected into the sample. 

Sometimes random sampling is called probability sampling and non-random 

sampling is called nonprobability sampling. Because every unit of the 

population is not equally likely to be selected in non-random sampling, assigning 

a probability of occurrence is impossible. The statistical methods presented and 

discussed in your syllabus assume that the data comes from random samples. 

ndom samplir 

Three basic random sampling techniques - simple random sampling (SRS), 

stratified random sampling, and systematic random sampling - are discussed 

here. Each technique offers advantages and disadvantages. Some techniques 

are simpler to use, some are less costly, and others show greater potential for 

reducing sampling error. 

Sampling or chance error 
Generally, all samples selected from the same population will give different results because they 
contain different elements of the population. Additionally, the results obtained from any one 
sample will not be exactly the same as the ones obtained from a census. The difference between 

asample result and the result we would have obtained by conducting a census is called the 

sampling error, assuming that the sample is random and no non-sampling error has been made. 
Non-sampling errors can occur both in a sample survey and in a census. Such errors occur 
because of human mistakes and not chance. 

Simple random sampling 

The most elementary random sampling technique is simple random sampling. 

Simple random sampling can be viewed as the basis for the other random 

sampling techniques. With simple random sampling, each unit of the frame is 

numbered from 1 to N (where N is the size of the population). Next, a random 

number generator (or a table of random numbers, which is an outdated 

technique) is used to select n items into the sample. 

Suppose it has been decided to interview 20 out of 659 high school students in 

a school to form an understanding of their views of a new block-scheduling the 

school wants to adopt. 

We number the students from 001 (or simply 1) to 659 and have a random 

generator choose 20 of them. The numbers chosen will be your sample. The 

GDC output gives us a list of chosen numbers. The screenshot (Figure 7.4) 

shows five of them. 

Non-random sampling 
methods are not 
appropriate techniques 
for gathering data to 
be analysed by most of 
the statistical methods 
presented in this book. 

However, several 

non-random sampling 
techniques are described 
in this section, primarily 
to alert you to their 
characteristics and 
limitations. 

Sampling error occurs 
when, by chance, 
the sample does not 
represent the population. 

  
RanInt#(1,659,20) 
{217,100,191,518,252»       

Figure 7.4 GDC random 
number generator 
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In a stratified random 

sample, we first divide 
the population into 

subpopulations, which 
are called strata. Then, 
one sample is selected 

from each of these 

strata, The collection 

of all samples from all 

strata gives the stratified 
random sample. 

In statistics, the 
convention is that when 
we say between 20 and 

30, 20 is included but 30 

is not. 

One advantage of 
stratified sampling is that 

in addition to collecting 
information about 

the entire population, 

we can also compare 
different strata. For 

example, in Figure 7.5, 
the information we get 

will also help us compare 
the different age groups 

among each other. 
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Stratified random sampling 

In stratified random sampling, the population is divided into non-overlapping 

subpopulations called strata. The researcher then extracts a sample from each 

of the subpopulations. The main reason for using stratified random sampling is 

that it has the potential for reducing sampling error. 

With stratified random sampling, the potential to match the sample closely 

to the population is greater than it is with simple random sampling because 

portions of the total sample are taken from different population subgroups. 

However, stratified random sampling is generally more costly than simple 

random sampling because each unit of the population must be assigned to a 

stratum before the random selection process begins. 

Strata selection is usually based on available information. Such information 

may have been obtained from previous censuses or surveys. Stratification 

benefits increase as the strata differ more. Internally, a stratum should be 

relatively homogeneous; externally, strata should contrast with each other.     For example, in FM radio 

markets, age of listener is an 

important determinant of the 

type of programming used by 

a station. Figure 7.5 contains a 

stratification by age with three 

strata, based on the assumption 

that age makes a difference in 

preference of programming. Figure7.5 Stratified random sampling 
This stratification implies that 

listeners of 20 to 30 years of age tend to prefer the same type of programming, 

which is different from that preferred by listeners of 30 to 40 and of 40 to 

50 years of age. Within each age subgroup (stratum), there is homogeneity; 

between each pair of subgroups there is a difference, or heterogeneity. A sample 

from each stratum is taken and together they constitute a representative sample 

of the whole population. 

Representative sample 

Systematic sampling 

Unlike stratified random sampling, systematic sampling is not done in an 

attempt to reduce sampling error. Rather, systematic sampling is used because 

of its convenience and relative ease of administration. With systematic 

sampling, every kth item is selected to produce a sample of size # from a 

population of size N. The value of k, sometimes called the sampling cycle, 

can be determined using 

_N 
k=% 

If k is not an integer value, then a whole-number value should be used.



For example, suppose we need a sample of 20 students from the 659 high 

school students using systematic sampling. n = 20 and N = 659, so: 

_69 
20 

k 32 

From the list of 659 students we randomly choose a starting number between 1 

and 32, say 11 for example, and then after that we choose every 32nd number, 

ie, 11+ 32 =43,75,107 

Besides convenience, systematic sampling has other advantages. 

Because systematic sampling is evenly distributed across the 

population, a knowledgeable person can easily determine whether 

a sampling plan has been followed in a study. 

random sampling 

Sampling techniques used to select elements from the population by any 

mechanism that does not involve a random selection process are called non- 

random sampling techniques. Because chance is not used to select items 

for the samples, these techniques are non-probability techniques and are not 

desirable for use in gathering data to be analysed by standard methods of 

inferential statistics. Sampling error cannot be determined objectively for these 

sampling techniques. Two non-random sampling techniques are presented 

here: convenience sampling, and quota sampling. 

Convenience sampling 

In convenience sampling, elements for the sample are selected for the 

convenience of the researcher. The researcher typically chooses elements that 

are readily available, nearby, or willing to participate. The sample tends to be 

less variable than the population because in many environments the extreme 

elements of the population are not readily available. The researcher will select 

more elements from the middle of the population. For example, a convenience 

sample of homes for door-to-door interviews might include houses where people 

are at home, houses with no dogs, houses near the street, first-floor apartments, 

and houses with friendly people. In contrast, a random sample would require 

the researcher to gather data only from houses and apartments that have been 

selected randomly, no matter how inconvenient or unfriendly the location. 

If research is carried out in a mall, a convenience sample might be selected 

by interviewing only shoppers who pass the location and look friendly. 

Quota sampling 

Quota sampling appears to be similar to stratified random sampling. 

However, instead of selecting a sample from each stratum, we use a 

non-random sampling method to gather data from one stratum until 

the desired quota of samples is filled. Quotas are described by setting 

the sizes of the samples to be obtained from the subgroups. Generally, 

a quota is based on the proportions of the subclasses in the population. 
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For example, a company is test marketing a new soft drink and is interested 

in how different age groups react to it. The researchers go to a shopping mall 

and interview shoppers aged 16-20, for example, until enough responses are 

obtained to fill the quota. In quota sampling, an interviewer would begin by 

asking a few filter questions; if the respondent represents a subclass whose 

quota has been filled, the interviewer would stop the interview. 

Quota sampling can be useful if no previous information is available for the 

population. For example, suppose we want to stratify the population into 

cars using different types of winter tyres but we do not have lists of users of 

a particular brand of tyres. Through quota sampling, we would proceed by 

interviewing all car owners and rejecting all users who do not use the particular 

brand until the quota of users of the particular brand is filled. 

Quota sampling is less expensive than most random sampling techniques because 

it essentially is a technique of convenience. Another advantage of quota sampling 

is the speed of data gathering. We do not have to call back or send out a second 

questionnaire if we do not receive a response; we just move on to the next element. 

The problem with quota sampling is that it is a non-random sampling technique. 

Some researchers believe that a solution to this issue can be achieved if the 

quota is filled by randomly selecting elements and discarding those not from a 

stratum. This way quota sampling is essentially a version of stratified random 

sampling. The object is to gain the benefits of stratification without the high 

costs of stratification. However, it remains a nonprobability sampling method. 

1. Identify the experimental units, sensible population and sample on 

which each variable is measured. Then indicate whether the variable is 

quantitative or qualitative. 

(a) Gender of a student. 

(b) Number of errors on a final exam for 10th grade students. 

(c) Height of a newly born child. 

(d) Eye colour for children aged less than 14. 

(e) Amount of time it takes to travel to work. 

(f) Rating of a country’s leader: excellent, good, fair, poor. 

(g) Country of origin of students at international schools. 

2. For each situation: 

(i) identify the population 

(ii) give two examples of how an appropriate sample of the population 

can be obtained. 

(a) A large high school with students in grades 10-12 has 42 classes 

with a total of 1176 students. Information about sizes of students 

are needed for the school to stock enough sweatshirts for those 

interested in purchasing one. The sample size required is 30.



(b) In a machine parts factory, bolts are produced on an assembly line 

in three shifts and are collected in large containers. For quality 

control purposes, bolts are to be tested for their size and strength 

using a digital sensor. 

. Identify each variable as numerical (quantitative) or categorical (qualitative) 

data. If the data is numerical, classify it as discrete or continuous. 

(a) The blood type of a group of blood donors. 

(b) The number of cars each family in a community has. 

(c) The length of a fish caught from a pond. 

(d) The amount of time spent per evening studying mathematics. 

(e) The volume of liquid in a canned drink. 

(f) The number of languages spoken in a given community. 

(g) 100-metre race times. 

(h) Colours used by maths teachers to write on their whiteboards. 

(i) The rating of trumpet solos as superior, excellent or good. 

. Group the set of situations as categorical or numerical. For the 

numerical data, identify each as discrete or continuous. 

(a) Volume of paint in a can. 

(b) Number of children in a family. 

(c) Time taken to finish a marathon. 

(d) The length of an average children’s film. 

(e) The height of the students in an IB Mathematics class. 

(f) The average carbon dioxide emissions in a large city. 

(g) The religion(s) practiced in each household of a city. 

. Classify each as an example of descriptive or inferential statistics. 

(a) Gathering data to determine if the average mass of 16-year-old 

football players in the UK is 60 kg. 

(b) Gathering data to determine a basketball player’s free throw 

percentage for a season of 10 games. 

. State whether inferential or descriptive statistics would be needed for 

the following. 

(a) Finding the average mass of all 12-year-old boys in Spain. 

(b) Finding the average amount of money you spend on entertainment 

for the next 3 months. 

(c) Finding the number of heads that show after flipping a coin 100 times. 

(d) Determining if the proportion of women who wear seat belts is 

greater than the proportion of men who wear seat belts. 

(e) Determining if the average IB Mathematics score for boys is greater 

than the average IB Mathematics score for girls. 
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7. A professor wanted to select 20 students from his class of 300 students 

to collect detailed information on their profiles. He used his knowledge 

and expertise to select these 20 students. 

(a) Is this sample a random or a non-random sample? Explain. 

(b) Is this an SRS, a systematic sample, a stratified sample, a 

convenience sample, a judgment sample, or a quota sample? 

Explain your answer. 

(c) What kind of error, if any, will be made with this kind of sample? 

Explain. 

Suppose the professor enters the names of all the students enrolled in his 

class on a computer. He then selects a sample of 20 students at random 

using a statistical software package. 

(d) Explain whether this sample is random or non-random. 

(e) Explain what kind of sample it is. 

(f) Do you think any error will be made in this case? Explain your 

answer. 

8. A company has 1000 employees, of whom 58% are men and 42% are 

women. The research department at the company wanted to conduct 

a quick survey by selecting a sample of 100 employees and asking 

them about their opinions on an issue. They divided the population 

of employees into two groups, men and women, and then selected 58 

men and 42 women from these respective groups. Explain what kind of 

sample it is. 

9. A large university would like to determine the views of its students on 

an increase in fees. They would also like to compare the faculties of 

business and arts and sciences as well as the graduate school. Describe a 

sampling plan to achieve this goal. 

10. An opinion poll is to be given to a sample of 90 members of a local gym. 

The members are first divided into men and women, and then a simple 

random sample of 45 men and a separate simple random sample of 45 

women are taken. What sampling method has been used? Explain. 

7_2 Displaying distributions using graphs 

Statistical tools and ideas help us examine data in order to describe their main 

features. This examination is called exploratory data analysis. Like an explorer 

crossing unknown lands, we want first to simply describe what we see. 

One efficient approach is to begin with a graph or graphs. Then add numerical 

summaries of specific aspects of the data. This section presents methods for 

describing a single variable.



There are several ways of summarising and describing data. Among them are 

tables and graphs and numerical measures. 

T just purchased a bag of milk chocolate sweets that have six different colours. 

There are 55 sweets in the bag: 16 brown, 13 red, 9 yellow, 7 green, 4 blue, and 

6 orange. Table 7.1 shows these counts. 

    
This table is called a 16 

frequency table and it 14 

describes the distribution 12 

of sweet colour frequencies. g 10 

Not surprisingly, this kind z 8 

of distribution is called a E o6 

frequency distribution. 4 

Often a frequency distribution 2 

is shown graphically as in 7 brown' Red 'Yellow Green Orange Blue 
Figure 7.6. Sweets 
The distibition ko & Figure 7.6 A bar graph of colours of sweets 

Figure 7.6 concerns just one bag of sweets. What about the distribution of 

colours for all sweets? 

The manufacturer of the sweets provides some information about this matter, 

but they do not say exactly how many sweets of each colour they have ever 

produced. Instead, they report proportions rather than frequencies. Figure 7.7 

shows these proportions. 

Since every sweet is one of 30 

the six familiar colours, the 25 

six proportions shown in the 220 

figure add to 100. We call g 15 
& s Figure 7.7 a relative frequency 

distribution (or probability 

distribution) because if you o 
w 

Brown' Red 'Yellow Blue ' Green Orange 
choose a sweet at random, the Sweets 

probability of getting, say, a Figure 7.7 Relative frequency distribution 

brown sweet is equal to the 

proportion of sweets that are 

brown (0.30). 

Bar graphs and similar charts help an audience grasp a distribution quickly. 

They are, however, of limited use for data analysis because it is usually easy to 

understand data on a single categorical variable, such as highest frequency, 

without a graph. We will move on to quantitative variables, where graphs are 

essential tools. 

Raw data, or data that have not been summarised in any way, are sometimes 

referred to as ungrouped data. Table 7.2 contains 110 data points of raw data 

of the unemployment rates for 110 countries for 2017 as reported by the 

International Monetary Fund (IMF). Data that have been organised into a 

frequency distribution are called grouped data. 

  

Colour | Frequency 
  

Brown 16 
  

Red 1 
  

Yellow 
  

Green 
  

Blue 
        a

l
a
l
w
]
v
|
S
®
 

Orange 
  

  

Table 7.1 Colours of sweets 

Note that the 
distributions in 
Figures 7.6 and 7.7 are 
not identical. Figure 7.6 
portrays the distribution 
in a sample of 55 of the 
sweets. Figure 7.7 shows 
the proportions for all 

of the sweets. Chance 
factors involving the 
machines used by the 
manufacturer introduce 
random variation into the 
different bags produced. 
Some bags will have a 
distribution of colours 
that is close to Figure 7.7; 
others will be further 

  

   

  

away. 

Graphs similar to the 

ones in Figures 7.6 and 
7.7 are mainly used for 
qualitative variables and 

are called bar graphs. 
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Rate | Frequency 

0=x<3 9 
xS 44 

6=x<9 26 
9=x<12 14 

Rex<l15 8 

15=x<18 3 

18=x<21 3 

21=x<24 2 
U=x<27 0 
27=x<30 1     

Table 7.3 Distribution for 
grouped unemployment rates 
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0.7 ol 4.0 4.4 il 5.8 6.7 7.7 9.0 | 113 | 146 

1.0 32 4.0 | 44 52 5.8 6.7 | 80 | 9.1 | 11.7 | 153 

11 32 40 | 45 5.4 58 68 | 80 | 93 | 11.8 | 16,5 

2.0 34 4.0 | 46 54 | 60 | 69 | 81 9.4 | 122 | 17.2 

2.2 34 4.0 | 47 55 | 60 | 69 | 83 | 94 | 122 | 189 

22 37 | 42 | 49 56 | 6.1 6.9 | 84 | 98 | 122 | 196 

2.8 37 | 42 | 50 56 | 62 7.1 8.7 | 10.1 | 12.2 | 20.5 

2.9 38 42 | 50 57 | 63 7.1 8.7 | 102 | 12,5 | 21.5 

2.9 38 42 | 50 57 | 67 | 72 | 89 | 110 | 128 | 225 

3.0 39 | 44 | 50 57 | 67 | 74 | 90 | 113 | 139 | 275 

  

  

  

  

  

  

  

  

                            

Table 7.2 Unemployment rates of 110 countries for 2017 as reported by IMF 

Table 7.3 presents a frequency distribution for the data displayed in Table 7.2, 

where the data have been grouped. The distinction between ungrouped and 

grouped data is important because the calculation of statistics differs between 

the two types of data. 

‘When grouping data, there are some steps to be followed. 

Step 1 Determine the range of the raw data. The range is often defined as the 

difference between the largest and smallest numbers. The range for the data in 

Table 7.2 is 26.8 (27.5 — 0.7) 

Step 2 Determine how many classes it will contain. A good general rule is to 

select between 5 and 15 classes. If the frequency distribution contains too few 

classes, the data summary may be too general to be useful. Too many classes 

may result in a frequency distribution that does not aggregate the data enough 

to be helpful. The final number of classes is arbitrary. 

By examining the range we can determine a number of classes that will span 

the range adequately and also be meaningful to the user. The data in Table 7.2 

were grouped into 9 classes for Table 7.3. 

Step 3 Determine the width of the class interval. An approximation of the class 

width can be calculated by dividing the range by the number of classes. 

For this data, this approximation would be % =298 

Normally, the number is rounded up to the next whole number, which in this 

case is 3. The frequency distribution must start at a value equal to or lower than 

the lowest number of the ungrouped data and end at a value equal to or higher 

than the highest number. The lowest unemployment rate is 0.7 and the highest is 

27.5, so we start the frequency distribution at 0 and end it at 30. Table 7.3 contains 

the completed frequency distribution for the data in Table 7.2. Class endpoints are 

selected so that no value of the data can fit into more than one class. 

The midpoint of each class interval is called the class midpoint and is 

sometimes referred to as the class mark. It is the value halfway across the class 

interval and can be calculated as the average of the two class endpoints. For 

example, in the distribution of Table 7.3, the midpoint of the class interval 

3-+:6   3=x<6is4.5 or



The class midpoint is important, because it becomes the representative value 

for each class in most grouped statistics calculations. 

Relative frequency is the proportion of the total frequency that is in any given 

class interval in a frequency distribution. Relative frequency is the individual 

class frequency divided by the total frequency. For example, from Table 7.3, the 

relative frequency for the class interval 3 < x < 6 is % — 0.4 (Table 7.4). 

Cumulative frequency is a running total of frequencies through the classes of 

a frequency distribution. The cumulative frequency for each class interval is the 

frequency for that class interval added to the preceding cumulative total. In Table 

7.4 the cumulative frequency for the first class is the same as the class frequency: 

9. The cumulative frequency for the second class interval is the frequency of that 

interval (44) plus the frequency of the first interval (9), which gives a cumulative 

frequency of 53. This process continues through the last interval, at which point 

the cumulative total should equal the sum of the frequencies (110). Table 7.4 

gives cumulative frequencies for the data in Table 7.3. 

  

  
  

      
  

  

      
    

  

    

  

  

    

  

Rate e .Clas? Relative | Cumulative 
midpoint | frequency | frequency 5 

0=x<3 9 15 0.0818 9 0-0818:m 

3=x<6 44 45 0.4000 53 N 

6<x<9 26 7.5 0.2364 79 0.2364 = 110 

9=x<12 14 105 01273 | —93 — 

12=x<15 8 <—] 5 0.0727 101 

15=x<18 3 16.5 0.0273 104 

18=x<2l 3 19.5 0. —107 

20=x<24 2< 1 25 0.0182 . 109 

24=x<27 0 255 0.0000 109 

27=x<30 1 285 0.0091 110               

Table 7.4 Cumulative frequency distribution for unemployment data 

Example 7.4 

The table shows the scores of 80 students in an IB class achieved in an 

assessment, out of a total of 100 marks. 

42 | 50 | 61 | 70 | 81 | 90 | 57 | 65 | 76 | 47 

418 WS0NF o1 F 710 Re2a Ro28 F 570 E651 B78 8 R47 

42 | 50 | 61 | 71 | 83 | 93 | 57 | 66 | 79 | 48 

42 | 52 | 61 | 72 | 83 | 94 | 57 | 67 | 86 | 49 

45 | 52 | 62 | 72 | 83 | 98 | 57 | 67 | 88 | 49 

45 | 53 | 62 | 72 | 84 | 98 | 57 | 67 | 89 | 59 

45 | 53 | 63 | 74 | 84 | 45 | 58 | 67 | 89 | 69 

45 | 56 | 64 | 75 | 84 | 46 | 58 | 68 | 59 | 69 

  

  

  

  

  

  

  

                          

(a) Develop a frequency and relative frequency table for the data. 

(b) Develop a cumulative and relative cumulative frequency table of the data. 
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Solution 

(a) Since the lowest potential grade is 40 and the highest is 100, we will 

choose 6 classes. We may choose another number too. However, 

separating grades into classes of multiples of 10 is a sensible choice: 

98 — 41 

  

  

  

  

  

  

  

  

G ~ 10 

Scores | Number of students | Relative | Cumulative c:r:l:l:::re 
achieved () | (Frequency) | frequency | frequency | oo 

40 =x <50 5 18.7% 1 18.7% 

S0=x<60 18 225% 33 112% 
60=x<70 18 25% |33+18=51| 637% 
70=x<80 1 13.8% 62 77.5% 
80=x<9 12 15.0% 74 925% 
90 =x =100 s 7.5% 80 100% 

Total 80 100%               

Each cell in the relative frequency column is the ratio of the cell’s 

frequency to the total number. For example, the first cell is 

5 _ = ROR. = 30 0.187 = 18.7% and the last cell is 30 0.075 = 7.5% 

© Each cell in the cumulative frequency column is the sum of the 

cumulative frequency of the previous cell and the frequency of the 

interval itself . The last column shows relative cumulative frequency. 

Histograms 

Although frequency distribution tables are useful for analysing large sets of data, 

their table format may not be as visually informative as a graph. If a frequency 

distribution has been developed from a quantitative variable, a histogram can 

be constructed directly from the frequency distribution. A histogram is a graph 

that consists of vertical bars constructed on a horizontal line that is marked off 

with intervals for the variable being displayed. The intervals correspond to those 

in a frequency distribution table. The area of each bar is proportional to the 

number of observations in that interval. In many cases, the histogram enables 

the data to be interpreted more easily. 

You cannot use histograms for qualitative variables. However, you can use a bar 

chart instead. 

A histogram shows three general types of information: 

1. It provides a visual indication of where the approximate centre of the data is. 

2. We can gain an understanding of the degree of spread (or variation) in the 

data. The more the data cluster around the centre, the smaller the variation 

in the data. If the data are spread out from the centre, the data exhibits 

greater variation.



3. We can observe the shape of the distribution. 

Is it reasonably flat, is it skewed to one side or 

the other, is it balanced around the centre, or 

is it bell shaped? 

We can construct a histogram using the data in 

Table 7.3 using technology (Figure 7.8). 

Each class is represented by a rectangle with a height 

that corresponds to the frequency. For example, the 

first class has a frequency of 9, and so, the height of 

the rectangle is 9. 

Figure 7.8 shows that the data are skewed to the right: there are fewer countries 

with high unemployment. We can also see that very few countries have an 

unemployment rate less than 3% and that a majority of the countries have rates 

between 3% and 9%. 
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Unemployment 

Figure 7.9 Histogram for unemployment data using midpoints 

GDCs can also produce histograms of relatively good quality. The screenshot in 

Figure 7.10 shows an example where class boundaries have been entered in one 

list and the frequencies in another list. The GDC then draws the histogram. 

Cumulative and relative frequency histograms and graphs 
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0 | 6 9 12 15 18 21 24 27 

Unemployment 
Figure 7.8 Histogram of the unemployment data 

Histograms produced 
using technology 
can be presented in 

different forms. In 

Figure 7.8, we used the 
standard convention 
for histograms where 
the class boundaries 

separate the classes with 

the lowest boundary 
included in the class 

while the upper one is 
included in the next class. 

Some software presents 

the histogram where the 
rectangles are placed 
directly above the class 
midpoints (Figure 7.9). 

  

  

      
Figure 7.10 GDC histogram 

For many practical situations, it is more efficient to look at histograms 

representing the relative frequencies instead of frequencies. This is especially 

true when we compare two samples of different sizes. The shape of the 

histogram will not change. 

For example, with the same unemployment data, Figure 7.11 shows a relative 

frequency histogram. Note that the shape is still the same but the numbers on 

the vertical axis shows percent (relative frequency) instead. 

9 12 15 18 21 24 27 
Unemployment rate 

  

Figure 7.11 Relative frequency histogram for unemployment data 
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A frequency graph (also called frequency polygon) shows the same information 

as the histogram with the rectangles replaced by points at the midpoint of each 

class (Figure 7.12). 

   
50 

45 

40 

35 
g 
£ 30 z 120 
2 g £ 25 g 100 

20 &80 
© 

15 Z 60 
= 3 10 g 40 

5 3 20 

0 0 
0 3 6 9 1215 18 21 24 27 30 0 3 6 9 121518 21 24 27 30 

Unemployment rate Unemployment rate 

Figure 7.12 Frequency graph for unemployment data Figure7.13 Cumulative frequency graph the same data 

  

PR R ETE) 

  

  jouic Joetc ]     

Figure 7.14 GDC frequency 
graph 

  

Figure 7.15 GDC cumulative 

frequency graph 
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A cumulative frequency graph (polygon) for each class. It has to be drawn 

at the upper limit for each class because its height represents the cumulative 

frequency up to that point. For example, in Figure 7.13 the height of the graph 

corresponding to 6 is 44, which is the cumulative frequency up to 6. 

Figures 7.14 and 7.15 show two graphs produced by a GDC. 

Example 7.5 

At a busy intersection, the speed of passing cars is recorded and the 

information is represented in a cumulative frequency graph. 

Cu
mu

la
ti

ve
 
fr
eq
ue
nc
y 

c
n
S
H
B
R
E
R
E
H
S
 

  

024 6 8101214161820 222426 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 

Speed of cars (km h~) 

(a) How many cars were included in the sample? 

(b) The speed limit at the intersection is 40 km h™~!. How many cars are 

driving at or below the speed limit? What percentage of the cars is that? 

(c) Ifa car is travelling more than 10 km h~! above the speed limit, they 

receive a speeding ticket. How many cars would receive a speeding 

ticket?



(d) The slowest 10% of all drivers are seen as a slow safety hazard, and are 

issued a fine. What is the maximum speed considered to be a slow safety 

hazard? 

1 

Solution 

(a) From the graph, the speed of 50 cars were measured in the sample. 

(b) Drawing a vertical line to the graph at 40 km h™! (red solid line) we can 58% of the data are at 
project horizontally onto the cumulative frequency axis (red dashed 40 or below, so we call 

line) and we find that the slowest 29 cars out of 50 drive at or below the 401“'“}:;]’ the 58th 

speed limit. This is 58% of the cars. e 
82% of the data are at 

(c) 10kmh~!above the limit is 50 km h~!. Drawing a vertical line to the 50 or below, so we call 
50kmh~! the 82nd = q 5 3 

graph at 50 km h~?, we can project horizontally onto the cumulative ) 

frequency axis and we find that 41 cars out of 50 drive at or below 

50kmh~1, thus, 9 cars are potential recipients of a ticket. 

(d) Calculating 10% of 50 gives 5, meaning that the 5 slowest cars are 

driving at a hazardously slow speed. Drawing a horizontal line to the When p% of the data lie 

graph for a cumulative frequency of 5 (green solid line) and projecting :’}:‘c}; gfl;ilr’i‘;’;“?’fle:anp 

to the speed axis (green dashed line) gives the maximum speed of 

15km h™! for hazardously slow driving. 

Example 7.6 

Data is collected for the number of text messages that 50 randomly selected 

high school students sent during one day. The results are listed below. 

8,52, 38, 48, 42, 9, 15, 36, 36, 53, 10, 8, 46, 46, 9, 11, 12, 24, 49, 34, 10, 

11,9, 11, 45, 25, 25, 37, 14, 16, 20, 22, 12, 43, 36, 23, 23, 26, 27, 16, 21, 

29, 29, 38, 30, 47, 34, 39, 48, 46 

(a) Set up a frequency and relative cumulative frequency table for the data 

with 7 classes. 

(b) Draw a frequency histogram of the data. 

(c) Draw a relative cumulative frequency graph. 

(d) Estimate the 10th as well as the 90th percentiles of the data from your 

graph in part (c). 

| 

Solution 

(a) Since the minimum value is 8 and the maximum value is 53, then 

S35 
7 

Round this to 7 and start the table with the minimum 8. 

the class size would be =64   
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Class Cumulative | _Relative Class 195 | Frequency cumulative ‘midpoint frequency frequency 

8<t<15 115 13 13 13/50 =0.26 

15<t<22 185 FEa B 036 

n<t<2 255 8 26 052 

29<t<36 325 5 31 0.62 

36<t<43 395 8% >31+8=39 0.78 

B=<t<50 465 9 48 0.96 

50<t<57 535 2 50 1.00 

(b) 14 

12 

5 10 

5 8 
5 
g 6 
= 

4 

2 

0 
8 15 22 29 36 43 50 57 

Number of messages 

(c) 
100 

80 
g 2 60 
£ 40 

20       
§ 15 22 29 36 43 50 57 

(d) Asshown in the diagram, the 10th percentile is at 9 or 10 messages, 

while the 90th percentile is at 46 or 47 messages. 

|5 G C- ] 

1. A group of college students were selected at random and their ages were 

recorded. The table shows a summary. 

  

  

  

              

Age 17 | 18 | 19 | 20 | 21 | 22 |23-25| Over25 

Number of students 5 728 62 u a1 12 9 5] 6 

Cumulative frequency | 3 75 | 137 | x | 180 | 189 | 194 y       
  

(a) What are the values of x and y? 

(b) How many students are younger than 21? 

(c) Find the value of the 25th percentile.



2. The heights (in metres) of 30 students randomly chosen in a large school 

are recorded in the table. 
  

092|132 | 1.76 | 1.63 | 1.79 | 1.28 | 1.77 | 1.62 | 1.611 | 1.85 

1.26 | 1.67 | 1.77 | 1.78 | 1.93 | 1.73 | 1.55 | 1.52 [ 1.89 | 1.59 

1.78 | 1.73 | 1.15 | 1.76 | 1.69 | 1.72 | 1.04 | 1.53 [ 1.58 | 2.00 

  

  

                        

(a) Choose an appropriate interval width and create a frequency table to 

represent the data. Is the data discrete or continuous? 

(b) Draw a frequency histogram representing the data. 

(c) Draw a cumulative frequency graph for the data. 

(d) Using your graphs, summarise the data in a short paragraph. 

3. The table gives the frequency and cumulative frequency of the amount 

of time spent by 60 students, in hours, studying per evening. 
  

  

  

  

  

Time spent studying (h) | Frequency | Cumulative frequency 
0=h<1 7 7 
1=h<2 p 18 
2<h<3 28 q 
3<h<4 r 60           

(a) State the values of p, gand . 

(b) Draw a frequency histogram and cumulative frequency graph for 

the data. 

(c) Summarise the data in a short paragraph, using your graphs and tables. 

4. The frequency bar graph in Figure 7.16 shows IB assessment scores for a 

group of students. 

(a) How many student scores were included in the sample? 

(b) What percentage of students achieved a score of 62 

(c) How many scores below 3 were there and what percentage of the 

total does this represent? 

(d) The bar chart is a good representation of a cohort of 800 students. 

How many students in the cohort would you expect to receive a 

grade of 72 

5. The cumulative 40 
frequency graph &35 

shows the information z 30 

about the mass (in kg) “:5‘ 25 

of a group of students £ 20 

selected at random —E 15 

from a large public 3 10 

school. ST 
o LEEEEEE R 

0 5 10 15 20 25 30 35 40 45 50 55 60 
Mass of students (kg) 
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Student scores. 

Figure 7.16 Graph for question 4 
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(a) Copy and complete the frequency table. 
  

Mass of students, M (kg) | Frequency 
  

15=M<30 
  

30 =M <45 
      45 =M =60   
  

(b) How many students were included in the data sample? 

(c) For which interval of masses does the frequency increase the most? 

(d) How many students have a mass under 40 kg? 

(e) Students in the bottom 25% by mass are given the option to 

participate in a specialised nutritional program. What is the 

maximum mass a student could have to be eligible for the program? 

. During an ecological survey, 

100 pike are caught from a lake, 
and their lengths (in cm) are 

measured. The data is shown in 

the cumulative frequency graph. 

(a) What is the range of lengths 

that were observed in the 

survey? 

(b) How many pike had a length 

smaller than 42 cm? 

(c) How many pike had a length 

greater than 47 cm? 

(d) Pike that are longer than 

50 cm are considered big. 

‘What percentage of the pike 

are big? 

A second similar survey 

is completed at a different 
location in the same 

lake, with the cumulative 

frequency graph shown. 

Compare the two pike 

samples using the 

cumulative frequency 

graphs. 

(e 
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7. A large company has a report for days employees are absent per year. 

Table 7.5 shows a summary of absences. 

(a) Set up a cumulative frequency table. 

(b) Draw a cumulative frequency graph. 

8. Grade point averages (GPA) in several colleges are on a scale of 0 to 4. 

Here are the GPAs of 45 students at a certain college. 
  
18119192021 |21|21(22|22[23|23|24|24[24]|25 

2151 [12:5] [2°51 [2:51(F2500 12161 12:61 1261261 F2t6 N |R277A 120 (2270 2t | 1227 

2.8(2828)29(29]29(3.0|30([3.0{3.1|3.1|31|32[32]|34 

  

  

              
Prepare a frequency histogram, a relative frequency histogram, and a 

cumulative frequency graph. Describe the data in two to three sentences. 
  

  

  

                          

9. The table shows the 616293 [94]91]92]8687]55]56 

grades of an IB course 63 | 64 | 86 |87 | 82|83 76|77 |57 |58 
with 40 students on a 94 (958990 |67 |68]62]63|72]73 

100-point test. 87 |88 |68 |69 | 6566|7576 84]85 
Use graphical methods 

you learned so far to describe the grades. 

10. The length of time in months between repeated speeding violations of 

50 young drivers are given in the table. 
  

21| 13] 99| 03] 323) 83| 27| 02| 44| 74 

9 18| 16| 24| 39| 24| 66 1 2 | 141 

147| 58| 82| 82| 74| 14| 167| 24| 96| 87 

192| 26.7| 12| 18 | 33| 114| 43| 35| 69| 1.6 

41| 04]135| 56| 6.1|231| 02| 12.6] 184| 3.7 

  

  

  

                          

(a) Construct a histogram for the data. 

(b) Would you describe the shape as symmetric? 

(c) The law in this country requires that the driving license be taken 

away if the driver repeats the violation within a period of 10 

months. Use a cumulative frequency graph to estimate the fraction 

of drivers who may lose their license. 

  
11. To decide on the number  [36T67T52 06 1.3[03] 1.8 [22] 1.1 [ 04   

of counters needed tobe |y 1150713 0.7 [ 16| 25|03 [ 17|08   
open during rush hours 6577570209 [19 [ 120821 [23] 11 
  

ina supermarket, the 0817 18] 0406 02]09]18]28]18   

management collected 0405 11]11]08]45]16]05]13]19 
  

data from 60 customers o6 To 63 [31 |11 11|11 ]14] 1 [14                         
for the time they spent 

waiting to be served. The times in minutes are given in the table. 

(a) Construct a relative frequency histogram for the times. 

(b) Construct a cumulative frequency graph and estimate the number 

of customers who have to wait 2 minutes or more. 

  

  

  

  

  

      

Absences | oo 
(days) 

0=x=5 30 
6=sx=<11 62 

12=sx=<17 61 

18<x=23 30 
24=x=29 17     

Table 7.5 Data for question 7 
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7 Descriptive statistics 

12. The cumulative frequency graph 
shows the speeds of cars (kmh-1) 

passing through an intersection. 

(a) State the minimum speed of a car 

travelling through the intersection. 

(b) What percentage of cars drive at 
a speed higher than 55 kmh-! 

through the intersection? 

(c) Given that 40% of the cars 

travelling through the intersection 

have a speed higher than kkm h~!, 
what is the value of k? 

(d) Find the 60th percentile. 
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13. The waiting time, #, in seconds, that it takes 300 customers at a Time, £ (s) | Frequency 
supermarket cash register are recorded in Table 7.6. 

t<60 12 

60 =1<120 15 

120 =t < 180 42 
180 = £ < 240 105 (c) Use the cumulative frequency graph to estimate the waiting time 

240 < £ < 300 6 that is exceeded by 25% of the customers. 

300 = 1 < 360 15 (d) Find the 75th percentile. 

=360 15 14. The bar graph shows the number of days in hospital spent by heart 

Table 7.6 Data for question 13 patients in Austrian hospitals in the 2017-2018 period. 

  

  (a) Draw a histogram of the data. 
  (b) Construct a cumulative frequency graph of the data. 
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(a) Describe the data in a few sentences. 

(b) Draw a cumulative frequency graph for the data. 

(c) What percent of the patients stayed less than 6 days? 

  

  

  

  

  

  

          

Speed,s | Frequency 15. Radar d:cvices are installed at severa.] locations ona main highway. 

(kmh-1) Speeds, in km h-! of 400 cars travelling on that highway are measured 

60=<s<75 70 and summarised in Table 7.7. 

75 <5< 90 110 (a) Construct a frequency table for the data. 

90 = s < 105 150 (b) Draw a histogram to illustrate the data. 

105 <5< 120 70 (c) Draw a cumulative frequency graph for the data. 

120=5<135 40 (d) The speed limit in this country is 130 km h-!. Use your graph from 

s=135 10 part (c) to estimate the percentage of the drivers driving faster than 

this limit. 
Table 7.7 Data for question 15 
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o spread 

      

Help Wanted 

Falsead, a fast-growing company, is looking 
for a lab assistant in its research division. 

Minimum requirement: 

Master’s degree and 2 years of experience. 

All benefits. Average salary is €36,000 

Call 01-234 567             
  

Figure 7.17 Is it true that the average salary is €36,0002 

Catherine was very interested in this advertisement and decided to find out 

more. After some research she found last year’s financial report and the salary 

structure given in Table 7.8. It is true that the average salary is €36,000. 

The total salary earned by the 9 employees of the company is €108,000. 
324000     

  

  

  

        

So, the average salary is 9 36000. But she also discovered that Tt e 

the salaries are bunched up at the low end of the scale. More than CEO €180,000 1 

half of the employees earn under €16,000. The salary of €36,000 Manager €24,000 1 

quoted in the advertisement is not at all typical of the pay at Falsead. Lab coordinator |  €21,000 2 

Assistants €15,600 5 
In this section, we will discuss how to describing characteristics 

of data like this one in more meaningful ways. 

Measures of location and centre 

One of the first things we want to know about a data set such as salaries, 

prices of items, number of visitors, and so on is ‘about how much?” or ‘about 

how many?’ 

Table7.8 Salary structure 

About how much do people earn at Falsead? About how much is the price of a 

mountain bike, about how many viewers of a TV program, etc. 

When we ask, ‘about how much?” we probably want to capture with a single 

number what is typical of the data. 

What single number is most representative of an entire list of numbers? 

We will study three common measures of location: the mean, the median, 

and the mode. The mean, median and mode are all ‘most representative, 

but for different, related notions of representativeness. 

The two most common measures of centre are the mean and the median. The 

mean is the ‘average value’ and the median is the ‘middle value’ These are two 

different ideas for ‘centre; and the two measures behave differently. 
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Figure 7.18 GDC mean value 
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Mean 

The average or mean of a data set is usually simple to find. Just add all the 

values and divide by the number of values. 

For example, the average salary at Falsead is 

180000 + 24000 + 2 X 21000 + 5 X 15600 _ 324000 
= 36000 

9 
  

‘The arithmetic mean or average of a set of n measurements (data set) s equal to the sum of the 
measurements divided by . 

Xtxt 
" 

  

Mean = 

  

In practice, you can key the data into your GDC which will give you the value 

of the mean. 

In the IB syllabus, all data is considered as a population. Thus, the mean of the data set is 
aparameter, Usually, the mean of the population is called . The calculation of s the 

¥ 
Kttty ,Z"' 

sameas before, ju = N 7 Where Nis the population sze. 

The salaries in Table 7.8 are misleading since they contain the salary of the 

CEO as an employee. This salary is an outlier, and does not belong to the same 

category of employee salaries. If we exclude the CEO salary, the average salary 

in Falsead is 

This illustrates an important weakness of the mean as a measure of centre: the 

mean is sensitive to the influence of a few extreme observations. These may be 

outliers, but a skewed distribution that has no outliers will also pull the mean 

towards its long tail. Because the mean cannot resist the influence of extreme 

observations, we say that it is not a resistant measure of centre. 

A measure that is resistant does more than limit the influence of outliers. Its 

value does not respond strongly to changes in a few observations, no matter 

how large those changes may be. The mean fails this requirement because we 

can make the mean as large as we wish by making a large enough increase in 

just one observation. 

Median 

A second measure of central tendency is the median, which is the value in 

the middle position when the measurements are ordered from smallest to 

largest. The median of this data can only be calculated if we first sort them 

in ascending order.



‘The median, M is the midpoint of a distribution. Half the observations are smaller than the 

‘median and the other half are larger than the median. Here is a rule for finding the median: 

1. Arrange all observations in order of size, from smallest to largest. 

2. Ifthe number of observations  is odd, the median M is the centre observation in the 

  

  

3hi ] e s Lt 1ot e e by ot L - T e o 
St} e oG e [ ettt o Y o - ) _ 3 Thatis, the medianis 

the third point. In general, i s 0dd, then it can be written as n = 2k + 1 for some 
n+l_2k+1+1_ integer k, and thus " K+ 1. This implies that when we arrange 

2 

datain ascending order, we get something similar o the set-up belows 
M 

Kt 
X1y Xy X350t Xy 3 Xt 2> X4 357 X R D) e 

£ Median 
3. Ifthe number of observations, , is even, the median M is the mean of the two centre 

(n+1 observations in the ordered list. The location of the median s again (27) from the 
  : N 6+1) 

bottom of the list. For example, if n = 6, then F 

  

5. That is, the median is the 

point with position between 3 and 4. In general, if  is even, then it can be written as 

= 2kforsome integer K andthus 3L = 251 -1 tis case,the median 

s the average of the two middle points, This implies that when we arrange data in ascending 
order, we get something similar to the set-up below: 

Xt Xy 

Z 

XXX M X Xy 

K . K 
Median 

Example 7. 

The following are the five closing prices of NASDAQs stock for the first 

business week in October 2018: 19.96, 20.08, 20.74, 21.12, 21.04. Find the 

median and the mean stock price for that week. 

  

Solution 
(n+1)_(5+1) _ 

There are five values, so the position is given by 5 > 3 

The median is the 3rd value. 

19.96 20.08 20.74 21.04 21.12 

Median 

NOTRRP | 5156 20105 k132 0174 Eis2 1112k 04 S 
5 

Medians require little 
arithmetic, so they 
are easy to find by 
hand for small sets of 

data. Arranging even 
amoderate number of 

observations in order 

takes a long time, so that 
finding the median by 
hand for larger sets of 
data is tedious. You can 

use your GDC to find 
both the mean and the 

median. 
  
ean(List 1) 
edian(List 1) 

20,588 
20.7       
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‘The mode is the value 
that occurs with the 

highest frequency ina 

234 

data set. 

Descriptive statistics 

In the previous example we calculated the sample median by finding the third 

measurement to be in the middle position. Let us demonstrate the case of even 

numbers with the following. 

Let us assume that you took six tests last term and your marks were, in 

ascending order, 

52 63 74 78 80 89 

fr 
There are two ‘middle” observations here. To find the median, choose a value 

halfway between the two middle observations: 

o 74T T8 
2 

Although both the mean and median are good measures for the centre of a 

distribution, the median is less sensitive to extreme values or outliers. For 

76 

example, the value 52 in the six tests example is lower than all your test scores 

and is the only failing score you have. The median, 76, is not affected by this 

outlier even if it were much lower than 52. Assume, for example that your 

lowest score is 12 rather than 52, the median’s calculation 

12 63 74 78 80 89 

f 
still gives the same median of 76. If we were to calculate the mean of the 

original set, we would get 

%:fim 
6 

‘While the new mean with 12 as lowest score is 

Clearly, the low outlier ‘pulled’ the mean towards it while leaving the median 

untouched. However, because the mean depends on every observation and uses 

all the information in the data, it is generally, wherever possible, the preferred 

measure of central tendency. 

Mode 

A third way to locate the centre of a distribution is to look for the value of x 

that occurs most. This measure of the centre is called the mode. 

Mode is a French word that means fashion - an item that is most popular or 

common. 

Example 7. 

The following data give the speeds (in km h™!) of eight cars that were stopped 

for speeding violations on a street with speed limit of 50 km h~': 

67,72, 64,71, 69, 64, 64,78 

Find the mode.



s 

Solution 

In this data set, 64 occurs three times, and each of the remaining values occurs 

only once. Because 64 occurs with the highest frequency; it is the mode. 

In the case of a tie for the most frequently occurring value, two modes are 

listed. Then the data are said to be bimodal. Data sets with more than two 

modes are referred to as multimodal. 

In applications, the concept of mode is often used in determining sizes. As an 

example, manufacturers who produce cheap rubber bands might only produce 

them in one size in order to save on machine setup costs. In determining the 

one size to produce, the manufacturer would most likely produce bands in 

the modal size. The mode is an appropriate measure of central tendency for 

nominal-level data. 

We cannot say for sure which of the three measures of central tendency is a 

better measure overall. Each of them may be better under different situations. 

Probably the mean is the most-used measure of central tendency, followed 

by the median. The mean has the advantage that its calculation includes each 

value of the data set. The median is a better measure when a data set includes 

outliers. The mode is simple to locate, but it is not of much use in many 

practical applications. 

Relationships between the mean, median and mode 

Some histograms and frequency distributions can be symmetric 

and others can be skewed. 

Fr
eq
ue
nc
y 

Knowing the values of the mean, median, and mode can give us 

some idea about the shape of a frequency distribution curve. 
Variable 

For a symmetric histogram and frequency distribution curve Mean = median = mode 

with one peak, the values of the mean, median, and mode are the 

same, and they lie at the centre of the distribution. 

e igure 7.19 Symmetric distribution 

For a histogram and a frequency distribution curve skewed to 

the right (positively skewed), the value of the mean is the largest, 

that of the mode is the smallest, and the value of the median lies 

between these two. Note that the mode always occurs at the peak 

point. The value of the mean is the largest in this case because it Mode Median Mean 

Fr
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y   

Variable 

is sensitive to extreme values that occur in the right tail. These Figure 7.20 Positively skewed distribution 

extremes pull the mean to the right. 

When a histogram and a frequency distribution curve are skewed 

to the left (negatively skewed), the value of the mean is the 

smallest and that of the mode is the largest, with the value of the 

median lying between these two. In this case, the extreme values 

in the left tail pull the mean to the left. Mean Median Mode 
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Variable 

Figure 7.21 Negatively skewed distribution 
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Finding the range for 
ungrouped data: 

range = largest value — 

236 

smallest value. 

Descriptive statistics 

Measures of variability and spread 

Measures of location summarise what is typical of elements of a list, but not 

every element is typical. Are all the elements close to each other? Are most 

of the elements close to each other? What is the biggest difference between 

elements? On average, how far are the elements from each other? The answer 

lies in the measures of spread or variability. 

It is possible that two data sets have the same mean, but the individual 

observations in one set could vary more from the mean than the observations 

in the second set do. It takes more than the mean alone to describe data. 

Measures of variability (also called measures of dispersion or spread) which 

include the range, the variance, the standard deviation, and interquartile range 

help to summarise the data. 

For example, Bryan’s and Jin's test scores in their mathematics class are: 

Bryan: 60, 65, 70, 75, 80 

Jim: 45, 55, 70, 85, 95 

To compare the performance of these students, we calculate their means and 

find out that both have a mean grade of 70. The question is, which 70 is more 

typical of each student’s performance? 

As we can see from Figure 7.22, Bryan's 70 is more typical of his performance 

than Jim’s because his test scores are closer to the 70 average than Jim’s. 

Jim   

                Bryan 

Figure 7.22 Comparison of scores 

The simplest useful numerical description of a distribution consists of both a 

measure of centre and a measure of spread. 

ange and quartiles 

The range is the simplest measure of dispersion to calculate. It is obtained by 

taking the difference between the largest and the smallest values in a data set. 

The range for Jim's test scores is 95 — 45 = 50 while Bryan’s is 80 — 60 = 20 

‘With a range of 20 in comparison to 50, Bryan’s grade of 70 is more typical for 

his performance than Jim’s. 

The range shows the full spread of the data, but it depends on only the 

smallest and largest observations, which may be outliers. We can improve our 

description of dispersion by also looking at the spread of the middle half of the 

data. The quartiles mark out the middle half of the data.



Quartiles are the summary measures that divide ranked data sets into four 

equal parts. Three measures will divide any data set into four equal parts. These 

three measures are the first quartile (Q,), the second quartile (Q,), and the 

third quartile (Q,). The data should be ranked in increasing order before the 

quartiles are determined. The quartiles are defined as follows. 

Quartiles are three summary measures that divide a ranked data set into four equal parts. The 
second quartile is the same as the median of a data set. The first quartile is the value of the middle 
term among the observations that are less than the median, and the third quartile i the value of 
the middle term among the observations that are greater than the median. 

Approximately 25% of the values in a ranked data set are less than Q, and 

about 75% are greater than Q,. The second quartile, Q,, divides a ranked data 

set into two equal parts; hence, the second quartile and the median are the 

same. Approximately 75% of the data values are less than Q; and about 25% are 

greater than Q. 

Bryan’s grades: 60 i 

Q 

62.5 

Jin'’s grades: 45 t 

Q 

50 

65 

55, 

70 

Median 

Q 

70 

Median 

Q 

75 

85 

Q 

77.5 

Q} 

90 

80 

95 

= IQR=775—625=15 

= IQR =90 — 50 = 40 

Example 7. 

The table gives the 2017 profits of the top 10 companies in the world in 

  

  

  

  

  

  

  

  

  

  

  

'USS$ billions. 

Company Profit 
Walmart, US 486 
State Grid, China 315 
Sinopec, China 268 
China National Petroleum 263 
Toyota, Japan 255 
Shell, UK-NL 240 
VW, Germany 240 

Berkshire Hathaway, US 224 
Apple, US 216 
GE, US 205         

(a) (i) Find the values of the three quartiles. 

(ii) Where does the 2017 profit of Apple fall in relation to these quartiles? 

(b) Find the interquartile range. 

  

Q Q@ Q 
Note that the parts do not 

have to have the same 
length, but each should 

contain 25% of the data 

points. 

‘The difference between 

the third and the first 

quartiles gives the 
interquartile range; that 
is, IQR = interquartile 
range =Q; — Q 
IQR describes the middle 
half of the data. 
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7 Descriptive statistics 

The value of Q, = $224 Solution 
billion indicates that 25% 

of the companies in this (a) (i) First, we rank the given data in increasing order. Then we calculate 
sample had profits less s - 
than $224 billion and taejfreeiquartiles, 

h7fl% "fghthc_ohmPZ:lfl Values less than the median, P Values greater than the median 
ad profits higher than 205 216 224 240 240 ; B 
$224 billion. Similarly, 205 216 2AORP IRV - Q 255 263 268 315 486 
we can state that half Q —_— @) 

of these companies had 240 + 255 
profits less than $247.5 2 

billion and the other 
half had profits greater The value of Q,, which is also the median, is given by the value of 
than $247.5 billion since the middle term in the ranked data set. For the data of this example, 

the second quartile is : : e Fhls value 15 t.he average of the 5th and 6th terms. Consequently, Q, 

ofQ, = $268 billion is $247.5 billion. 
indicates that 75% of the 
o C‘:;;m:s ol PL;Ofi‘z The value of Q, is given by the value of the middle term of the five 

less than $268 billion and values that fall below the median (or Q,). So, Q, is $224 billion. 
25% had profits greater 

than this value. The value of Q; is given by the value of the middle term of the five 
values that fall above the median. For the data of this example, Q; is 

$268 billion. 

(ii) The profit of Apple is $216 billion, which is less than Q. So the 

profit of Apple is in the bottom 25% of the profits for 2017. 

(b) The interquartile range is given by the difference between the values of 

the third and the first quartiles. Thus, 

IQR = interquartile range = Q, — Q, = 268 — 224 = $44 billion 

The bt quartile O You can calculate the values in Example 7.9 by entering the data into a GDC as e first quartile 
is the m:?ha,, ofthe a list and then finding the descriptive statistics for them. 

    

         

            

     

  

observations whose g 

ition in the ordered 1 yecismle 
list s to the left of the 
location of the overall 

median. anioie 

‘The third quartile Q; 

is the median of the Figure 7.23 Calculating the values in Example 7.9 on a GDC 

servations whose 

posttioninthelordered Five-number summary - box plot 
list is to the right of the 
location of the overall To get a quick summary of both centre and spread for a data set, combine all 

median. five numbers. 

The five-number summary of a set of observations consists of the smallest observation, the first 

quartile, the median, the third quartile, and the largest observation, written in order from smallest 

to largest. In symbols, the five-number summary is: 

minimum < Q, < M < Q, < maximum 

As you have seen in Example 7.9, these five numbers offer a reasonably 

complete description of centre and spread. 
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The five-number summary leads to another visual representation of a distribution, 

the box plot. Figure 7.24 shows box plots for both Bryan's and Jim's grades. 

The diagram shows clearly that both samples have the same centre, and both 

are symmetric around the centre, however, Jim's grades show more spread 

around the median. 

We can put the information from the five-number summary together in one graphical display 
called a box plot, or a box-and-whisker plot. 
Ithas upper and lower fences which are usually at 1.5 times the interquartile range from the upper 
and lower quartiles, respectively. 
An outlier is a value which is lower than the lower fence or higher than the upper fence. 

  

i 
40 50 60 70 80 90 100 

Grades 

Figure 7.24 Box plot of grades 

Example 7.10 

A consumer agency is interested in studying weekly food and living expenses 

of college students. A survey of 80 students yielded the following expenses to 

the nearest euro. 

      

  

3850|5560 |46 |51 |58 |64|50 |49 |48|65|58|61|65|53 

39 |51 |56 |61 |48|53|59|65|54|54]|54|59|65]|66 |47 |49 

40|51 56|62 |47 55|60 |63|60|59 |59 |50 |46 45|54 |47 

415257 |64|50|53|58|67|67|66|65|58|54|52|55]|52 

44 |52 |57 | 64|51 |55)|61 |68|67|54|55|48 |57 |57 |66 |66 

  

  

  

                                      

(a) Find the five-number summary. (b) Draw a box plot. 

T 

Solution 

(a) Usinga GDC, we find the five numbers: 

Minimum = 38, Q, = 50.5, Median = 55, Q; = 61, and Maximum = 68 

(b) Draw an axis spanning the range of the data; mark the numbers 

corresponding to the median, minimum, maximum, and the lower and 

  

  

  

        

  

upper quartiles. 

IQR = 61 — 50.5 = 
_— 

o | 3 

3475 38 50 55 6l 68 76.75 
Lower fence Upper fence 

Minimum Q Median Q, Maximum 

An outlier is an unusual 

observation. It lies at 
an abnormal distance 

from the rest of the data. 

‘There is no unique way 
of describing what an 
outlier is. A common 

practice is to consider 

any observation that is 
further than 1.5 IQR 
from the first quartile 

or the third quartile 
an outlier. Outliers are 
important in statistical 

analysis. Outliers may 
contain important 
information not shared 

  

look very carefully at 
outliers because of their 

influence on the shapes 
of distributions and their 
effect on the values of the 

other statistics. 

  

  

    3=61 
lgax)(:GE 
  

Figure 7.25 GDC screen for 

the solution to Example 7.10 
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Fr
eq

ue
nc

y 

          

  

  

Expenses (€) 

Figure 7.26 Ogive for expense data 

240 

P 

35 40 45 50 55 60 65 70 

Descriptive statistics 

Draw a rectangle with lower end at Q, and upper end at Qs, as shown. 

To help us consider outliers, mark the points corresponding to lower 

and upper fences. Mark them with a dashed line since they are not part 

of the box. The fences are constructed at the following positions: 

Lower fence: Q; — 1.5 X IQR (in this case: 50.5 — 1.5 (10.5) = 34.75) 
Upper fence: Q; + 1.5 X IQR  (in this case: 61 + 1.5 (10.5) = 76.75) 

Any point beyond the lower or upper fence is considered an outlier. 

Extend horizontal lines called ‘whiskers” from the ends of the box to the 

smallest and largest observations that are not outliers. In this case these 

are 38 and 68. 

If the data has an outlier, mark it with an asterisk (*) on the graph. 

To demonstrate this point, consider what would happen if our maximum 

was 120 and not 68. Since the whisker is 76.75 and 120 > 76.75, then 120 

is an outlier as is clear by the box plots. 

IQR = 61 — 50.5 = 10.5 
e —   

  | | ! * 
        

3475 38 50 55 61 68 76.75 120 
Lower fence Upper fence 

Minimum Q Median Q, Maximum 

Here is the output of a GDC for both cases. 
  

e —m & 

          
  

As you see, the box contains the middle 50% of the data. The width of the box 

is nothing but the IQR! Now we know that the middle 50% of the students’ 

expenditure is €10.50 

The box plot is not the only graph we use to explore data. You can also 

use the cumulative frequency polygon or ogive. Here is the ogive for 

the expenses data. 

Note how we locate the first quartile. Since there are 80 observations, 

the first quartile is approximately at the "TH = 87:- ~ 20th position, 

which appears to be around 50. 

h ; ) %1— ~ 40th position, i.e., approximately   The median is at the 

at 55. 

Similarly, the third quartile is at MTH) =223~ 6151, which happens 
here at approximately 61.



Example 7.11 

The data below shows the heart rates of randomly chosen Females and Males 

taken from a large group of college students: 

Females: 78, 70, 52, 55, 68, 60, 66, 90, 71, 87 

Males: 70, 64, 68, 80, 77, 71, 100, 89, 40, 55 

(a) Find the five-number summaries.  (b) Find the range and IQR for each. 

(c) Draw box plots of both data sets. (d) Compare the two sets. 

e 

Solution 

(a) Using a GDC here are the summaries: 
  

Females: 1—var_i??19 

Minimum = 52, Q, = 60 Thiteo 

  

  

  

  

    

Median = 69, Q; = 78, and Maximum = 90 0 
MaxX=90 

Males: Mod=52 

Minimum = 40, Q, = 64 l—va)xg_izaioale 

Median = 70.5, Q; = 80 T‘fi‘__‘ez 

and Maximum = 100 ggggao .5 

MaxX=100 
(b) Females’ range = 90 — 52 = 38 IMod=40 

  

IOR="785=160/="18 

Males’ range = 100 — 40 = 60 

IQR=80—-64=16 

  (c) Box plots are shown in the screenshot. 

(d) The Females’ data have a smaller range, 

a lower median rate, but a larger IQR than + 

the non-smokers. Neither data set appears | =« 
to have outliers.     

  

  

Variance and standard deviation 

The range, like the mean, has the disadvantage of being influenced by outliers. 

Look at the example of students’ expenses. In the original data, the range was 
68 — 38 = 30, while when we replaced 68 by 120, the range became 

120 — 38 = 82. Just one extreme value almost tripled the range. Moreover, 

another disadvantage of using the range as a measure of dispersion is that its 

calculation is based on two values only: the largest and the smallest. All other 
values in a data set are ignored when calculating the range. Thus, it is not a very 

satisfactory measure of dispersion. 

The standard deviation is the most frequently used measure of dispersion. The 

value of the standard deviation tells us how closely the values of a data set are 

clustered around the mean. In general, a lower value of the standard deviation 

for a data set indicates that the values of that data set are spread over a relatively 
smaller range around the mean, Conversely, a higher value of standard 

deviation indicates that the values are spread out more around the mean. 
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Descriptive statistics 

The standard deviation measures spread by looking at how far the observations 

are from their mean. 

The standard deviation is obtained by taking the positive square root of the 

variance. The variance calculated for population data is denoted by ¢ (read as 

sigma squared), and the variance calculated for sample data is denoted by s2. 

Consequently, the standard deviation calculated for population data is denoted 

by o and the standard deviation calculated for sample data is denoted by s. 

‘The basic formulae that are used to calculate the variance are: 

DYl Te—zp 
S == and s = 

  

‘The quantity x — tor x — % is called the deviation of the x value from the mean. 
“The sum of the deviations of the x values from the mean is always zero; that is 
Y- =0andd (x—%)=0 

‘We will use the sample notation for the mean and standard deviation. 

For example, in Bryans and Jim’s test scores in their mathematics class: 

Bryan: 60, 65, 70, 75, 80 

Jim: 45, 55, 70, 85, 95 

In both cases, x = 70 

Bryan: Y (x — %) = (60 — 70) + (65 — 70) + (70 — 70) + (75 — 70) + (80 — 70) 
=-10-5+0+5+10=0 

Jim: 3" (x — %) = (45 — 70) + (55 — 70) + (70 — 70) + (85 — 70) + (95 — 70) 
=-25-15+0+15+25=0 

For this reason, we square the deviations to calculate the variance and standard 

deviation. 

  

  

Thus, for Bryan, 

- e Sx—x) 

5 

(60 — 70)% + (65 — 70)* + (70 — 70)2 + (75 — 70)? + (80 — 70)? 
- 5 

250 _ = 50 

and s = /50 ~ 7.07 

For Jim, 

— )2 2 Sx—Xx) 

5 

(45— 70)% + (55 — 70)% + (70 — 70)* + (85 — 70) + (95 — 70)? 
- 5 
_ 1700 _ 
=3 340 

and's = /340 ~ 18.44



We can observe from this that the spread in Jim's scores is more than double 

that of Bryan. 

You can use your GDC to calculate these values, as shown in Figure 7.27. 

If you are interested in the standard deviation only, most GDCs have a 

command for it. 

Very important 
Inall GDCs, the standard deviation we need so far in this course is o and not Sx. 

More important than the details of hand calculation are the properties that 

determine the usefulness of the standard deviation: 

« s measures spread about the mean and should be used only when the mean 

is chosen as the measure of centre. 

« s = 0 only when there is no spread. This happens only when all observations 

have the same value. Otherwise, s is greater than zero. As the observations 

become more spread out about their mean, s gets larger. 

« s has the same units of measurement as the original observations. 

For example, if you measure wages in dollars per hour, s is also in dollars 

per hour. 

« Like the mean X, s is not resistant. Strong skewness or a few outliers can 

greatly increase s. 

Measures of centre and spread for grouped data 

The calculation of the mean and variance for grouped data is essentially the 

same as for raw data. The difference lies in the use of frequencies to save typing 

(writing) all numbers. Table 7.9 shows a comparison. 

  

Statistic Raw data Grouped data Grouped data with intervals 
  

> m; X fim)) s, 
> fim) 

First find the midpoint of each 
class and then multiply the 
midpoints by the frequencies of 
the corresponding classes. The 
sum of these products gives an 
approximation for the sum of 
all values. To find the value of 
the mean, divide this sum by the 
total number of observations. 

X= 

  

= 

  

> — %) X flx) > (m = 2)2 X fim)) 5 _ 2 _ dlm 

> fx) X fim)) 
  

  

            

Table 7.9 Grouped data calculations 

  
1-Variable 
%=1 

  
  

  

  
  
StdDev_o(List 1) 

7.071067812 
Stdpev_o(List 2) 

18.43908891       

Figure 7.27 Usinga GDC to 

calculate standard deviation 

The five-number 

summary is usually 
better than the mean 
and standard deviation 
for describing a skewed 
distribution or a 
distribution with extreme 
outliers. Use ¥and s only 
for reasonably symmetric 
distributions that are free 
of outliers. 
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When we estimate the 
‘mean of a data set from 

its frequency table, 
answers may differ from 

the real mean. In this 
example, the real mean is 
55.475. The reason is that 
we are replacing the real 

values with estimates. 
For example, in the 

interval 35 < x < 45, we 

replace the real values 
‘with 40. This way, we 
are assuming that all 

numbers in this interval 
are equal to 40. 

  

  

  
  

      

  

  

Figure 7.28 You should 
organise your data into two lists 
on your GDC 

  

  

  

    

Figure 7.29 New box plot 
shifted to the right by 5 units 
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Descriptive statistics 

For example, when we group the students’ expense data into a frequency table, 

we get the data shown in Table 7.10. 

  

  

  

  

  

Expenses | Midpoint m | Number of students 

35=<x<45 40 5 

45=x<55 50 92 

55=x<65 60 30 

65=x<75 70 13           
Table7.10 Frequency table for grouped expense data 

> fm) 
N 

_ 40 X5+ 50X32+60X30+70X13 
30 = 56.375 

Your GDC will give you the result in the same way as in the non-grouped data. 

The difference here is that you need to organise your data in two lists, one for 

the class midpoints and one for the frequency. 

Effect of constant changes to the original data on centre and 

spread measures 

Consider Bryan’s test scores again. The teacher decides to add 5 marks to each 

score at the end of the term. What are the new measures for Bryan’s scores? 

Bryan's new scores are: 65, 70, 75, 80, 85. Table 7.11 gives both the old and 

new measurements. 

  

  

  

  

  

  

Measure old New 

Median 70 The middle observation is 75. Median is 75. 

i - }_6:65+70+755+80+85:75 

Quartiles Q =625Q,=775 Q =675,Q, =825 

IQR 15 825-67.5=15 

St. deviation 7.07 7.07           

Table7.11 Effect of adding 5 to each score 

Note that 5 is added to each of the median, mean, and quartiles, but the IQR 

and standard deviation are not affected. This is so because, as you observe from 

the box plots, we moved the data by 5 units to the right, keeping the spread as 

it was.



Example 

Five students took a trial test on paper 1 of an IB exam. 

Their scores, out of 120 are 111, 96, 87, 72, 60 

(a) Find the median, IQR, mean and standard deviation of the scores. 

(b) The scores must be scaled to be out of a total of 40 instead. 

Find the new median, IQR, mean and standard deviation of the scores. 

  

  

  

  

  

  

  

Note that the new 
Solution measures are equal to 
e o1 R one third of the old ones. 

piediay 27 2 When data values are 
Mean 852 284 ‘multiplied by a constant 

= k, then all centre and 
Quartiles Q,=66,Q,=1035 | Q =22,Q,=345 spread statistics are 

IQR 37.5 125 multiplied by k. 

St. deviation 17.86 5.95           

Example 

Instruments that measure blood sugar level (glucose) may use one of two 

systems of measurement: mmol/L or mg/dL. 

Every mmol/L is equivalent to 18 mg/dL. 

Tim keeps track of his blood sugar level. Last month's readings are as follows. 

The average reading was 5.2 mmol/L, the standard deviation was 

2.3 mmol/L, and the range was 3.2 mmol/L. 

Find Tim’s readings in mg/dL. 

L 

Solution 

Since every 1 mmol/L = 18 mg/dL, then Tim's readings in mg/dL are: 

Average = 5.2 X 18 = 93.6 mg/dL 

Standard deviation = 2.3 X 18 = 41.4 mg/dL 

Range = 3.2 X 18 = 57.6 mg/dL 
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7 Descriptive statistics 

1. The number of visitors per week (thousands) for a book exhibition were 

O SRINONG B OHBN DRERE RIS NI RS N1 () IS 2NE A1 S (77 

The data has been organised in the frequency table. 
  

Number of visitors | 6 7 8 9 10 | 11 12 | 13 
  

                    Frequency 2 |5 | n|4|4|2|2]2 
  

(a) Write down the value of n. 

(b) Calculate the mean number and standard deviation of visitors 

per week, from the raw data and from the table. 

(c) What percentage of the weeks had more than 10 000 visitors? 

(d) What is the modal number of visitors? 

2. The following data give the number of shoplifters apprehended during 

9 weeks preceding Christmas 2017 at a large department store. 

1 15 8 80 1L 7 2Xe Bl 

(a) Find the mean, median, and mode for these data. 

(b) Calculate the deviations of the data values from the mean. 

‘What is the sum of these deviations? 

(c) Calculate the range, variance, and standard deviation. 

(d) Draw a box plot. Can you explain why no whisker appears on the 

lower side? 

(e) Decide if there are any outliers. Explain. 

3. The following data give the numbers of car thefts that occurred in a large 

city in the past 12 months. 

60, 30, 70, 10, 140, 30, 80, 70, 20, 60, 90, 10 

(a) Find the mean, median, and mode for these data. 

(b) Calculate the range and standard deviation. 

(c) Draw a box plot. 

(d) Decide if there are any outliers. Explain. 

4. The pulse rates of 15 patients chosen at random from visitors of a local 

clinic are 72, 80, 67, 68, 80, 68, 80, 56, 76, 68, 71, 76, 60, 79, 71 

(a) Calculate the mean and standard deviation of the pulse rate of the 

patients at the clinic. 

(b) Draw a box plot of the data and indicate the values of the different 

parts of the box. 

(c) Check if there are any outliers. 
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5. The number of passengers on 50 flights from Washington to London on 

a commercial airline is given in the table. 
  

165 | 173 | 158 | 171 | 177 | 156 | 178 | 210 | 160 164 
  

141 | 127 | 119 | 146 | 147 | 155 | 187 | 162 | 185 125 
  

163 | 179 | 187 | 174 | 166 | 174 | 139 | 138 | 153 142 
  

153 | 163 | 185 | 149 | 154 | 154 | 180 | 117 | 168 182 
                      130 | 182 | 209 | 126 | 159 | 150 | 143 | 198 | 189 218   
  

(a) Calculate the mean and standard deviation of the number of 

passengers on this airline between the two cities. 

(b) Develop a cumulative frequency graph. Estimate the median, first 

and third quartiles. Draw a box plot. 

(c) Find the IQR and use it to check whether there are any outliers. 

6. The table shows the frequency distribution of the daily commuting times 

(in minutes) from home to work for all 50 employees of a company. 
  

  

  

  

  

      

Daily commuting time (minutes) | Number of employees 
0=t<10 8 

10=t<20 18 

20=t<30 12 

30=t<40 8 

40 =1t<50 4   
  

(a) Set up a cumulative frequency table and graph. 

(b) Estimate the median, first and third quartiles as well as IQR. 

(c) Find the mean and standard deviation. 

7. The table gives the frequency distribution of the amounts of telephone 

bills for October 2018 for a sample of 50 families. 
  

  

  

  

  

  

Amount of telephone bill (€) | Number of families 

0=m<70 9 

70 = m < 100 11 

100 = m <130 16 

130 = m < 160 10 

160 = m < 190 4         
(a) Find the average value of a telephone bill for families in this 

community. 

(b) Find the standard deviation. 

(c) The amount of every bill contains a €24 flat monthly rate plus 

the cost of telephone calls. Find the average cost of calls and the 

standard deviation. 
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[ Descriptive statistics 

8. 

10. 

I 

Every year, the faculty of a major university’s business school chooses 
10 students from the current graduating class that they feel will be most 

likely to succeed. Five years later, they evaluate their choices by looking 

at the annual incomes of the group of 10. The following is the list of the 

annual incomes of the class of 2007 (thousands of US$): 

59, 68, 84, 78, 107, 382, 56, 74, 97, 60 

(a) Find the mean, median, standard deviation, and IQR. 

(b) Does this data set contain any outlier? If yes, ignore the outlier and 
recalculate the statistics. Which of these measures changes by a 

greater amount? Explain. 

(c) Which measures provide a better summary for these data? Explain. 

. Students in one section of an SL maths class scored the following marks 

on a trial exam paper: 

RO ARG N 

(a) The section’s average score is 5. What is the value of x? 

(b) Find the median and standard deviation of this group. 

(c) One student was absent on the day of the trial exam. What is the 

minimum score required of that student for the average score of the 

whole group to be 62 

(d) The student from part (c) received a mark of 5. Another section of 

the class has 12 students, and their average score was 4.5. What is 

the average of both sections? 

For restaurants, the time customers linger over coffee and dessert 

negatively affects profit. To learn more about this variable, a sample of 

14 days was observed, and the average time spent by different groups 

was recorded (to the nearest minute): 

26, 21, 28, 28, 56, 45, 40, 32, 32, 29, 30, 27, 20, 25 

(a) Find a detailed summary of the data. 

(b) What do the results tell you about the amount of time spent in this 
restaurant? 

The following data represent the ages in years of a sample of 25 jockeys 
from a local race track: 

31, 43, 56, 23, 49, 42, 33, 61, 44, 28, 48, 38, 44, 

35, 40, 64, 52, 42, 47, 39, 53, 27, 36, 35, 20 

(a) Find the 5-number summary, and IQR. 

(b) Construct a box plot for the ages and identify any extreme values. 

‘What does the box plot tell you about the distribution of the data? 

(c) Construct a relative frequency distribution for the data, using five 

class intervals and the value 20 as the lower limit of the first class. 

(d) Construct a relative frequency histogram for the data. What does 
the histogram tell you about the distribution of the data?



Chapter 7 practice questions 

1. The temperatures in °C, at midday in a German city during summer of 

2017, were measured for eight days and the results are recorded below. 

21,12,15,12,24, T, 30, 24 

The mean temperature was found to be 21°C. 

(a) Find the value of T. 

(b) Write down the mode. 

(c) Find the median. 

2. The age (in months) when a child starts to walk is observed for a 

random sample of children from a town in France. The results are: 

14.3,11.6, 12.2, 14.0, 20.4, 13.4,12.9,11.7, 13.1 

(a) (i) Find the mean of the ages of these children. 

(ii) Find the standard deviation of the ages of these children. 

(b) Find the median age. 

3. The following data are listed in ascending order: 2, b, 3, a, 6, 9, 10, 12 

The mean is 6 and the median is 5. Find: 

(a) the value ofa 

(b) the value of b. 

4. The table shows the frequency distribution of the number of dental 

fillings for a group of 50 children. 
  

Numberoffillings | 0 | 1 | 2 | 3| 4| 5 
Frequency 4 38| x4 
  

                  

(a) Find the value of x. 

(b) Find: 

(i) the mean number of fillings 

(ii) the median number of fillings 

(iii) the standard deviation of the number of fillings. 

(c) The first row in the table was entered by mistake. It should have 

been 2, 3, 4, 5, 6, and 7 instead. 

‘Without going through the calculations required for part (b), 

find the mean, median and standard deviation. 

5. During the first 240 games played in 2017 in a National football league 

the number of goals scored are given in the table. 
  

Number of goals 0 1 2 3 4 bl 

Number of games 48 | 66 | 57 | 51 Bl 15 

  

                  

(a) Find the mean number of goals scored per game. 

(b) Find the median number of goals scored per game. 
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6. The masses, in kg, of 80 adult males 

Descriptive statistics 

were collected and are summarised 

in the box-and-whisker plot. 

  

e 
(a) Write down the median mass 408458508 5516011651 70875180 

of the males. [Washts) 

(b) Calculate the interquartile range. 

(c) Estimate the number of males who have a mass between 

61kgand 66 kg. 

(d) Estimate the mean mass of the lightest 40 males. 

The diagram shows the cumulative 

frequency graph for the time ¢ 

taken to perform a certain task 

by 2000 men. 

(a) Use the diagram to estimate: 

(i) the median time 
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(ii) the upper quartile and 

the lower quartile 

  

; i 0 
(iii) the interquartile range. 0 5 10 15 20 25 30 

(b) Find the number of men who Time ¢ seconds 

take more than 11 seconds 

to perform the task. 

(c) 55% of the men took less than p seconds to perform the task. Find p. 
  

  

  

  

    

Time Frequency 
5=t<10 500 
0=t<15 850 
15=1<20 a 
20=t<25 b       

(d) Write down the value of: 

@i a (ii) b 

(e) Find an estimate of: 

(i) the mean time 

(ii) the standard deviation of the time. 

Everyone who performs the task in less than one standard deviation 

below the mean will receive a bonus. Pedro takes 9.5 seconds to perform 

the task. 

(f) Does Pedro receive the bonus? Justify your answer.



8. The heights of 200 students are recorded in the table. 

  

  

  

  

  

  

  

  

Height () incm | Frequency 

140 = h < 150 2 

150 = h < 160 28 

160 = h <170 63 

170 = h < 180 74 

180 = h < 190 20 

190 = h < 200 11 

200 < h <210 2       
  

(a) Write down the modal group. 

(b) Calculate an estimate of the mean and standard deviation of 

the heights. 

The cumulative frequency curve for this data is shown. 

200 

180 

160 

140 

120 

100 

80 

Nu
mb
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of
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nt
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140 150 160 170 180 190 200 210 

Height (cm) 

(c) Write down the median height. 

(d) The upper quartile is 177.3 cm. Calculate the interquartile range. 

(e) Find the percentage of students with heights less than 165 cm. 

251



252 
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9. 120 Mathematics students 

in a school sat an 

examination. Their scores 

(given as a percentage) 

were summarised on a 

cumulative frequency 

diagram, as shown. 

5 8 

1 
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10 

o S 

0 
0 10 20 30 40 50 60 70 80 90 100 

   
[Examination score 

(a) Copy and complete the grouped frequency table for the students. 
  

Examination =i =x< ore (%) 0=x<20|20=x<40 40 =x <60 60 = x < 80 80 = x < 100 

  

Frequency 14 26                 

(b) Write down the mid-interval value of the 40 < x < 60 interval. 

(c) Calculate an estimate of the mean examination score of the students.



 



‘The variables we 

discussed in Chapter 7 
can now be redefined 

as random variables, 

whose values depend 
on the chance selection 

of the elements in the 
sample. Using probability 
asa tool, you will be able 

to create probability 
distributions that serve 

as models for random 

variables. You can then 

describe these using a 
mean and a standard 

deviation as you did in 
Chapter 7. 
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Probability 

Learning objectives 

By the end of this chapter, you should be familiar with... 

« concepts of trial, outcome, equally likely outcomes, sample space (U) and 

event 

n(A) 
n(U) 

« complementary events A and A’ (not A), and performing calculations 

using the identity P(A) + P(A") = 1 

« working with combined events and using the formula: 

P(AUB) = P(4) + P(B) — P(AN B) 
« P(A N B) = 0 for mutually exclusive events 

P(AN B) 
P(B) 

« calculating probabilities of independent events: P(A|B) = P(A) = P(A|B’) 

  « the probability of an event A as P(A) = 

« conditional probability: P(A|B) = 

« using Venn diagrams, tree diagrams and tables of outcomes to solve 

problems. 

Uncertainty plays an important role in our daily lives and activities as well as in 

business, science, and almost all fields. Investors cannot be sure which stocks 

will deliver the best growth over the next year. Engineers try to reduce the 

likelihood that a machine will break down. Publishers cannot be sure of how 

sales of a new book are going to be over its life cycle. 

Here are some other examples of the role of uncertainty in our lives: 

« In the last 5 minutes of a world cup match, the manager of the German team 

replaces a defence player with a forward player. 

« Tim is standing at a pedestrian traffic light, facing the ‘Don’t Walk’ light. 

After looking left and right, he crosses the street. 

« John is a 75 year old retired professor with high blood pressure and an 

incident of a minor heart attack. When he applies for life insurance, he is 

turned down as an unacceptable risk. 

In each of the cases described, chance is involved. The team manager selected 

a forward who was more likely to get a much-needed goal. Tim is trying to 

reduce the chance that something undesirable would happen to him. John’s 

insurance company felt that his age and health conditions greatly reduce the 

likelihood of his surviving for many more years. 

How can we use sample data to draw conclusions about the populations from 

which we drew our samples? The techniques we use in drawing conclusions are 

part of inferential statistics, which uses probability as one of its tools.



Randomness and probability 

The reasoning in statistics rests on asking, ‘How often would this method give a 

correct answer if I used it very many times?” When we produce data by random 

sampling or by experiments, the laws of probability enable us to answer the 

question ‘What would happen if we did this many times?’ 

Probability is the study 
of randomness and 

uncertainty. 

What does ‘random’ 

mean? In ordinary 
speech, we use ‘random’ 
to denote things that are 
unpredictable. Events 

that are random are not 
perfectly predictable, 
but they have long-term 
regularities that we can 
describe and quantify 
using probability. Take, 
for example, the flipping 
of an unbiased coin and 

observing the number of 
heads that appear. This is 

random behaviour. 

Flipping a coin, rolling a dice and observing the number on the top surface, 

counting cars at a traffic light when it turns green, measuring daily rainfall in 

a certain area, etc., are all examples of experiments. Every flip of the coin is a 

trial. 

When you flip the coin, there are only two outcomes, heads or tails. Figure 8.1 

shows the results of the first 50 trials of an experiment where the coin was 

flipped 5000 times. Two experiments are shown. The red graph, with points 

marked by crosses, shows the result of an experiment where the first flip was 

a head, followed by a tail, making the proportion of heads to be 0.5. The third 

and fourth flips were also tails. So, the proportion of heads is 0.33, then 0.25. 

On the other hand, the other experiment, shown in green with points marked 

by dots, starts with a series of tails (0.00 proportion of heads), then a head, 

which raises the proportion to 0.2, etc. 

The proportion of heads is quite variable at first. However, in the long run, and An experiment is 

as the number of flips increases, the proportion of heads stabilises at around the process by which 
0.5. We say that 0.5 is the probability of a head. gacbsEystion (of measurement) is 
o obtained. A single 

attempt or realisation of 

the experiment is a tri 
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op
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f 
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ad
s 

  

  

1 11 21 31 41 51 

Number of flips ‘We call an experiment 

random if individual 

outcomes are uncertain 
but there is nevertheless 
a regular distribution 
of outcomes in a large 
number of repetitions. 

Figure 8.1 Two experiments for flipping a coin 

It is important that you know that the proportion of heads in a small number of 

flips can be far from the probability. Probability describes only what happens in 

the long run. How a fair coin lands when it is flipped is an example of a random 

event. One cannot predict perfectly whether the coin will land heads or tails. 

However, in repeated flips, the fraction of times the coin lands heads will 

tend to settle down to a limit of 50%. The outcome of an individual flip is not 

perfectly predictable, but the long-term average behaviour is predictable. Thus, 

it is reasonable to consider the outcome of flipping a fair coin to be random. 

‘The probability of any 
outcome of a random 

experiment is the 

proportion of times the 

outcome would occur 

in a very long series of 
repetitions. 
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‘The notation for sample 
space could also be S or 

any other letter. 
For example, for one 

lip of a coin, the sample 
space is 

U= {heads, tails}, or 
simply h, t} 

Ifyou flip a coin twice 
(or two coins once) 

and count the number 
of heads showing, the 

sample space is: 
$=10,1,2} 
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Data are obtained by observing either uncontrolled events in nature or 

controlled situations in a laboratory. We use the term experiment to describe 

either method of data collection. 

A description of a random phenomenon in the language of mathematics is 

called a probability model. For example, when we flip a coin, we cannot know 

the outcome in advance. What do we know? We are willing to say that the 

outcome will be either heads or tails. Because the coin appears to be balanced, 

we believe that each of these outcomes has probability 0.50. The description of 

coin flipping has two parts: 

« Alist of possible outcomes 

« A probability for each outcome. 

This two-part description is the starting point for a probability model. 

d ‘The sample space U of a random experiment (or phenomenon) is the set of ll possible outcomes. 

Flip a coin twice (or two coins once each) and record the results. Represent 

the sample space 

(a) in list form (b) in table form (c) asa tree diagram. 

  

Solution 

(a) U= {HH, HT, TH, TT} 

  

  

  

  

          

(b)[ Hip1 | FEip2 
H H 

H x 

T H 

X T 

(c) o (HH) 
Flip2 

i 

T @ 
Flip 1 

) 
T 

U )



Set theory provides a foundation for all of mathematics. The language of NG 

probability is much the same as the language of set theory. Logical statements outcome we observe ina 
can be interpreted as statements about sets. single repetition (trial) of 

the experiment. 
An event is an outcome 

Example 8.2 oraset of outcomes of a 
P random experiment, 

When rolling a standard six-sided dice, what are the sets of event A: ‘observe We can also look at an 
event as a subset of 
the sample space or as 
a collection of simple 
events. 

an odd number; and event B: ‘observe a number less than 5. 

Solution 

Event A is the set {1, 3, 5}; event B is the set {1, 2, 3, 4}. 

Sometimes it helps to visualise an experiment using a Venn diagram. 

Figure 8.2 shows the outcomes of the dice rolling experiment from U B ¢ 

Example 8.2. 

  

In general, in this book, we will use a rectangle to represent the sample space 

and closed curves to represent events.       

To understand these definitions more clearly, let’s look at the following Figure8.2 Sample space and 

example. events of rolling a dice 

  
Example 8.3 

Flip a coin three times and record the results. Show the event ‘observing 

exactly two heads’ as a Venn diagram and a table. 

  

Solution 

The sample space is made up of 8 possible outcomes such as: hhh, hht, tht, 

etc. 

Observing exactly two heads is an event with three elements: {hht, hth, thh} 

  

  

  

  

  

        
  

  

  

[ o T Flipl | Flip2 | Flip3 
H H H 

tt H 0 
H T H 

tth H I T 
b i H H 

T H T 
i T H 
L I i           
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Figure 8.4 2D grid for blood 
types 
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Some useful set theory results 
Set operations have a number of properties, which are basic consequences of the definitions. 
Some examples are: 
  
AUB=BUA 

Uis the sample space and @ is the empty set 

  

      

“Two valuable properties are known as De Morgan's laws, which state that 
(AUB =A'NB 
(ANB' =A'UB 

Tree diagrams, tables and grids 

In an experiment to check the blood types of patients, the experiment can be 

thought of as a two-stage experiment: first we identify the type of the blood and 

then we classify the Rh factor + or —. 

‘We can represent the events on a Blood type Rh factor Outcome 

tree diagram. 

The sample space in this experiment is the 

set {A+, A=, B+, B—, AB+, AB—, O+, 0~} 

The same simple events can also be 

arranged in a probability table (Table 8.1). 

  

Blood type 
A B AB o 

Rh Positive A+ | B+ |AB+| O+ 

factor Negative | A— | B— |AB— | O— 

  

  

  

                  Figure 8.3 Tree diagram 
Table 8.1 Probability table 

Or using a 2-dimensional grid (Figure 8.4). 

Example 8.4 
  

Two tetrahedral dice, with sides numbered 

1 to 4, one blue and one yellow, are rolled. 

List the elements of the following events: 

T = {at least one dice lands on 3} 

B = {the blue dice lands on 3} 

S = {sum of the dice is a six}



L 

Solution 

‘We can use a sample space diagram, 

such as that in Figure 8.5, to help us. 

T=1(1,3),(23),(3,3),(43),(3,2),3,1), (3, 4} 

B=1{(1,3),(2,3),(3,3), (4, 3)} 

$=1(24),(3,3), 4.2)} 
Or we can use a table: 

  

  

  

  

              

Blue dice 

1 2 B 4 

1| (1,1)] 12| 13)]@q4) | ForT, row3and column 3. 

2 [ (21)]|(22)](23)](24)]| ForB,column 3 only. 

3131|3233 ]G4 | ForsS,red (bold) cells. 
4 (41| (42| 43)| 449 

Basic terms 
A summary of what we learned in this section is: 

Experiment: An activity or measurement that results in an outcome. 

Sample space: All possible outcomes of an experiment. 
Event: One or more of the possible outcomes of the experiment; a subset of the sample space. 

Probability: a number between 0 and 1 which expresses the chance that an event will occur. 

Exercise 

1. In a large school, a student is selected at random. Give a reasonable 

sample space for answers to each of the following questions. 

(a) Are you left-handed or right-handed? 

(b) What is your height in centimetres? 

(c) How many minutes did you study last night? 

2. We flip a coin and roll a standard six-sided dice and we record the 

number and the face that appear in that order. For example, (5, h) 

represents a 5 on the dice and a head on the coin. Find the sample space. 

3. We draw cards from a deck of 52 playing cards. 

(a) List the sample space if we draw one card at a time. 

(b) List the sample space if we draw two cards at a time. 

(c) How many outcomes do you have in each of the experiments above? 

  

              
2 

Yellow die 

Figure 8.5 Solution to 

Example 8.4 
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10. 

. Tim carried out an experiment where he flipped 20 coins together and 

observed the number of heads showing. He repeated this experiment 

10 times and got the following results: 

INRONT NS SIS SING RN (Tt 

(a) Use Tim’s data to get the probability of obtaining a head. 

(b) He flipped the 20 coins for the 11th time. How many heads should 

he expect to get? 

(c) He flipped the coins 10 000 times. How many heads should he 

expect to see? 

. In a game a four-sided dice with sides marked 1, 2, 3, and 4 is used. The 

intelligence of the player is determined by rolling the dice twice and adding 

1 to the sum of the numbers observed on the face of the side it lands on. 

(a) What is the sample space for rolling the dice twice? 

(b) What is the sample space for the intelligence of the player? 

. A box contains three balls, blue, green, and yellow. You run an 

experiment where you draw a ball, look at its colour and then replace it 

and draw a second ball. 

(a) What is the sample space of this experiment? 

(b) What is the event of drawing yellow first? 

(c) What is the event of drawing the same colour twice? 

. Repeat the same exercise as in Question 6, without replacing the first ball. 

. Nick flips a coin three times and each time he notes whether it is heads 

or tails. 

(a) What is the sample space of this experiment? 

(b) What is the event that heads occur more often than tails? 

. Franz lives in Vienna. He and his family decided that their next vacation 

will be either Italy or Hungary. If they go to Italy, they can fly, drive, 

or take the train. If they go to Budapest, they will drive or take a boat. 

Letting the outcome of the experiment be the location of their vacation 

and their mode of travel, list all the points in the sample space. Also list 

the sample space of the event ‘fly to destination. 

A hospital codes patients according to whether they have health 

insurance, or no insurance, and according to their condition. 

The condition of the patient is rated as good (g), fair (f), serious (s), 

or critical (c). The clerk at the front desk marks 0, for non-insured 

patients, and 1 for insured, and one of the letters for the condition. 

So, (1, ¢) means an insured patient with critical condition.



i 

12. 

13. 

(a) List the sample space of this experiment. 

(b) What is the event: not insured, in serious or critical condition? 

(c) What is the event: patient in good or fair condition? 

(d) What is the event: patient has insurance? 

A social study investigates people for different characteristics. 

One part of the study classifies people according to gender (G, = female, 

G, = male), drinking habits (K; = abstain, K, = drinks occasionally, 

K, = drinks frequently), and marital status (M, = married, M, = single, 

M, = divorced, M, = widowed). 

(a) List the elements of an appropriate sample space for observing a 

person in this study. 

(b) Three events are defined as: 

A = the person is a male, B = the person drinks, and C = the 

person is single 

List the elements of each of A, B, and C. 

(c) Interpret each event in the context of this situation: 

i) AUB (i) ANC (iii) C' 

i) ANBNC ) A'NB 

Cars leaving the highway can take a right turn (R), left turn (L), or go 

straight (S). You are collecting data on traffic patterns at this intersection 

and you group your observations by taking four cars at a time every 

5 minutes. 

(a) List a few outcomes in your sample space U. How many are there? 

(b) List the outcomes in the event that all cars go in the same direction. 

(c) List the outcomes that only two cars turn right. 

(d) List the outcomes that only two cars go in the same direction. 

You are collecting data on traffic at an intersection for cars leaving a 

highway. Your task is to collect information about the size of the car: 

truck (T), bus (B), car (C). You also have to record whether the driver 

has a safety belt on (SY) or no safety belt (SN), as well as whether the 

headlights are on (O) or off (F). 

(a) List the outcomes of your sample space, U. 

(b) List the outcomes of the event SY, that the driver has the safety 

belt on. 

(c) List the outcomes of the event C, that the vehicle you are recording 

isacar. 

(d) List the outcomes of the events in CN SY, C’, and CU SY 
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Figure 8.6 Diagram for 
question 14 
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14. Many electric systems use a built-in back-up so that the equipment 

using the system will work even if some parts fail. Such a system in 

given in Figure 8.6. 

Two parts of this system are installed in parallel, so that the system will 

work if at least one part works. If we code a working system by 1 and a 

failing system by 0, then one of the outcomes would be (1, 0, 1), which 

means parts A and C work while B failed. 

(a) List the outcomes of your sample space, U. 

(b) List the outcomes of the event X, that exactly 2 of the parts work. 

(c) List the outcomes of the event Y, that at least 2 of the parts work. 

(d) List the outcomes of the event Z, that the system functions. 

(e) List the outcomes of these events. 

G z (i) XUZ (iii) XN Z 

(iv) YUZ W Ynz 

15. Your school library has five copies of George Polya’s How To Solve It 

book. Copies 1 and 2 are first edition, and copies 3, 4, and 5 are second 

edition. You are searching for a first edition book, and you will stop 

when you find a copy. For example, if you find copy 2 immediately, 

then the outcome is 2. Outcome 542 represents the outcome that a first 

edition was found on the third attempt. 

(a) List the outcomes of your sample space, U. 

(b) List the outcomes of the event A, that two books must be searched. 

(c) List the outcomes of the event B, that at least two books must be 

searched. 

(d) List the outcomes of the event C, that book 1 is found. 

Probability assignments 

There are a few theories of probability that assign meaning to statements like 

‘the probability that A occurs is p%. In this book we will primarily examine 

only the relative frequency concept. In essence we will follow the idea that 

probability is ‘the long-run proportion of repetitions on which an event occurs’ 

This allows us to ‘merge’ two concepts into one. 

Equally likely outcomes 

If a given experiment or trial has # possible outcomes among which there is no 
100% 

n 
  preference, they are equally likely. The probability of each outcome is then 

or —i; For example, if a coin is balanced well, there is no reason for it to land 

heads in preference to tails when it is flipped, so accordingly, the probability



that the coin lands heads is equal to the probability that it lands tails, and both 
e 100% 

2 
ar = 50%. Similarly, if a dice is fair, the chance that when it is rolled it 

lands with the side with 1 on top is the same as the chance that it shows 2, 3, 

4,5, 0or 6: 102% 

the chance of the event is the number of ways it can occur, divided by the total 

number of things that could occur. For example, the chance that a dice lands 

showing an even number on top is the number of ways it could land showing 

an even number (2, 4, or 6), divided by the total number of things that could 

occur (6, namely showing 1, 2, 3, 4, 5, or 6). 

  or é— If an event consists of more than one possible outcome, 

Relative frequency 

Probability is the limit of the relative frequency with which an event occurs 

in repeated trials. So, ‘the probability that A occurs is p%’ means that if you 

repeat the experiment over and over again, independently and under essentially 

identical conditions, the percentage of the time that A occurs will converge 

to p. For example, to say that the chance that an individual is left handed is 

roughly 12%, means that if you ask people over and over again, independently, 

the ratio of the number of times you find a left handed individual to the total 

number of people you ask tends to be around 12% as the number of people 

you ask grows. Because the ratio of left-handers to total population is always d 
Probability is on a scale between 0% and 100%, when the probability exists it must be between 0% and 
0f0%to 100% or O to 1. 

100%. 

The probability of any event is the number of elements in an event A divided by 

the total number of elements in the sample space U. 

n(A) 

n(U) 
where n(A) represents the number of outcomes in A and n(U) represents the 

total number of outcomes. 

Probability rules 

The basic rules of probability are given below. 

  P(A) = 

Rule 1 

« Any probability is a number between 0 and 1, i.e. the probability P(A) of any 

event A satisfies 0 < P(A) < L. If the probability of any event is 0, the event Remermber thatthere 
Likewise, if th bability is 1, it al I i is no such thing as 

never occurs. Likewise, if the probability is 1, it always occurs. In rolling a negative probability or 
standard dice, it is impossible to get the number 9, so P(9) = 0. Also, the a probability greater 

probability of observing any integer between 1 and 6 inclusive is 1. than 1. 

Rule 2 

« All possible outcomes together must have probability 1, i.e., the probability 

of the sample space U'is 1: P(U) = 1. Informally, this is sometimes called the 

‘Something has to happen rule’ 
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‘We have to be careful 

with these rules. By 
the ‘something has to 
happen rule, the total 

of the probabilities of all 

possible outcomes must 

be 1. This is because 

they are disjoint, and 
their sum covers all 

the elements of the 
sample space. Suppose 
someone reports the 

following probabilities 
for students in your 

high school (4 years). 
If the probability that a 

grade 1,2,3 or 4 student 
is chosen at random 
from the high school 

i 0.24,0.24,0.25, and 

0.19 respectively with 
no other possibilities, 

you should know 
immediately that there 

is something wrong. 
‘These probabilities add 
up to 0.92. Similarly, if 

someone claims that 
these probabilities are 

0.24,0.28,0.25,0.26 

respectively, there is 
also something wrong. 
‘These probabilities add 

up to 1,03, which is more 
than 1. 
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Rule 3 

« If two events have no outcomes in common, the probability that one or the 

other occurs is the sum of their individual probabilities. Two events that 

have no outcomes in common, and hence can never occur together, are 

called disjoint events or mutually exclusive events. 

P(A or B) = P(A) + P(B) 

  

This is the addition rule for mutually exclusive events. 

For example, in flipping three coins, the events of getting exactly two heads 

or exactly two tails are disjoint, and hence the probability of getting exactly 

two heads or two tails is 

Additionally, we can always add the probabilities of outcomes because they 

are always disjoint. A trial cannot come out in two different ways at the 

same time. This will give you a way to check whether the probabilities you 

assigned are legitimate. 

Rule 4 

« The event that contains the outcomes not in A is called the complement of 

A and is denoted by A". 

P(A) =1 —P(A),or PA) =1 — P(4) 

Example 8.5 

When people create codes for their cell phones, the first digits follow 

distributions very similar to those shown in the table. 
  

First digit 0 ¥ 2 5 4 5 6 7 8 9 

Probability |0.009 | 0.300 | 0.174 | 0.122 | 0.096 | 0.078 | 0.067 | 0.058 | 0.051 | 0.045 

  

                          

(a) Find the probabilities of the events 

A = {first digit is 1} 

B = {first digit is more than 5} 

C = {first digit is an odd number} 

(b) Find the probability that the first digit is 

(i) 1 or greater than 5 

(ii) not1 

(iii) an odd number or a number larger than 5.



] 

Solution 

(a) From the table: 

P(A) = 0.300 
P(B) = P(6) + P(7) + P(8) + P(9) 

= 0.067 +0.058 + 0.051 + 0.045 = 0.221 

P(C) = P(1) + P(3) + P(5) + P(7) + P(9) 

=0.300 + 0.122 + 0.078 + 0.058 + 0.045 

= 0.603 

(b) (i) Since A and B are mutually exclusive, by the addition rule, the 

probability that the first digit is 1 or greater than 5 is 

P(A or B) = 0.300 + 0.221 = 0.521 
(ii) Using the complement rule, the probability that the first digit is not 

Lis:P(A") = 1 — P(A) = 1 — 0.300 = 0.700 
(iii) The probability that the first digit is an odd number or a number 

larger than 5: 

P(Bor C) = P(1) + P(3) + P(5) + P(6) + P(7) + P(8) + P(9) 

= 0.300 + 0.122 + 0.078 + 0.067 + 0.058 + 0.051 

+0.045 

=0.721! 

Equally likely outcomes 

In some cases, we are able to assume that individual outcomes are equally likely 

because of some balance in the experiment. Flipping a balanced coin renders 

heads or tails equally likely, with each having a probability of 50%, and rolling a 

standard balanced dice gives the numbers from 1 to 6 as equally likely, each 

having a probability of —61- 

Suppose in Example 8.5, we consider all the digits to be equally likely to 

happen, then our table would be as in Table 8.2. 
  

First digit 0 X 2 3 4 5 6 7 8 9 

Probability | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 | 0.1 

Table 8.2 Consideringall digits to be equally likely to happen 

P(A) = 0.1 
P(B) = P(6) + P(7) + P(8) + P(9) = 4 X 0.1 = 0.4 
P(C) = P(1) + P(3) + P(5) + P(7) + P(9) = 5 X 0.1 = 0.5 

  

                        
  

Also, by the complement rule, the probability that the first digit is not 1 is 

P(A)=1-PA)=1—-01=09 
2-dimensional grids are also very helpful tools that are used to visualise 2-stage 

or sequential probability models. For example, consider rolling a normal 

unbiased cubical dice twice. Here are some events and how to use the grid in 

calculating their probabilities (Figure 8.7). 

Note that P(B or C) is not 

the sum of P(B) and P(C) 
because B and C are not 
mutually exclusive. 
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Figure 8.8 Spinner in question 2 
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P(at least one six) = 1 

      

  

    Se
co
nd
 

ro
ll

 
P(same number) = & 

©             
2 3 4 5 

First roll 

Figure 8.7 How to use the grid in calculating event probabilities 

If we are interested in the probability that at least one roll shows a 6, we count 

the points on the column corresponding to 6 on the first roll and the points 

on the row corresponding to 6 on the second roll, observing naturally that the 

point in the corner should not be counted twice. 

If we are interested in the number showing on both rolls to be the same, then 

we count the points on the diagonal as shown. 

If we are interested in the probability that the first roll shows a number larger 

than the second roll, then we pick the points below the diagonal. 

Hence Plfirst number > second number) = 1> 
36 

1. For each of the following, list the sample space and say whether you 

think the events are equally likely. 

(a) A family has 3 children; record the number of girls. 

(b) Roll 2 dice; record the larger number. 

(c) A family has 3 children; record each child’s gender in order of birth. 

(d) Flip a coin 20 times; record the longest run of tails. 

2. The arrow on a spinner for a child’s game stops rotating to point at a 

colour. (It does not stop at an edge!) 

Which of the probabilities shown in the table are valid? 

  

  

  

  

  

  

Probability 

Red Blue | Yellow | Green 

a 0.25 0.25 0.25 0.25 

b 0.3 0.2 0.4 0.1 

c 0.4 0.4 0.2 0.1 

d 0 0 1 0 

e 0.4 0.4 =03 0.5              



3. A study to relate students high school performance to their college 

performance was conducted at a large university. Here is a table for 

third-year college students and their high school academic ranking. 
  

Rank Top20% | Second 20% | Third 20% | Fourth 20% | Lowest 20% 

Number 615 345 435 90 15 

  

                

A third-year student is selected at random. What is the probability that 

the student 

(a) is not in the top 20% of the class 

(b) is in the top 40% of the class 

(c) is not in the lowest 20% of the class? 

4. In a simple experiment, 20 chips with integers 1-20 inclusive are placed 

in a box and one chip picked at random. 

(a) What is the probability that the number drawn is a multiple of 3? 

(b) What is the probability that the number drawn is not a multiple of 42 

5. The probability an event A happens is 0.37. 

(a) What is the probability that it does not happen? 

(b) What is the probability that it may or may not happen? 

6. You are playing with an ordinary deck of 52 cards by drawing cards at 

random and looking at them. 

(a) Find the probability that the card you draw is: 

(i) theace of hearts (ii) the ace of hearts or any spade 

(iii) an ace or any heart (iv) not a face card. 

(b) Now you draw the ten of diamonds and put it on the table and draw 

a second card. What is the probability that the second card: 

(i) is the ace of hearts (ii) is not a face card? 

(c) Now you draw the ten of diamonds and return it to the deck and 

draw a second card. What is the probability that the second card: 

(i) is the ace of hearts (ii) is not a face card? 

7. In the morning on Monday, my class wanted to know how many hours 

students spent studying on Sunday night. They stopped schoolmates at 

random as they arrived and asked each: ‘How many hours did you study 

last night?” Here are the answers of the sample they chose on Monday, 

14 January 2018. 
  

Number of hours 0 1 2] 5 4 5 

Number of students 4 12 8 5 2 1 
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10. 

1 

Estimate the probability that a student: 

(a) spent less than three hours studying Sunday night 

(b) studied two or three hours 

(c) studied less than six hours. 

. We flip a coin and roll a standard six-sided dice and record the number 

and the face that appear. Find: 

(a) the probability of having a number larger than 3 

(b) the probability that we get a head and a 6. 

. A dice is constructed in such a way that a 1 has the chance to occur 

twice as often as any other number. 

(a) Find the probability that a 5 appears. 

(b) Find the probability an odd number will occur. 

You are given two fair dice to roll in an experiment. 

(a) Your first task is to report the numbers you observe. 

(i) What is the sample space of your experiment? 

(ii) What is the probability that the two numbers are the same? 

(iii) What is the probability that the two numbers differ by 22 

(iv) What is the probability that the two numbers are not the same? 

(b) In a second stage, your task is to report the sum of the numbers that 

appear. 

(i) What is the probability that the sum is 12 

(ii) What is the probability that the sum is 92 

(iii) What is the probability that the sum is 82 

(iv) What is the probability that the sum is 132 

An estimate of the world population in 2018 is shown in the table. 

Numbers are in millions. 
  

  

  

  

  

  

  

Age Male Female Total 
14 years or less 964 899 1863 

15-24 611 572 1183 

25-54 1523 1488 3011 

55-64 307 322 629 

65 and over 284 ase 636 

Total 3689 3633 7322             
A person is randomly chosen. What is the probability that this person is: 

(a) afemale 

(b) a male between the age of 15 and 24 

(c) atleast 65 years old.



12. 

158 

14. 

In each of the following situations, state whether or not the given 

assignment of probabilities to individual outcomes is legitimate. Give 

reasons for your answer. 

(a) A dice is loaded such that the probability of each face is according 

to the following assignment, where x is the number of spots on the 

upper face and P(x) is its probability. 
  

  

                

5 1 2|3 4]5 |6 

P el 
6 13|13 |6 
  

(b) A student at your school categorised in terms of gender and whether 

they are diploma candidates or not. 

P(female, diploma candidate) = 0.57 

P(female, not a diploma candidate) = 0.23 

P(male, diploma candidate) = 0.43 

P(male, not a diploma candidate) = 0.18 

(c) Draw a card from a deck of 52 cards where x is the suit of the card 

and P(x) is its probability. 
  

  

  

x Hearts Spades | Diamonds | Clubs 
P(x) 12 15 12 13 

52 52 52 52             

In Switzerland, there are three official mother tongues, German, French, 

and Italian. You choose a Swiss at random and ask what their mother 

tongue is. The table shows the distribution of responses. 
  

Language German | French | Italian Other 
Probability 0.58 0.24 0.12 ? 
                

(a) What is the probability that a Swiss person’s mother tongue is not 

one of the official ones? 

(b) What is the probability that a Swiss person’s mother tongue is not 

German? 

(c) What is the probability that a Swiss person’s mother tongue is 

French or Italian? 

The majority of email messages are now spam. The table shows the 

distribution of topics in spam emails. 
  

Topic Adult | Financial | Health | Leisure | Products | Scams 

Probability 0.165 0.142 0.075 0.081 0.209 0.145 

  

                  

(a) What is the probability of choosing a spam message that does not 

concern these topics? 
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158 

16. 

117 

18. 

Parents are usually concerned with spam messages with ‘adult’ content. 

(b) What is the probability that a randomly chosen spam email falls into 

one of the other categories? 

An experiment involves rolling a pair of dice, 1 white and 1 red, and 

recording the numbers that come up. Find the probability that: 

(a) the sum is greater than 8 

(b) a number greater than 4 appears on the white dice 

(c) at most a total of 5 appears. 

(a) A box contains 8 chips numbered 1 to 8. Two are chosen at random 

and their numbers are added together. What is the probability that 

their sum is 72 

(b) A box contains 20 chips numbered 1 to 20. Two are chosen at random. 

‘What is the probability that the numbers on the two chips differ by 32 

() A box contains 20 chips numbered 1 to 20. Two are chosen at 

random. What is the probability that the numbers on the two chips 

differ by more than 3? 

A wooden cube has its faces painted green. The cube is cut into 1000 

small cubes of equal size. We mix the small cubes thoroughly. One cube 

is drawn at random. What is the probability that the cube: 

(a) has two faces coloured green 

(b) has three coloured faces 

(c) does not have a coloured face at all? 

Government statistics list leading causes of death. Numbers of deaths 

by gender in the US for 2015 are summarised in the table. 
  

  

  

  

  

  

  

Cause of death Male Female Total 

Heart diseases 335002 298840 
Cancer 313818 282112 
Accidents 92919 53652 
Diabetes 43123 36412 
Other causes 

Total 1373404 1339226             
(a) Copy the table and fill in the blank cells. 

(b) Find the probability that a randomly chosen death is: 

(i) amale 

(ii) a male with heart disease 

(iii) due to cancer. 

(c) What proportion of female deaths is caused by accidents? 

(d) What proportion of accident deaths were female?



19. The social networking site Facebook is popular around the world. The 

following table shows the number of Facebook users and populations in 

four countries in 2017 (in millions). 
  

  

  

  

    

Country Facebook | Population 
India 294 1339 
Indonesia 131 264 
USA 204 324 

Mexico 84 129         

(a) If we select a Facebook user from these at random, what is the 

probability that the person lives in Asia? 

(b) If we pick a person at random in any of these countries, in which 

country is the probability of picking a Facebook user lowest? 

Highest? 

(c) If we pick randomly a person in each country, what is the 

probability that all four are not users of Facebook? 

Operations with events 

In Example 8.5, we talked about the following events 
L ‘The intersection of two 

B = {first digit is more than 5} events Band G, denoted 
by the symbol B N Cor 

C = {first digit is an odd number} simply BC, is the event 
We also claimed that these two events are not mutually exclusive. CO"'fli“iflf allil 0“‘lcgmfs 

s . ) - ; 
This brings us to another concept for looking at combined events. s 

  
In Figure 8.9, BN C = {7, 9} because these outcomes are in both Band C. 

Since the intersection has outcomes common to the two events B and C, 

they are not mutually exclusive. 

The probability of B N Cis 0.058 + 0.045 = 0.103 

  

The probability of B or C is not simply the sum of the two probabilities. 

How can we find the probability of B or C when they are not mutually 

exclusive? We need to define the union (see Key Fact box). 

      

Figure 8.9 Intersection of events 

Here BU C = {1, 3,5,6,7, 8, 9}. In calculating the probability of BU C, we ‘The union of two events 

observe that the outcomes 7 and 9 are counted twice. To remedy the situation, 2 “"“l G l‘; e, Ml:‘:h 
event containingall the 

if we decide to add the probabilities of B and C, we subtract one of the incidents e bilong %o 
of double counting. So, P(BU C) = 0.221 + 0.603 — 0.103 = 0.721, which Borto Cor to both. 

is the result we received with direct calculation. In general, we can state the 

following probability rule: 

a For any two events A and B, P(A U B) = P(4) + P(B) — P(4 N B). 
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> 

  

As you see from Figure 8.10, P(A N B) has been added twice, so the ‘extra’ 

one is subtracted to give the probability of (A U B) 

This general probability addition rule applies to the case of mutually 

exclusive events too. Consider any two events A and B. The probability of 

A or Bis given by 

P(A U B) = P(A) + P(B) — P(A N B) = P(A) + P(B)     

Figure 8.10 Union of events 

Two events A and B are 

independent if knowing 
that one of them occurs 

does not change the 
probability that the other 

occurs. 

‘The multiplication rule 

for independent events: 
If two events A and B are 

independent, then 
P(AN B) = P(4) X P(B) 
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since P(ANB) =0 

Some useful results 

1. PlANB =PBNA) 

2. PA'NB)=PAUB'=1—-PAUB) 

  

U 
A B 

      

The simple multiplication rule 

Consider the following situation: In a large school, 55% of the students are 

male. It is also known that the percentage of smokers among males and females 

in this school are the same, 22%. What is the probability of selecting a student 

at random from this population that is a male smoker? 

Applying common sense only, we can think of the problem in the following 

manner. Since the proportion of smokers is the same in both groups, smoking 

and gender are independent of each other in the sense that knowing that the 

student is a male does not influence the probability that he smokes! 

The chance we pick a male student is 55%. From those 55% of the population, 

we know that 22% are smokers, so by simple arithmetic the chance that we 

select a male smoker is 

0.22 X 0.55 = 12.1%. 

This is an example of the multiplication rule for independent events. 

Example 8.6 

The blood types of people can be one of the four types: O, A, B, or AB. 

The distribution of people with these types differs from one group of people 

to another. Here are the distributions of blood types for randomly chosen 

people in the USA, China, and Russia. 
  

  

  

  

s Blood type o A B AB 

USA 0.43 0.41 0.12 4 

China 0.36 0.27 0.26 0.13 

Russia 0.39 0.34 4 0.09              



(a) What is the probability of type AB in the USA? 

(b) Dirk lives in the USA and has type B blood. Type B can only receive 

from O and B. What is the probability that a randomly chosen USA 

citizen can donate blood to Dirk? 

(c) What is the probability of randomly choosing a person from the USA 

and a person from China with type O blood? 

(d) What is the probability of randomly choosing three people, one from 

the USA, one from China and one from Russia, with type O blood? 

(e) What is the probability of randomly choosing three people, one from 

the USA, one from China and one from Russia, with the same blood 

type? 

I 

Solution 

(a) Since the complement of AB, AB' is O, A, or B, then 

P(AB) = 1 — (0.36 + 0.27 + 0.26) = 0.04 

(b) This is the union of two mutually exclusive events, O or B: 

P(OU B) = 0.43 + 0.12 = 0.55 

(c) This is an intersection of two independent events (O in USA and China) 

P(USA N China) = P(USA) X P(China) = 0.43 X 0.36 = 0.1548 

(d) This is an extension of the two independent events 

P(USA N China N Russia) = P(USA) X P(China) X P(Russia) 
=0.43 X 0.36 X 0.39 = 0.060372 

(e) All three individuals could have O, A, B or AB types. 

We found P(O) in part (d): P(O) = 0.060372 

Using the complement for the missing entry for Russia 

P(A) = 0.41 X 0.27 X 0.34 = 0.037638, 

P(B) = 0.12 X 0.26 X (1 — (0.39 + 0.34 + 0.09)) = 0.005832 
Do not confuse 

P(AB) = 0.04 X 0.13 X 0.09 = 0.000468 P 
mutually exclusive. 
Mutually exclusive (or 

P(person from USA, China and Russia with the same blood type) disjoint) means that if 
one of the events occurs, 

So, adding all the probabilities, 

= WIeRE then the other does not 
occur; ‘independent’ 
means that knowing one 

‘This rule can also be extended to more than two independent events. Parts (d) and (e), on the of the events occurs does 
assumption of independence, demonstrate the general rule: not influence whether the 
P(ANBNCA...) = P(4) X P(B) X P(C) X ... other occurs or not. 
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Example 8.7 

It is estimated that 17% of computers bought from one computer 

manufacturer require one repair job during the first month after purchase, 

7% will need repairs twice during the first month, and 4% require three or 

more repairs. 

(a) What is the probability that a computer chosen at random from this 

manufacturer will need: 

(i) no repairs 

(ii) no more than one repair 

(iii) some repair? 

(b) If you buy two computers from this manufacturer, what is the 

probability that: 

(i) neither will require repair 

(ii) both will need repair? 

L ——— 

Solution 

(a) Since all of the events listed are mutually exclusive, we can use the 

addition rule. 

(i) P(no repairs) = 1 — P(some repairs) 

=1—(0.17 + 0.07 + 0.04) = 1 — (0.28) = 0.72 

(ii) P(no more than one repair) = P(no repairs) + P(one repair) 

= 0721017 = 0.89 

(iii) P(some repairs) = P(one repair) + P(two repairs) 

+ P(three or more repairs) 

=0.17 + 0.07 + 0.04 = 0.28 

(b) Since repairs on the two computers are independent from one another, 

the multiplication rule can be used. Use the probabilities of events from 

part (a) in the calculations. 

(i) P(neither will need repair) = (0.72)(0.72) = 0.5184 

(ii) P(both will need repair) = (0.28)(0.28) = 0.0784 

Conditional probability 

In probability, conditioning means incorporating new restrictions on the 

outcome of an experiment: updating probabilities to take into account new 

information. We will look at how conditional probability can be used to solve 

complicated problems.



Example 8.8 

A public health department wants to study the smoking behaviour of 

high school students. They interview 768 students from grades 10-12 and 

asked them about their smoking habits. They categorised the students into 

the following two categories: smokers and non-smokers. The results are 

summarised in the table. 
  

  

  

              

Smoker Non-smoker Total 

Male 169 245 414 

Female 145 209 354 

Total 314 454 768 

A student is selected at random from this study. What is the probability that 

we select: 

(a) afemale (b) a male smoker (c) anon-smoker? 

Solution 

(a) Since we have 354 females in the study, 

P(female) = % = 0.461 

So, 46.1% of our sample are females. 

(b) Since we have 169 males categorised as smokers, the chance of a male 

smoker will be 

169 
P(male smoker) = 768 0.220 

(c) We have 454 non-smokers 

_ 454 _ 
P(non-smoker) = 768 0.591 

In Example 8.8, what if we know that the selected student is a female? Does that 

influence the probability that the selected student is a non-smoker? Yes it does! 

Knowing that the selected student is a female changes our choices. The revised 

sample space is not made up of all students anymore. It is made up of only the 

female students. The chance of finding a non-smoker among the females is 
209 
354 

59.1% of non-smokers in the whole population. 

= 0.590, i.e., 59.0% of the females are non-smokers as compared to the 

This is an example of conditional probability. We write this as 

P(non-smoker|female) = % = 0.590 

We read this as ‘probability of selecting a non-smoker given that we have 

selected a female’ Interpreted differently, 59% of the females are non-smokers. 
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Probability 

Looking further at this, if we asked the question differently: what is the 

probability of selecting a female knowing that a non-smoker has been selected? 

Our sample space will be the non-smoker group. Thus, 

P(femalelnon-smoker) = % = 0.460. 46% of the non-smokers are females. 

The conditional probability of A given B, P(A|B), is the probability of the event 

A, updated on the basis of the knowledge that the event B occurred. 

Remember that the probability we assign to an event can change if we know 

that some other event has occurred. This idea is the key to understanding 

conditional probability. 

Imagine the following scenario. 

You are playing cards and your opponent is about to give you a card. What is 

the probability that the card you receive is a queen? 

As you know, there are 52 cards in the deck, 4 of these cards are queens. 

So, assuming that the deck was thoroughly shuffled, the probability of receiving 

a queen is 

  

This calculation assumes that you know nothing about any cards already dealt 

from the deck. 

Suppose now that you are looking at the five cards you have in your hand, and 

one of them is a queen. You know nothing about the other 47 cards 

(52 — the 5 cards you have!) except that exactly three queens are among them. 

The probability of being given a queen as the next card, given what you know, is 

P(queen|5 cards including a queen in hand) = % # 1—13; 

So, knowing that there is one queen among your five cards changes the 

probability of the next card being a queen. 

Consider Example 8.8 again. We want to express the table frequencies as 

relative frequencies or probabilities. This is called a joint probability table. 

To find the probability of selecting a student at random and finding 

that student is a non-smoker female, we look at the intersection of   

the female row with the non-smoking column and find that this 
  probability is 0.272. 
  

The probabilities in the right column and the bottom row are called           

smoker| O™ | Total smoker 
Male |¥0.220 0.319 0.539 

Female | 0.189 [%0.272 0.461y 

Total 0.409 | 0.591 1.000     

Marginal probabilities 

Table 8.3 Joint probability 
table 
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marginal probabilities. For example, looking at the right column, you 

can read from it that 53.9% of the individuals asked are male and 

46.1% are female. Looking at the bottom row, 40.9% of the individuals 

are smokers, while 59.1% are non-smokers. 

Looking at this calculation from a different perspective, we can think about it 

in the following manner.



We know that the percentage of females in our sample is 46.1, and among those 

females, in Example 8.8, we found that 59.0% of those are non-smokers. So, 

the percentage of female non-smokers in the population is the 59.0% of those 

46.1% females, i.e., 0.590 X 0.461 = 0.272! 

In terms of events, this can be read as: ‘The multiplication rule 

Given any events A and P(non-smoker|female) X P(female) = P(female N non-smoker) T 

The previous discussion is an example of the multiplication rule of any two ‘;v'::;;ms fappois 

events A and B. P(4B) = P(A]B) P(B) 

Example 8.9 

In a psychology lab, researchers are studying the colour preferences of young 

children. Six green toys and four red toys (identical apart from colour) are 

placed in a container. The child is asked to select two toys at random. 

‘What is the probability that the child chooses two red toys? 

Solution 

To solve this problem, we draw First choice Second choice Outcome 

a tree diagram. Red(5)         

  

   

  

     Each entry on the branches has 

a conditional probability. 

So, Red on the second choice 

is either Red|Red or Red|Green. 

Red(# ) 

Green (5 
‘We are interested in RR, 

so the probability is: 

P(RR) = P(R) X P(R|R) = % x % = 133% 

When P(A N B)= P(A|B) X P(B), and P(B) # 0, we can rearrange the When P(B) # 0, the 

  

multiplication rule to produce a definition of the conditional probability P(A|B) conditional probability of 
in terms of the unconditional probabilities P(A N B) and P(B). Agiven Bis 

puip = 240D 
Why does this formula make sense? PB) 

First of all, note that it does agree with the intuitive answers we found above. 

In Example 8.8, recall that P(non-smoker|female) = % =0.590 

Now applying the new definition we have 

P(non-smoker|female) = ——————————— = ==°= = 0.590 or 
( ) P(female) 0.461 

P(femalelnon-smoker) = Elnon-smoker N female) _ 0272 _ 0.460 
P(non-smoker) 0.591 
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U4 

  (2     

Figure 8.11 P(A[B) 
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Probability 

Now, if we learn that B occurred, we can restrict attention to just those 

outcomes that are in B, and disregard the rest of U, so we have a new sample 

space that is just B (see Figure 8.11). For A to have occurred in addition to B, 

requires that A N B occurred, so the conditional probability of A given B is 

P(ANB) 
, just as we defined it above. 

P(B) 

Example 8.10 

In an experiment to study the phenomenon of colour-blindness, researchers 

collected information concerning 1000 people in a small town and 

categorised them according to colour-blindness and gender. The table shows 

a summary of the findings: 

  

  

  

  

Male Female Total 

Colour-blind 40 2 42 

Not colour-blind 470 488 958 

Total 510 490 1000             
What is the probability that a person chosen at random is: 

(a) colour-blind, given that the person is a female 

(b) a colour-blind female 

(c) acolour-blind individual? 

Solution 

Let C stand for colour-blind, F for female, M for male and NC for not colour 

blind. 

(a) Note that we do not have to search the whole population for this event. 

‘We limit our search to the females. There are 490 females. As we only 

need to consider females, then when we search for colour-blindness, 

we only look for the females who are colour-blind, i.e., the intersection. 

Here we only have two females. Therefore, the chance we get a colour- 

blind person, given the person is a female is 

P(C|F) = 2 CILE) A (G JRE 

Note that we used the frequency rather than the probability. However, 

these are equivalent since dividing by n(U) will transform the frequency 

into a probability. 

n(CNF) 

nCNR) _Ta0) _PCOD_ o 
 



(b) To have a colour-blind female means that we are looking for the 

probability of the intersection, P(F N C). Using the multiplication rule 

2 490 
P(FN C) = P(C|F) X P(F) = 5 o = e 

_nlC _ 42 _ 
(c) From the table, P(C) = WO 1000 0.042 

However, in cases where only probabilities are available, not the original 

data, the tree diagram provides us with a way to find this probability 

(Figure 8.12). 

To have a colour-blind individual, the person is either colour-blind 

female or a colour-blind male, i.e., (FN C) U (M N C). Thus, and since the 

events in question are mutually exclusive, we have 

510 40 < = 4 =0, 2 =] P(C) =P(FN C) + P(MN C) = 0.002 1000 = 310 0.042 - ¢ 

510 

   
An alternative way to look at the problem is through a tree diagram. 
The method makes it easier for us to visualise the situation and carry out the 470 NC 

solutions to the rest of this question. 

The first two branches distinguish our people into males and females. 

The second set of branches distinguishes people according to their colour 

blindness. Changing from numbers into probabilities provides us with an 

efficient tool to perform the calculations we need. 

Note that the probabilities in the first two branches use the whole sample space 

of 1000 people. In the second set, and because we already know the gender, the 

sample space changes to either females with 490 or males with 510. Thus the 470 NC 

probabilities on the second set of branches are conditional probabilities. a5 

  

Fij 8.12 Tree diag; f 
For example, on the dashed branches, fi = P(C|F), and % = P(NCIF) c(‘,lg(::bfindm:e RERIRE 

Example 

|
 

One national airline is known for its punctuality. The probability that a 

regularly scheduled flight departs on time is P(D) = 0.83, the probability 

that it arrives on time is P(A) = 0.92, and the probability that it arrives and 

departs on time, P(A N D) = 0.78. Find the probability that a flight: 

(a) arrives on time given that it departed on time 

(b) departs on time given that it arrived on time. 

L ] 

Solution 

(a) The probability that a flight arrives on time given that it departed on 

time is 

P(AID) = ——— = === = 0.94 
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Two events are 
independent if cither 

P(ANB) = P(A) X P(B), 
or P(A|B) = P(4) 

Otherwise, the events are 
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not independent. 

Probability 

(b) The probability that a flight departs on time given that it arrived on time 

Independence 

Two events are independent if learning that one occurred does not affect the 

chance that the other occurred. That is, if P(A|B) = P(A), and vice versa. 

This means that if we apply our definition to the general multiplication rule, 

then 

P(A N B)= P(A|B) X P(B) = P(A) X P(B) 

which is the multiplication rule for independent events we studied earlier. 

These results give us some helpful tools in checking the independence of events. 

Example 8.12 

Take another look at Example 8.11. Are the events of arriving on time (A) 

and departing on time (D) independent? 

Solution 

‘We can answer this question in two different ways: 

It is given that P(A) = 0.92, and we found that P(A|D) = 0.94. Since the 

two values are not the same, then we can say that the two events are not 

independent. 

Alternately, P(A N D) = 0.78 and 

P(A) X P(D) = 0.92 X 0.83 = 0.76 # P(A N D) 

Example 8.13 

In many countries, the police stop drivers on suspicion of drunk driving. 

The stopped drivers are given a breath test, or a blood test, or both. In a 

country where this problem is vigorously dealt with, the police records show 

the following: 

81% of the drivers stopped are given a breath test, 40% a blood test, and 25% 

both tests. 

(a) What is the probability that a suspected driver is given: 

(i) atest 

(ii) exactly one test 

(iii) no test?



(b) Are the events giving the driver a breath test and giving the driver a 

blood test independent? 

  

Solution 

A Venn diagram can help explain the U 

solution. 

(a) () 

(ii) 

(i) 

  

The probability that a driver 

receives a test means that they d 
Blood (0.40) receive either a blood test, or ot 
0.04 Breath (0.81) 

a breath test, or both tests. 

The probability as such can be calculated directly from the diagram 

or by applying the addition rule. The diagram shows that if 81% 

receive the breath test and 25% are also given the blood test, then 

the remaining 56% do not receive a blood test. Similarly 15% of the 

blood test receivers do not get a breath test. So, the probability to 

receive a test is: 0.56 + 0.25 + 0.15 = 0.96 

      

Also, if we apply the addition rule 

P(breath or blood) = P(breath) + P(blood) — P(both) 
=0.81 + 0.40 — 0.25 = 0.96 

To receive exactly one test is to receive a blood test or a breath 

test, but not both! So, from the Venn diagram it is clear that this 

probability is 0.15 + 0.56 = 0.71. To approach it differently, 
since we know that the union of the two events still contains the 

intersection, we can subtract the probability of the intersection 

from that of the union. i.e., 0.96 — 0.25 = 0.71 

To receive no test is equivalent to the complement of the union of 

the events. Hence, P(no test) = 1 — P(1 test) = 1 — 0.96 = 0.04 

(b) To check for independence, we can use any of the two methods we tried 

before. Since all the necessary probabilities are given, we can use the 

product rule: 

If they were independent, then 

P(both tests) = P(breath) X P(blood) = 0.81 X 0.40 = 0.324 

but P(both tests) = 0.25. Therefore, the events of receiving a breath and 

a blood test are not independent. 
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Example 8 ' 

The diagram shows a target for a 

dart game. The radius of the 

board is 40 cm and is divided 

into three regions as shown. 

You score 2 points if you hit the 

centre, 1 point for the middle 

region and 0 points for the outer 

region. 

(a) What is the probability of 

scoring a 1 in one attempt? 

(b) What is the probability of 

scoring a 2 in one attempt? 

  

Solution 

7102 _ 1 _ a202—10) _ 3 
(a) P(1) = a0 16 (b) PQ) =   

409 16 

  

Some applications 

Here are a few examples of applications of probability. 

Life insurance 

The life insurance industry relies heavily on relative frequencies in determining 

whether a person should be accepted for cover and the premiums that must be 

charged. Life insurance premiums are based largely on relative frequencies that 

reflect overall death rates for people of various ages. The table shows a portion 

of a mortality table of the type used by insurance companies. 

  

  

  

  

  

  

  

      

Male Female Male Female 

Deaths |  Life |Deaths| Life Deaths|  Life | Deaths| Life 
Age | per |expectancy | per | expectancy |Age| per | expectancy | per | expectancy 

1000 | (years) | 1000 | (years) 1000 | (years) | 1000 | (years) 
0| 16 912 16 9238 50| 20 38.4 L1 404 
1] 04 90.3 0.4 919 60| 49 285 33 303 

0] o1 80.7 0.1 825 70| 109 193 8.7 209 
20 | 04 70.0 02 719 80| 318 113 239 12.6 
30 | 07 59.4 03 613 90 | 107.7 56 86.8 6.5 
10 | 08 489 05 50.8 100 | 267.0 28 2293 31                   
  

Table 8.4 A portion of a mortality table of the type used by insurance companies 

The table shows some interesting facts. The death rates start relatively high for 

new-borns, decrease slightly for the younger years, and then increase gradually 

afterwards.



Each death rate can be changed into a probability by dividing by 1000. 

The resulting probability is not essentially the probability of death for a specific 

individual but rather the probability for a typical individual in that age group. 

For example, a typical male policy holder of age 60 would have a —— T 0 0 o © 

0.0049 probability of passing away within the coming year. 

A review of male versus female death rates shows the rates for males to be 

higher for each age group. Especially significant is the increase between 10 and 

30 years, which is two times higher for males. 

Airlines overbooking flights 
Airlines overbook flights, that is they book passengers to more seats on a particular aeroplane 
than are available. They know that a certain percentage of peaple will not show up for the flight, 
particularly as it is likely that these passengers will have refundable tickets. So they want to fly 
with as few empty seats as possible. 
Airlines use probability to determine exactly how many tickets to sell, too few and they're wasting 
seats, too many and they face penalties such as the cost of other flights, hotel stays and annoyed 
customers. 

However, by using probability on past experiences airlines can predict the probability of 
passengers showing up for particular flight routes. For example, on a flight with capacity of 180 
seats, an airline may sell up to 195 tickets. Using probability, it is estimated that there is almost a 
zero chance that all 195 will show up, there is about 1.11 percent chance that 184 show up. 

Police checking for drunk drivers 
In some countries, police conduct roadside stop points to check for drunk drivers. Normally 
drivers are required to roll down their window and speak to the police where police will look for 
signs of impairment. This often includes the smell of alcohol and dilation of the pupils (in reaction 
to them shining a flashlight in your eyes). Police will tend to give suspected drivers a breath 
test, or a blood test. Like any test, there is always a chance of an error. Probability is helpful in 
calculating risks of being at fault in accusing the wrong drivers. 

1. U'is the set of positive integers less than or equal to 20. 

  

A, Band C are subsets of U. 

A = {even integers}; B = {multiples of 3}; C = {6, 8,9, 12, 13, 15} 

(a) Find 

(i) P(4) 
(ii) P(B) 

(b) Copy and complete the Venn diagram in Figure 8.13 with all the v A & 

elements of U, and find P(A U B) 

(¢) Find P(C) 
C       2. Rami travels to work each day, either by bus or by train. The probability 

Figure 8.13 Venn diagram for 
that he travels by bus i is <. 3 Ifhe travels by bus, the probability that he question 1 (b) 

buys coffee is 3 If he travels by train, the probability that he buys coffee 

3 
is 7 
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(a) Copy and complete the tree 

diagram. 
C = Coffee, B 

NC = No coffee, = 

B = bus, i NC 

T = train 
C 

(b) Find the probability that = 

Rami buys coffee when - T 

he travels to work. 

— NC 

w1
 

. Alex has an unbiased cubical (six faced) dice on which are written the 

numbers 1, 2, 3,4, 5and 6. 

Ben has an unbiased tetrahedral (four faced) dice on which are written 

the numbers 2, 3, 5 and 7. 

(a) Setup a Venn diagram with the numbers written on Alex’s dice (A) 

and Ben’s dice (B). 

(b) Find n(BN A’) 

(c) Alex and Ben are each going to roll their dice once only. Alex looks 

at the number showing on top and Ben looks at the number his dice 

lands on. Find the probability that both show the same number. 

. Franz has an unbiased cubical (six faced) dice on which are written the 

numbers 1, 3, 3, 6, 6 and 6. 

Gaby has an unbiased disc with one side yellow and one green. 

The dice is rolled and the disc flipped at the same time. 

(a) List the elements of the sample space. 

(b) Find the probability that: 

(i) the number shown on the dice is 3 and the disc is green 

(ii) the number shown on the dice is 3 or the disc is green 

(iii) the number shown on the dice is even given that the colour 

shown on the disc is green. 

. Events A and B are given such that P(A) = %, PAUB) = % and 

PANB) = 1—3:). Find P(B). 

. Events A and B are given such that P(A) = 1—70, PAUB) = % and 

3 
RANR B === ( ) 0 

(a) Draw a Venn diagram representing the situation.



10. 

s 

. Events A and B are given such that P(A) = %, P(AUB) = % and P(B) = 

(b) Hence or otherwise, find: 

i) P(B) (ii) P(B' N A) (iii) P(BN A") 
(iv) P(B'NA") (v) P(BJA") 

o
l
 

Show that A and B are neither independent nor mutually exclusive. 

. Events A and B are given such that P(A) = %, and PANB) = % 

If A and B are independent, find P(A U B) 

. Driving tests in a certain city are not easy to pass the first time you take 

them. After going through training, 60% of new drivers pass the test 

first time. If a driver fails the first test, there is chance of passing it on a 

second try. Two weeks later, 75% of the second-chance drivers pass the 

test. Otherwise, the driver has to retrain and take the test after 6 months. 

Draw a tree diagram and find the probability that a randomly chosen 

new driver will pass the test. 

People with O-negative blood type are universal donors, i.e., they can 

donate blood to individuals with any blood type. Only 8% of people 

have O-negative blood. 

(a) One person randomly appears to give blood. What is the probability 

that the person does not have O-negative blood? 

(b) Two people appear independently to give blood. What is the 

probability that: 

(i) both have O-negative blood 

(ii) at least one of them has O-negative blood 

(iii) only one of them has O-negative blood? 

To understand which products are downloaded from the internet most, 

a study is conducted where students from several international schools 

in a big city are surveyed. The results of the questions asked are given 

below where books (B), music (M) or films (F), are the main products 

concerned. 

100 students downloaded music 

95 students downloaded films 

68 students downloaded films and music 

52 students downloaded books and music 

50 students downloaded films and books 

40 students downloaded all three products 

8 students downloaded books only 

25 students downloaded none of the three products 
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JIE2S 

138 

(a) Use this information to draw a Venn diagram. 

(b) Find the number of students who were surveyed. 

(c) (i) Onyour Venn diagram, shade the set (FU M) N B’ 

(ii) Find n((FU M) N B) 
(d) A student who was surveyed is chosen at random. 

Find the probability that: 

(i) the student downloaded music 

(ii) the student downloaded books, given that they had not 

downloaded films 

(iii) the student downloaded at least two of the products. 

The city has 2550 students attending international schools. 

(e) Find the expected number of students in this city that download 

music. 

180 people were interviewed and asked what types of transport they had 

used in the last year from a choice of aeroplane (A), train (T) or bus (B). 

The following information was obtained. 

47 had travelled by aeroplane 

68 had travelled by train 

122 had travelled by bus 

25 had travelled by aeroplane and train 

32 had travelled by aeroplane and bus 

35 had travelled by train and bus 

20 had travelled by all three types of transport 

(a) Draw a Venn diagram to show this information. 

(b) Find the number of people who, in the last year, had travelled by 

(i) bus only 

(ii) both aeroplane and bus but not by train 

(iii) at least two types of transport 

(iv) none of the three types of transport. 

A person is selected at random from those who were interviewed. 

(c) Find the probability that the person had used only one type of 

transport in the last year. 

(d) Given that the person had used only one type of transport in the last 

year, find the probability that the person had travelled by aeroplane. 

Two dice are rolled and the numbers on the top face are observed. 

(a) List the elements of the sample space. 

(b) Let x represent the sum of the numbers observed. Copy and 

complete the table.



14. 

15. 

  

53 2 3 4 5 6 7 8 2 10 | 11 12 
  

1 
P(x) T 

                          
  

(c) What is the probability that at least one dice shows a 62 

(d) What is the probability that the sum is at most 102 

(e) What is the probability that a dice shows 4 or the sum is 102 

(f) Given that the sum is 10, what is the probability that one of the dice 

shows a 42 

A large school has the numbers categorised by grade and gender, as 

shown in the table. 
  

  

  

Grade | Grade9 | Grade 10 | Grade 11 | Grade 12 Total 

Gender 

Male 180 170 230 220 800 

Female 200 130 190 180 700               
  

(a) What is the probability that a student chosen at random will be a 

female? 

(b) What is the probability that a student chosen at random is a male 

grade 12 student? 

(c) What is the probability that a female student chosen at random is a 

grade 12 student? 

(d) What is the probability that a student chosen at random is a grade 

12 or female student? 

(e) What is the probability that a grade 12 student chosen at random is 

amale? 

(f) Are gender and grade independent of each other? Explain. 

Some young people do not like to wear glasses. A survey asked a large 

number of teenaged students whether they needed glasses to correct 

their vision and whether they used the glasses when they needed to. The 

table shows the results. 
  

  

  

      

Used glasses when needed 
Yes No 

Need glasses for | Yes 0.41 0.15 
correct vision ~ ol o       
  

(a) Find the probability that a randomly chosen young person from this 

group: 

(i) is judged to need glasses 

(ii) needs to use glasses but does not use them. 
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16. 

7 

18. 

198 

20. 

21. 

(b) From those who are judged to need glasses, what is the probability 

that they do not use them? 

(c) Are the events of using and needing glasses independent? 

Copy this table. Fill in the missing entries. 
  

  

  

  

  

P(4) | P(B) | Conditions for events A and B| P(A N B) | P(AUB) | P(A|B) 
03 | 04 Mutually exclusive 
03 | 04 Independent 
01 | 05 0.6 
02 | 05 0.1                 

In a large graduating class there are 100 students taking the IB 

examination. 40 students are doing Math/SL, 30 students are doing 

Physics/SL, and 12 are doing both. 

(a) A student is chosen at random. Find the probability that this student 

is doing Physics/SL, given that they are doing Math/SL. 

(b) Are doing Physics/SL and Math/SL independent? 

A market chain in Germany accepts only Mastercard and Visa. 

It estimates that 21% of its customers use Mastercard, 57% use Visa, 

and 13% use both cards. 

(a) What is the probability that a customer will have an acceptable 

credit card? 

(b) What proportion of their customers has neither card? 

(c) What proportion of their customers has exactly one acceptable card? 

132 of 300 patients at a hospital are signed up for a special exercise 

program which consists of a swimming class and an aerobics class. 

Each of these 132 patients takes at least one of the two classes. There are 

78 patients in the swimming class and 84 in the aerobics class. Find the 

probability that a randomly chosen patient at this hospital is: 

(a) not in the exercise program 

(b) enrolled in both classes. 

An ordinary unbiased 6-sided dice is rolled three times. Find the 

probability of rolling: 

(a) three twos (b) at least one two (c) exactly one two. 

An athlete is shooting arrows at a target. She has a record of hitting the 

centre 30% of the time. Find the probability that she hits the centre: 

(a) with her second shot 

(b) exactly once with her first three shots 

(c) atleast once with her first three shots.



22. 

23. 

(258 

Two unbiased dodecahedral (12 faces) dice, with faces numbered 

1 to 12, are rolled. The scores are the numbers on the top side. Find the 

probability that: 

(a) atleast one 12 shows 

(b) a sum of 12 shows on both dice 

(c) there is a total score of at least 20 Figure 8.14 Unbiased 
: ¢ E: dodecahedral dice 

(d) atotal score of at least 20 is achieved, given that a 12 shows on 

one dice. 

In April, weather in Germany is unpredictable. On 1 April, Bryan, who 

lives in Dusseldorf, has a meeting in Munich and plans to travel by 

aeroplane. Due to weather conditions, there is a 60% chance that his 

flight will be cancelled. If his flight is cancelled, he plans to drive. 

If he travels by aeroplane, the chances of him being late to the meeting 

are 10%. If he decides on the car travel, the chances of being late are 25%. 

(a) Set up a complete tree diagram for the possible options. 

(b) Find the probability that Bryan will not be late for the meeting. 

On 1 April Bryan made it to the meeting on time. 

(c) Find the probability that he went by aeroplane. 

. Circuit boards used in electronic equipment are inspected more than 

once. The process of finding faults in the solder joints on these boards 

is highly subjective and prone to disagreements among inspectors. In a 

batch of 20 000 joints, Nick found 1448 faulty joints while David found 

1502 faulty ones. All in all, among both inspectors 2390 joints were 

judged to be faulty. Find the probability that a randomly chosen joint is: 

(a) judged to be faulty by neither of the two inspectors 

(b) judged to be defective by David but not Nick. 

  

  

  

  

  

  

  

An estimate of the world population in 2018 is given in the table. 

Numbers are in millions. 

Age Male Female Total 
14 years or less 964 899 1863 

15-24 611 572 1183 

25-54 1523 1488 3011 

55-64 307 322 629 

65 and over 284 352 636 

Total 3689 3633 7322             

(a) What proportion of the population are females between the age of 

15 and 64? 

(b) What proportion of the males are younger than 252 

(c) What proportion of the 65 years or older generation are females? 
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Chapter 8 practice questions 

1. In a study of least favourite subjects [ 
  

  5 i M 
for students in a high school, 12 

students mentioned physics (P), P 16 

mathematics (M) and French (F). 2 8| 20 

The results of the study are shown 10 
in the Venn diagram. o 8 

(a) Write down the total number F 

of students in this school. 

  

  

      

      

            

(b) A student is chosen at random. What is the probability that the least 

favourite subject is: 

(i) mathematics only 

(ii) physics or French 

(iii) all three subjects 

(iv) physics or mathematics, but not French. 

(c) What is the probability that a student chosen at random does not 

include French as one of the least favourites? 

. Beartown has three local newspapers: The Art Journal, The Beartown 

News, and The Currier. 

A survey shows that 

32% of the town’s population read The Art Journal, 

46% read The Beartown News, 

54% read The Currier, 

3% read The Art Journal and The Beartown News only, 

8% read The Art Journal and The Currier only, 

12% read The Beartown News and The Currier only, and 

5% of the population reads all three newspapers. 

(a) Draw a Venn diagram to represent this information. Label A the set 

that represents The Art Journal readers, B the set that represents The 

Beartown News readers, and C the set that represents The Currier 

readers. 

(b) Find the percentage of the population that does not read any of the 

three newspapers. 

(c) Find the percentage of the population that reads exactly one 

newspaper. 

(d) Find the percentage of the population that reads The Art Journal or 

The Beartown News but not The Currier.



A local radio station states that 83% of the population reads either The 

Beartown News or The Currier. 

(e) Use your Venn diagram to decide whether the statement is true. 

Justify your answer. 

The population of Beartown is 120 000. The local radio station claimed 

that 34 000 of the town’s citizens read at least two of the local newspapers. 

(f) Find the percentage error in this claim. 

. Two independent events A and B are given such that 

P(A) =k, P(B) = k + 0.3 and P(A N B) = 0.18 

(a) Find k 

(b) Find P(A U B) 

. Many airport authorities test prospective employees for drug use. 

This procedure has plenty of opponents who claim that it creates 

difficulties for some people and that it prevents some others from getting 

these jobs even if they were not drug users. The claim depends on the 

fact that these tests are not 100% accurate. To test this claim, assume that 

a test is 98% accurate in that it identifies a person as a user or non-user 

98% of the time. Each job applicant takes this test twice. 

The tests are done at separate times and are designed to be independent 

of each other. What is the probability that: 

(a) anon-user fails both tests 

(b) a drug user is detected (i.e., they fail at least one test) 

(c) adrug user passes both tests? 

. In a group of 200 students taking the IB examination, 120 take Spanish, 

60 take French and 10 take both. 

(a) Ifastudent is selected at random, what is the probability that the 

student: 

(i) takes either French or Spanish 

(ii) takes either French or Spanish but not both 

(iii) does not take any French or Spanish? 

(b) Given that a student takes the Spanish exam, what is the chance that 

they take French? 
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Boys | Girls 
Passed 2 | 16 

Failed 12 
Training 
Too young     

Table 8.5 Table for question 9 
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6. In a factory producing disk drives for computers, there are three 

machines that work independently to produce one of the components. 

In any production process, machines are not 100% fault free. The 

production after one batch from each machine is listed in the table. 
  

  

  

  

Defective Non-defective 

Machine I 6 120 

Machine IT 4 80 

Machine IIT 10 150           
(a) A component is chosen at random from the batches. Find the 

probability that the chosen component is: 

(i) from machine I 

(ii) a defective component from machine IT 

(iii) non-defective or from machine I 

(iv) from machine I given that it is defective. 

(b) Is the quality of the component dependent on the machine used? 

7. Ataschool, the students are organising a lottery to raise money for 

their community. The tickets consist of coloured envelopes with a small 

note inside. The note says: ‘You won!” or ‘No prize. The envelopes have 

several colours. They have 70 red envelopes that contain two prizes, and 

the rest (130 tickets) contain four other prizes. 

(a) You want to help this class and you buy a ticket hoping that it does 

not have a prize. You pick your ticket at random by closing your 

eyes. What is the probability that your ticket does not have a prize? 

(b) You are surprised - you picked a red envelope. What is the 

probability that you did not win a prize? 

8. Two events A and B have the conditions: 

P(A|B) = 0.30, P(BIA)=0.60, P(ANB)=0.18 

(a) Find P(B). 

(b) Are A and B independent? Why? 

9. In several ski resorts in Switzerland, the local sports authorities use 

senior high school students as ‘ski instructors’ to help deal with the surge 

in demand during vacations. To become an instructor, you have to pass 

a test and have to be a senior at your school. Here are the results of a 

survey of 120 students who are training to become instructors. In this 

group, there are 70 boys and 50 girls. 74 students took the test, 32 boys 

and 16 girls passed the test, and the rest, including 12 girls, failed. 10 of 

the students, including 6 girls, were too young to take the ski test. 

(a) Copy and complete the Table 8.5.



(b) Find the probability that: 

(i) astudent chosen at random has taken the test 

(ii) a girl chosen at random has taken the test 

(iii) a randomly chosen boy and randomly chosen girl have both 

passed the ski test. 

10. Events X and Y have the conditions P(X) = 0.6, P(Y) = 0.8 and 

PXUY)=1 

Find: 

(a) PXNY) 

(b) PX"UY") 

11. In a survey, 100 managers were asked ‘Do you prefer to watch the news 

or play sport?” Of the 46 men in the survey, 33 said they would choose 

sport, while 29 women also made this choice. 
  

Men ‘Women Total 

  

  

News 

Sport 33 29 
Total 46 100             
Find the probability that: 

(a) a manager selected at random prefers to watch the news 

(b) a manager prefers to watch the news, given that the manager is a 

man. 

12. Two unbiased, six-sided dice are rolled, and the total score is noted. 

(a) Copy and complete the tree diagram by entering probabilities and 

listing outcomes. 

Outcomes 

— notd 

4 

e 4< 
not 4 

(b) Find the probability of getting one or more fours. 
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13% 

14. 

158 

16. 

173 
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The Venn diagram shows a sample [ 

space U and events X and Y. X Y 

n(U) = 36,n(X) =11, n(Y) = 6 

and n(XU Y)' =21 

(a) Copy the diagram and shade       the region (XU V)" 

(b) Find: 

@ nXNY) (i) P(XNY) 
(c) Are events X and Y mutually exclusive? Explain why or why not. 

  
The Venn diagram shows the universal  [¢7 

set Uand the subsets M and N. M N 

(a) Copy the diagram and shade 

the area in the diagram which 

represents the set M N N’ 

n(U) = 100, n(M) = 30, n(N) = 50,       

n(MUN) = 65 

(b) Find n(N N M') 
(c) An element is selected at random from U. What is the probability 

that this element is in N N M'? 

Two fair dice are thrown and the number showing on each is noted. 

Find the probability that: 

(a) the sum of the numbers is less than or equal to 7 

(b) at least one dice shows a 3 

(c) atleast one dice shows a 3, given that the sum is less than 8. 

For events A and B, the probabilities are P(A) = 13—1 , P(B) :% 

Calculate the value of P(A N B) if: 

SOk (a) P(AUB) = I 

(b) events A and B are independent. 

Consider events A, B such that P(A) # 0, P(A) # 1, P(B) # 0, and 

P(B) # 1. 

For each of the below, state whether A and B are mutually exclusive, 

independent, or neither. 

(a) P(A[B) = P(4) 

(b) PANB) =0 
(c) P(AN B) = P(A)



18. 

19; 

20. 

Sophia is a student at an IB school. 

The probability that she will be woken by her alarm clock is % 

If she is woken by her alarm clock the probability that she will be late 

for school is % 

If she is not woken by her alarm clock the probability that she will be 

late for school is % 

Let W be the event ‘Sophia is woken by her alarm clock’ 

Let L be the event ‘Sophia is late for school. 

(a) Copy and complete the L 

tree diagram. 

(b) Calculate the probability 2 

that Sophia will be late — 

for school. N - 

(c) Given that Sophia is late it 

for school what is the 

probability that she was w 
woken by her alarm clock? 

v 

The diagram shows a circle divided into 

three sectors A, Band C. The angles at 

the centre of the circle are 90°, 120° and 

150°. Sectors A and B are shaded as shown.   
The arrow is spun. It cannot land on the 

lines between the sectors. Let A, B, Cand S 

be the events defined by 

  

A: Arrow lands in sector A 

B: Arrow lands in sector B 

C: Arrow lands in sector C 

S: Arrow lands in a shaded region. 

Find: 

(a) P(B) (b) P(S) (c) P(AlS) 

A packet of seeds contains 40% radish seeds and 60% bean seeds. 

The probability that a radish seed germinates is 0.9, and that a bean seed 

germinates is 0.8. A seed is chosen at random from the packet. 
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(a) Copy and complete the probability tree diagram. 

o Germinates 

Radish 
04 

Does not germinate 

Germinates 

Beans 

J— Does not germinate 

(b) (i) Calculate the probability that the chosen seed is radish and 

germinates. 

(ii) Calculate the probability that the chosen seed germinates. 

(iii) Given that the seed germinates, calculate the probability that it 

is radish. 

21. Two unbiased six-sided dice of different colours are rolled. 

Find: 

(a) P(the same number appears on both dice) 

(b) P(the sum of the numbers is 10) 

(c) P(the sum of the numbers is 10 or the same number appears on both 

dice). 

22. The table shows the subjects studied by 210 students at a college. 
  

  

  

  

Year1 | Year2 | Totals 
History 50 35 85 

Science 15 30 45 
Art 45 35 80 
Totals 110 100 210             
(a) A student from the college is selected at random. 

Let A be the event the student studies art. 

Let B be the event the student is in Year 2. 

(i) Find P(4) 

(ii) Find the probability that the student is a Year 2 art student. 

(iii) Are the events A and B independent? Justify your answer. 

(b) Given that a history student is selected at random, calculate the 

probability that the student is in Year 1. 

(c) Two students are selected at random from the college. Calculate the 

probability that one student is in Year 1, and the other in Year 2. 
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A paradox is a 
contradictory situation 
which appears to have 

some logical basis. 
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Introduction to differential calculus 

Learning objectives 

By the end of this chapter, you should be familiar with... 

o the concept of a limit, and how to find limits graphically or numerically 

with technology 

o derivatives as functions that give us the instantaneous rate of change 

(gradient) at any point on a function 

« identifying increasing and decreasing intervals and how the sign of the 

derivative tells us about the graph of a function 

« using the power rule to obtain the derivatives of polynomial functions 

and functions with integer exponents. 

Calculus is the mathematics of continuous change. 

‘We deal with change all the time in life, of course, but in this context when we 

say change we really mean rate of change. 

Calculus is divided into two main parts: differential calculus and integral 

calculus. In this chapter we will introduce differential calculus. 

By the end of this section, you should be able to answer the following questions: 

« What is the difference between average rate of change and instantaneous 

rate of change? 

« How is the rate of change of a linear function different from the rate of 

change of other functions? 

« How do we use the idea of a limit to reason about the instantaneous rate 

of change? 

« How can we estimate the instantaneous rate of change? 

‘We will start by introducing the idea of a limit to lay the foundation for 

answering the remaining questions. 

Limits and instantaneous rate of 
change 

The idea of a limit 

Consider the following situation: 

Suppose your mathematics teacher offers to play a game with you. If you win, 

you may leave class. If you lose, you must stay and learn about limits. You 

decide to try and play the game, which is very simple: you stand one metre 

from the door to exit the classroom. You may exit the classroom, but each step 

you take towards the door may cover only half of the remaining distance to the 

door. Thus, if you start one metre from the door, the first step is % metre long,



the second step is i metre long, the third step is % metre long, and so on. Will 

you ever succeed in leaving the classroom? 

The ‘game’ above is a version of one of several paradoxes attributed to the Greek 

philosopher Zeno (5th century BCE). Zeno suggested that since there is always a 

non-zero distance remaining, the student will never be able to leave the classroom. 

In Figure 9.1 we see the 1 metre distance to the door and the first 4 steps shown: 

  

L, oL 
2 4 

2 3 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

  

  

Figure 9.1 We see the 1 metre distance to the door and the first 4 steps 

This paradox is useful for introducing the concept of a limit. 

Consider Table 9.1, which shows each step, the distance for that step, and the 

total distance D,: 

  

  

  

  

  

  

  

Step number (n) | Distance coveredinnth | Total distance (D) covered after n 
P step (in metres) steps (in metres) 

1 1 1 1 1 
2 2 
1 1 1 3 1 lgl. 3 

4 1 21”1 
3 1 1opdad 9 

8 271783 
1 1 1 1 15 4 = St o= 
16 4 16 16 

1 1 1 1 s st 
" 2 2ti's 

  

        
  

Table 9.1 The distance covered by each step and the total distance covered 

In the nth step, the student covers a distance of %, and the total distance 

covered is the sum D, = 1+ £+ L+ ... + 2. We can recognise this as a 

geometric series with common ratio of —21- and a first term of —21- Therefore, we 

can calculate the sum as 

Recall that for a geometric series with first term @ and common ratio r, 
a(l —rm) 

atar+ar+ o tartl == 
= 

The functions D, =1 — % and D = 1 have been plotted in Figure 9.2, with 

integer values of n represented by points. 
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Introduction to differential calculus 

  

002040608 1 12141618 2 22242628 3 32343638 4 42444648 5 52545658 6 * 

Step number () 

Figure9.2 D, =1 —% and D=1 

If the value of a function 
approaches a fixed 
value, then we say 

that the limit of that 
function or sequence 
is the fixed value. For 

a function f(x) that 

approaches a fixed value 
L for some value x = a, 

we write: 

s 

10 

  

Figure 9.3 Graph for 

  

  

  

  

  

        
  

Example 9.1 

2 ¥y 
0.90 1.90 
0.99 1.99 
1.00 2.00 
1.01 2,01 
1.10 2.10 

Table 9.2 Table for 
Example 9.1 
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So, is Zeno right? Is the poor student trapped forever in the mathematics 

classroom? What we see is that, in one sense, Zeno is correct: there will always 

be some distance remaining between the student and the door. However, a 

clever student can make the following argument: How close do I need to get to 

the door? Whatever distance we choose, the student will always be able to take 

some number of steps to get there. 

Therefore, since we can get arbitrarily close to the door, we say that the value of 

D, approaches 1 (or, equivalently, the distance remaining approaches zero). 

For our geometric series above, we could write: 

" _ N S S | 1 _ Jim D, = Lor lim >+ o+ g e =1 

Find lin} (G=F 1) 

Y S S VST 

Solution 

The function f(x) = x + 1 is plotted in Figure 9.3, and by inspecting the 

table of values, as x approaches 1 from both right and left, the value of 
y approaches 2. Therefore, we can write lim(x +1) =2 

Of course, in Example 9.1, the value of the function at x = 1 is equal to the 

limit as x approaches 1. This is not always the case, as Example 9.2 shows. 

Example 9.2 

3 

Find lim** —2 
x—3 X — 

 



Solution 
xl 
  Notice that the function fix) = =— 39 is not defined at x = 3 (we cannot 

divide by zero). However, the graph and table of values indicate that as x 

approaches 3 from both the left and right, fapproaches 6. Therefore, we can 
write lim 1f(x) = 6 

g 

  

What is the difference between average rate of change and instantaneous rate 

of change? To answer this question, we start with an example. 

Example 9.3 

The distance between Lusaka and Livingstone in Zambia is approximately 

500km. On a vacation, it took one of the textbook authors 5 hours to drive 

from Lusaka to Livingstone. What was the author’s average rate of change? 

Solution 

In this context, average rate of change refers to the author’s average speed, 
o A distance 

el e e 
So the author’s average speed is G0 =100kmh™'   

Does that mean that the author was always driving at 100kmh~*? Of course 

not. The number 100kmh " represents an average rate of change. As we will 

see, we are also interested in the instantaneous rate of change. In a car you can 

see your instantaneous rate of change at any moment by simply looking at the 

speedometer (see Figure 9.5). But how can we find the instantaneous rate of 

change when a speedometer is not available? 

The fundamental question of differential calculus is how can we find the 

instantaneous rate of change? 

Recall that we are accustomed to finding the slope of a line, as in the next example. 

Example 9.4 

Write down the (instantaneous) rate of change for the function f{x) = 3x — 2 

Solution 

For a linear function, the average rate of change and instantaneous rate of 

change are the same constant value, which is simply the gradient of the line. 

For a linear function, the gradient is the coefficient of the variable (x in this 

case), so the instantaneous rate of change is 3. 

2410 

  

Figure 9.4 Graph for 

  

  

  

  

  

          

Example 9.2 

x 32 
29 5.9 
2.99 5.99 

3 undefined 

3.01 6.01 
3.1 6.1 

Table 9.3 Table for 
Example 9.2 

    

   
N lies g Yo 10047 s0 100714072, )      

Figure 9.5 According to this 
speedometer, this vehicle’s 
instantaneous rate of change 
is90kmh~! 
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Remember that 
gradient and slope 

mean the same thing. 

‘The word ‘curve’ is often 
equivalent to ‘function] 
even if the function is 

  

  

  

  

  

  

  

      

linear. 

Time Distance 

(sec) (cm) 

0 0 

0.5 28 

10 69 

15 127 

2.0 203 

25 294 

3.0 400     

Table 9.4 Time and distance 

data for toy car rolling down an 
incline 

You should be 
familiar with 

expressing speed as 
A distance 

Atime 
Here we use velocity 
and position instead 

of speed and distance 
because we want to 

allow negative values. 

A secant (or chord) is a 
line or line segment that 
intersects the graph of a 

curve at two points. 

You may have carried 
out this experiment 
in a science course. 

How does the average 
velocity for the toy car 

vary over different time 
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intervals? 

Introduction to differential calculus 

‘We are used to finding the slope of a line, but not the slope of a curve, which 

leads us to this question: What do you think will be different about the gradient 

of a curve compared to the gradient of a straight line? 

To think about this, consider an experiment where a toy car rolls down an 

inclined ramp (Figure 9.6). 

  

Figure 9.6 Toy car rolling down an inclined ramp 

It takes the toy car 3 seconds to travel the entire length of the 4-metre ramp. 

At intervals of half a second, the distance (cm) of the car from the top of the 

ramp is recorded in Table 9.4. 

Velocity is the rate of change of position with respect to time: 
A position 

Atime 
of the car. For example, the average velocity of the car for the interval from 

A position _ 400 cm 

A time 3s 

instantaneous velocity at t = 1? 

velocity = . We already know how to calculate the average velocity 

  t=0tot=3is = 133 cms~ . But, how do we find the 

I ‘The Greek letter A (delta) is commonly used to represent change. For example, the 
expression Ax means ‘the change in ' A distance means ‘the change in distance’ 

Figure 9.7 shows a distance-time graph for the motion of the toy car from the 

results in Table 9.4. The average velocity we computed for the interval from 

t = 0tot = 3 is the gradient (slope) of the secant line that passes through the 

points (0, 0) and (3, 400). 

   
   

    

400 

  

   
Average velocity 
fromt=0tot=3 

400 - 0 
3-0 

g 

   

     

  is ~ 133cms ™!     

© 8 
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Time (s) 

Figure 9.7 Distance-time graph; average velocity from t = 0to t = 3 

Suppose that we want to find the instantaneous velocity at time t = 1



Figures 9.8 and 9.9 show secant lines whose gradients are the average velocity 

for the intervals 1 < f <3and 1 < t < 2.5 respectively. As we decrease the 
upper endpoint of the interval from t = 3 to t = 2.5, we move it closer to 

t = 1. We can continue this process by moving the upper endpoint ever closer 

to t = 1 (Figures 9.10 and 9.11). As we do this, the gradient of the secant line 

(average) approaches the gradient of the line that is tangent to the curve at 

t = 1 (Figure 9.12). 

        

        

  

  

  

    

  

4001 t=1tor=3 4001 t=1ltor=25 
Average velocity is (30,400 Average velocity is 

7 500 gradient of secant 7 500 gradient of secant 
2 = S 2.5,294, ° A0 =69 e = =240 150ems ¢ ) g -1 g 25-1 
& 200 £ 200 
a a 

100 100 
(1.0,69) 

9 1 2 3 v 1 2 3 
Time (s) Time (s) 

Figure 9.8 Average velocity from ¢t = 1 tot =3 Figure 9.9 Average velocity from t = 1 tot = 2.5 g g y g g y 

400 t=1ltot=2 t=1tot=15 
Average velocity is Average velocity is 

7 500 gradient of secant 7 gradient of secant 

< _203-69 _ o 2.0, 203) < 12769 _ - S =222 = 134ems 3z === =116ems g 2-1 g 5-1 
& 200 2 
a a 

i (1.5,127) 
11.0,69) 11.0,69) 

h 1 2 3 h 1 2 3 
Time (s) Time (s) 

Figure 9.10 Average velocity from = 1 to t =2 

Using the language of limits, we can say that the 

gradient of the line tangent to the distance-time 

graph at t = 1 (shown in Figure 9.12) is the limit of 

the gradient of the secant line as the time interval 

gets narrower and narrower, focusing on f = 1 

Aline that is tangent to a curve ‘just touches’ the 
curve ata point (the point of tangency) but may 
intersect with the curve at another point, as shown in 
Figures 9.13 and 9.14. 

Figure 9.1 Average velocity from = 1tot = 1.5 

400 

E 300 

g £ 200 
a 

100 
(1.0,69) 

0 1 2 3 
Time (s) 

Figure 9.12 Velocity at ¢ = 1 is limit of average velocity 
computed over narrowing time interval focused on t = 1 
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Line is tangent to 
the curve here 

Introduction to differential calculus 

Points of tangency. 

y y y 

x 
Line is not tangent 
to the curve here 0 X0 X0 X 

Figure 9.13 Graphical illustration of a tangent line Figure 9.14 Different configurations of tangent lines 
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So, we are interested in finding the gradient of the line tangent to the curve 

att = 1. We can approximate the gradient by finding the gradient of secants 

of progressively smaller intervals. However, the sequence of intervals will 

approximate the gradient only at t = 1; we need a different sequence for each 

instant we want to find the instantaneous rate of change. 

Recall the question we asked earlier: What do you think will be different about 

the gradient of a curve compared to the gradient of a line? Now, we can answer: 

aline (or linear function) has a constant gradient - we can represent the gradient 

for all points on the line with a single number. For a non-linear function, the 

gradient can have many different values. Therefore, we cannot represent the 

gradient for all the points on a curve with a single number. Instead, we will need 

another function - called the gradient function or derivative - that will give us 

the gradient at any point we specify. We will examine the gradient function in the 

next section. We can also estimate the gradient by drawing a tangent by eye and 

estimating the gradient of the tangent line. 

Example 9.5 

The distance, d, in metres, covered 

by a child travelling along a flat 

waterslide along the ground after 

time £, in seconds, is shown in the 

graph. 

(a) Describe the speed of the child 

during the first two seconds. 

(b) By copying the graph and 

drawing suitable tangents to 

the graph, find the speed of 

the child at points A and B to 

two decimal places. Include 

correct units. 
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Time (5)



Solution 

(a) The distance-time graph is steepest at t = 0, and its gradient decreases 

as t increases. This can be seen using the tangents to the graph at 

t=0, 0.1, 0.25 and 0.425, shown on the graph. The child moves fastest 

upon touching the waterslide, and is subsequently slowed down by 

friction throughout the duration of the ride. 

(b) Since distance is measured in metres, and time in seconds, the units 

are metres per second (ms~!). By drawing suitable tangents at points 

A and B and calculating the gradient, the speed of the child at A is 

approximately 1.26 ms~! and at B is approximately 0.48 m s~ 
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Example 9.6 

In a laboratory experiment, a 

group of biologists studies a 
population of fruit flies over a 

period of 50 days. The number 
of fruit flies is recorded at 

regular intervals and points are 

plotted on a graph with time ¢ in 

days on the horizontal axis and 

number 7 of flies on the vertical o 10 20 30 40 50 f 

axis. A smooth curve is drawn ) 
through the plotted points as 

shown in the graph. 

N
u
m
b
e
r
 

of
 

fl
ie

s 

  305



306 

Introduction to differential calculus 

On the 23rd day of the experiment there were 150 flies and on the 45th day 

there were 340 flies. 

(a) 

(b) 

Compute the average rate of change of the number 7 of flies from day 23 

to day 45. Give your answer to 3 significant figures and include units. 

Copy the graph and draw a line tangent to the graph at the point (23, 150). 

Use this tangent line to estimate the instantaneous rate of change of the 

number of flies on day 23. 

  

  

  

  

              

Solution 
o . 

a T T ] 
( ) 350 L i (45, 340), 

N B8 
£ 
& 250 / T 
S L Em,,,.,fii..‘ 
£ 150 Qiasp | L || 

5 i |7 5 
50 1| 

: — 
0 10 20 30 40 50 

(b) 

Time (days) 

From day 23 to day 45, An = 340 — 150 = 190 and At = 45 — 23 = 22 

Thus, the average rate of change in the number # of fruit flies from day 23 

An_ 190 _ o o, flies 
today4515E—i~ e 

  

  

              

n 
350 1 

g 30011 
£ 
& 25011 
S 
5200 
2 
£ 150 
S (of S EEIES 

50 / 
s | | | | 

0 0 20 30 40 50 ¢ 
Time (days) 

A reasonably accurate tangent line is shown in the diagram, passing 

through the points (15, 0) and (35, 350). Using these points gives the 

350 =0 _ | flies 
2SR5 day 

Thus, the instantaneous rate of change of the fly population on day 23 is 

  gradient for the tangent line at the point (23, 150) as 

approximately 17.5 @A Answers will vary depending on where the 
=7 

tangent line is drawn.



1. Another of Zeno's paradoxes is the following: 

Achilles is in a footrace with a tortoise. Since Achilles knows he runs 

10 times as fast as the tortoise, he allows the tortoise a 100 m head start. 

Then Achilles begins. Achilles quickly runs the first 100 m, during which 
time the tortoise crawls 10 m. 

Achilles quickly runs the next 10 m, during which time the tortoise 

crawls 1 m. Achilles quickly runs the next 1 m, during which time the 

tortoise crawls 0.1 metres. Achilles continues to chase the tortoise, but 

for each interval he runs the tortoise crawls one-tenth of that distance, 

so the tortoise is always ahead of Achilles. 

Can Achilles catch the tortoise? Use the logic of limits to argue that he can. 

2. Using either a table or a graph on your GDC, evaluate each limit. 

Give approximate answers to 3 significant figures. 

    

  

  

el N 20 O 
Winy— O/ Ol 

e ) @mE= @y 
3. A ball rolls down an inclined ramp. A 

The time and distance measurements 

are recorded for a 6-second 

interval. The table and graph 

show the measurements. 
  

Timet | Distance 

(s) (cm) 
  

  

  

62 

136 

247 

386 

553 

  

Di
st

an
ce

 
(c
m)
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u
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|
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|
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      0 10 20 30 40 50 60 
Time (sec) 

  

(a) Compute the average velocity of the ball during the time intervals: 

(i) t=0tot=2 
(i) t=2tot=4 
(iii) t=4tot =6 
Give your answers to 3 significant figures, with units. 

(b) Estimate (to 3 significant figures) the instantaneous velocity of the 

ballatt =3 

Briefly explain your procedure for obtaining the estimate. 
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4. In each graph, the distance, d, in km, from a starting point for a bicyclist 

is plotted against time, £, in hours. 

(i) Calculate the average speed of each bicyclist between points P 

and Q by drawing an appropriate secant. 

(ii) Estimate the instantaneous speed at point P for each bicyclist by 

copying the graph and drawing an appropriate tangent. 

(iii) Are any of the bicyclists not moving at any time during their 

ride? If so, which bicyclist and during what time interval? 

Justify your answer. 
  

  

  

        

  

(a) (b) I 
30 1 =i 20 i 

E‘ 254 e 18 L7t 

= () - / 1 A 16 t I 8 
§15 E 14 i 
g P & | 8 104/ =4 2 I 

5 g 10 1 

A s ; 0 05 1 15 225 3 35 4 45 [ 
Time (h) 6 T | 

) — 4 | 
() | 

35 2 | | 
_ 30 G 

05 1 15 2 25 
§ 25 Time (h) 
g 20 
g 

15 
S 

5             
URN0SHTRTES o o 5E 3 e s g sl s 

Time (h) 

5. Boiling water is poured into a pan. The temperature (in degrees Celsius) 

of the water is measured regularly during the first seven minutes after the 

water was poured into the pan. The data points (time, temperature) are 

plotted on a graph and a smooth curve is drawn through these points. 

Give all answers to three significant figures. 

   per minute when t = 5 
O A 

Time (minutes) 

(a) Approximate the average rate of 100 l ] J 

change of the temperature per 90 I 

minute for the interval from 2 80 i l ] 

o= Z 70 | 

(b) Approximate the instantaneous g 60 | J 

rate of change of the temperature i 

per minute when f = 1 B I l ] 

(c) Approximate the instantaneous = zfi ™ 

rate of change of the temperature i | J 

L 
Hrl 

) 
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6. A half-pipe is a skateboard ramp composed of a semi-circular surface as 

shown in the diagram. 

  

      SO 2R o R TR0l 0.5 
  

e
l
 

2588 1 15 

Horizontal distance x 

(a) Describe the gradient of the half-pipe from left to right. 

(b) Calculate the slope of the half-pipe at x = —1.5, —1,0, 1, L.5. 

How does the slope at x compare to the slope at —x? 

(c) How would you describe the slope at x = 2 and x = —22 

7. The points A(* 1 %), B(0, 1) and C(1, €) lie on the graph y = e, as 

shown. Estimate (to 3 significant figures) the slope of line tangent to the 

graph of y = e* at each of the points A, Band C. 
B . o I 

Using your GDC find approximate values (to 3 significant figures) for P 

and e. Comment on your results. 

Derivative of a function 

The derivative of a function, also known as the derivative function or 

gradient function, is a function that gives us the gradient of the tangent line at 

any point. We will now look at using and interpreting the derivative function. 

Given a function y = f(x), we will refer to its derivative function with the notation y, f'(x), 
d 

or Ey. Remember, the derivative function s a rule for computing the gradient of the 

line tangent to the graph of the original function y = f(x) at a particular point, i.e., the 
instantaneous rate of change of f{x) at a particular value of x. 

There are many ways to denote the derivative of a function y = f(x) 

The most common notations are: 
  

  

  

  

      

Notation | Read as Comment 

y y prime This notation is brief but does not name the 
independent variable. 

dy ‘dy by dx’ or ‘the derivative of | Names both dependent and independent 
dx y with respect to x” variables and uses d for derivative. 

) f prime of x’ or ‘the Emphasises the name of the function and 
derivative of fof x° names the independent variable.     

Table 9.5 Common notations for denoting the derivative of a function y = f(x)   

Figure 9.15 Graph for 
question 7 

dy The notation — 
dx 

does not indicate d 
multiplied by y or x. 
Instead, you can think 

of dyand dx as names 
for ‘a small change 
iny’ and ‘a small 
change in x) When we 
say, a small change’ 
we mean a quantity 
smaller than any real 
number, but not equal 
to zero. This notation 
helps us remember 
that the derivative 
function is giving us the 
instantaneous rate of 
change in y with respect 
to x. In this way, itis 
analogous to how the 
gradient of aline, m, is 
defined to be change in 
y compared to change 
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Remember that we 
sometimes use other 
variables instead of 
xand y, and not all 

functions are named 
For example, you may 

. o G2 4P 
see h'(0), P'(n), ar dn 

etc. 

Notice that you need to 
be careful in choosing 

when to use the 
derivative function and 
when to use the original 

function. Remember 
that the derivative 

function will give you 
arate. 
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To see why the derivative function is useful, consider the following example. 

Example 9.7 

A ball is thrown upwards from the roof of a building. The vertical height of 

the ball from the ground in metres after t seconds is given by the function 

h() = —4.9¢> + 18t + 50 

The derivative function is given as h'(1) = —9.8t + 18 

(a) Find the initial velocity of the ball. 

(b) Find the time at which the velocity of the ball is zero. Interpret the 

meaning of this. 

(c) Find the velocity of the ball at the moment it hits the ground. 

| 

Solution 

(a) Since h(t) is the position function at a given time, then h'(t) represents 

the change in position with respect to time, i.e., the velocity. 

Therefore, the initial velocity of the ball is given at time ¢ = 0, thus 

K@) = —9.800) + 18 =18ms ' 

(b) The ball has zero velocity when h'(t) = 0 = —9.8t + 18 = 0 = t = 1.84s. 

This is the time when the ball reaches its maximum height, since it is 

stationary for an instant between moving up and falling down. 

The ball hits the ground when h(t) = 0 

Therefore we must solve the quadratic equation —4.9¢ + 18 + 50 = 0 

to obtain t = 5.52 or t = —1.85 

(c 

The negative solution is not meaningful in this context. Therefore, the 

ball hits the ground at time ¢ = 5.52's, and has a velocity of 

h'(5.52) = —9.8(5.52) + 18 = —36.1ms ™" 

1. Identify the units for the value of the derivative indicated in each of the 
situations below. 

  

(a) h'(1), where h(t) where h is altitude in km and ¢ is time in hours. 

(b) :1—‘: for the volume of a cylinder as V = 7r%h; r and h are in cm. 

(c) i:lfi , where F s a force in newtons at a distance s in metres. 
s 

(d) P'(t), where P is the population in thousands at a time ¢ in years. 

(e) g_c where C is the cost in euros to produce # shirts. 
n 

(f) R'(n) where R(n) is the revenue in dollars from selling # items.



2. A toy car rolling down a 400 cm ramp travels a distance in cm given by 

d(t) = 351 + 40t where t is the time in seconds. The derivative function 

is given as d'(t) = 70t + 40 

(a) Find the time it takes the toy car to reach the end of the 400 cm 

ramp. 

(b) Calculate the average velocity of the toy car. 

(c) Complete the table. 
  

t Distance travelled Velocity 
  

  

  

  

w
|
o
|
=
|
o
 

          

(d) Give a reason why the distance at time t = 3 seconds does not make 

sense in the context of this exercise. 

(e) Write down the velocity of the toy car at the moment it reaches the 

end of the ramp. 

(f) Write down the velocity of the toy car the moment it begins rolling 

down the ramp. 

(g) Calculate the time when the toy car has travelled 200 cm. 

(h) Calculate the velocity of the toy car when it is half-way down the ramp. 

(i) Calculate the time when the velocity is 145cms 1. 

3. An oil leak underneath a car creates a circular puddle. As the oil leaks, 

the area of the puddle is given by A = 7772 where r is the radius of the 

puddle in cm. The derivative is given by % =271 

(a) Find the area of the puddle when the radius is 10cm. 

(b) What are the units of %? 

(c) Find the average rate of change in the area of the puddle from the 

time the leak begins until the area is 40077 cm? 

(d) Find the instantaneous rate of growth of the puddle when the area is 

4007 cm?, 

4. A runner goes for a long run in the mountains covering 25 kilometres in 

five hours. Her distance is described by the function 

2 35 35 
dp =<3 — = +=—t¢ 
Lo 3 6 2, 

where d(#) is in km and t is in hours, 0 <t < 5 

The derivative function is given as 

25PWESD) = d'(n =2t 3 t 2 

31



  

A 
X 

Positive gradient 
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s 

X 
  

Zero gradient 

  

_— 

Negative gradient 
  

Figure 9.16 Gradients of linear 

functions 
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(a) Find the distance covered after 2.5 hours. 

(b) Verify that the runner completes 25km at 5 hours. 

(c) Find the runner’s average speed during the first five hours. 

(d) Give the units of d'(#). 

(e) Find the runner’s speed at the start and end of the run. 

(f) Find the time when the runner is going the fastest and the runner’s 

maximum speed. 

(g) Find the runner’s minimum speed and the time when this occurs. 

5. The distance, s (in metres), travelled by a child sliding along a flat 

waterslide after # seconds can be modelled by the function s = 2/3t, 

where0 <t=<3 

B 
i 

The derivative is given as % = 

  

(a) Give the units of % 

(b) Find the average speed of the child. 

(c) Find the speed of the child at 1, 2, and 3 seconds. 

(d) Find the distance travelled by the child after 1, 2, and 3 seconds. 

Interpretations of the derivative 

It is important to be able to reason abstractly about the sign of the derivative. 

Specifically, what does the sign of the derivative tell us about the function? 

For this, it is sufficient to revisit linear functions and consider positive, zero, 

and negative gradients, as shown in Figure 9.16. 

‘When a gradient is positive, the function is increasing. When a gradient is zero, 

the function is constant (neither increasing nor decreasing). When a gradient 

is negative, the function is decreasing. This straightforward reasoning is no 

different for non-linear functions: we simply use the sign of the derivative to 

determine if a function is increasing, constant, or decreasing. 

For a given function f(x), when 
¢ f'(x) >0, the gradient is positive, the function is increasing at x 

¢ f'(x) = 0, the gradient is zero, the function is constant (neither increasing nor 
decreasing) at x 

e f'(x) <0, the gradient is negative, the function is decreasing at x 

This simple understanding is critical for our use of the derivative, since 

knowing whether a function is increasing, constant, or decreasing is very 

important in many applications.



Example 9.8 

Given the derivative f'(x) = x? — x — 12, identify intervals where the 

function fis increasing or decreasing. 

Solution 

There are two approaches. We can analyse the derivative algebraically or 

graphically with our GDC. 

Algebraic approach 

Recall that this is a quadratic function and is concave up. So, if we find the x 

intercepts, then we can reason about the sign of the derivative. The x intercepts 
are found by setting the derivative function equal to zero and solving: 

RO at o)) 

0=1Go="4) (c==3) 
x=dorx—"=3 

Hence, the derivative crosses the x axis in two places. Since the derivative 

function is concave up we can sketch the graph, as shown in Figure 9.17. 

The derivative is positive for x < —3 or x > 4 and negative for —3 <x <4 

Therefore, the function fis increasing for x < —3 or x > 4 and decreasing 

for—-3<x<4 

  

Graphical approach 

If we graph the derivative using a 5577 
GDC, we can quickly come to the £1(x)=$-x-12 

same conclusion as before. 

Looking at the graph, we see that (=300 (4,0) /4   
5 i o f'(x) is positive for x < —3 or 

x> 4 and negative for —3 < x <4. 

Therefore, the function fis 

increasing for x < —3 or x >4 and =13:6 

decreasing for —3 <x <4 

        

Example 9.9 
  

The rate of change in a population is given by the function % = % 

where P is the population in thousands and ¢ is time in years, t = 0 

(a) Find the initial rate of change in the population. 

(b) Describe how the population changes over time. 

Solution 

(a) The initial rate of change in the population is % = 04? =4= 

increasing by 4000 individuals per year. 

(—3,0) (4,0) 

Figure 9.17 The derivative 
function is concave up 

Remember, when you 
are looking at the graph 
of a derivative, you need 
to look only at whether 
the graph is positive 
(above the x-axis), 
zero (intersecting the 

x-axis), or negative 
(below the x-axis). 
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4 
Figure .18 Graph ofay for 
Example 9.10 
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  (b) To see how the population T 7 

changes, examine a graph of the 

derivative on a GDC. 

We see that the derivative is positive 

everywhere, so the population is \ 

growing. However, the derivative - = 

approaches zero, which means that B 

population growth rate is decreasing. 

Therefore, the population is levelling off as time progresses. 

          
Example 9.10 

\
:
‘
|
 

Given the graph of the derivative ™ shown, write down intervals where y is 

increasing and intervals where y is decreasing. 

G 

Solution 
d; 

WeseethatayispositiveforA <x<BandC<x<Dandx>E 

d; 
Therefore, y is increasing on those intervals. Likewise, a}’ is negative for 

x<Aand B<x< Cand D < x <E, s0 y is decreasing on those intervals. 

One of the important uses of the derivative is to help sketch graphs of 

functions. While we often use a GDC to generate graphs of functions, 

understanding the connection between the derivative of a function and the 

graph of the function is still important. 

1. Use the graph of f to answer each question. 

(a) Between which two consecutive 

points is the average rate of change 
of the function greatest? 

(b) At what points is the instantaneous 

rate of change of f 

  

(i) positive (ii) negative (iii) zero 

(c) For which two pairs of points is the average rate of change 

approximately equal? 

2. The diagrams in the left-hand column show the graphs of the functions 
[ f fy f,- The diagrams in the right-hand column include the graphs of 

the derivatives of the functions shown in the left-hand column.



y (b) % 

(c) b E N
 | 

Y (d) y 

    
(e) 57   

Copy and complete the table by matching each function with its 

derivative. 
  

Function Derivative diagram 

f & 

fa 

f3 

fa 

  

  

  

          
. The graphs show the derivative of a function f. Identify the intervals 

where fis increasing or decreasing. 

(b) » 
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4. The function g(x) is defined for -3 =x<3 

The behaviour of g'(x) is given in the table. 
  

x I xe w2 e e | 1 1<x<3 
  

              g negative 0 positive 0 negative 
  

(a) For what intervals is g decreasing? 

(b) Given that g(0) = 0, make a rough sketch of the graph of g. 

5. The torque in newton metres produced by a Chevrolet 383 engine varies 

according to the rotational speed (rotations per minute, RPM) of the 

engine according to the model T(r) = —0.00002720r 2 + 0.08459r + 440.0 

where T(r) is the torque in Nm and r is revolutions min~! (RPM). 

Give your answers to 4 significant figures. 

(a) Explain the meaning of a positive value for T'(r). 

(b) Use your GDC to obtain a graph of T'(r) for the interval 

0 =< = 10000. On what intervals is the torque increasing? 

Decreasing? Justify your answer using T"(r). 

(c) Use your GDC to determine the maximum torque and the RPM at 

which this occurs. What is the value of T'(r) at this point? 

6. The rate of change in the concentration of a certain drug in a patient’s 

bloodstream is given by the function % = (—0.646t"1° + 36.8¢°15)(0.98") 

where Cis in nanograms per ml and ¢ is in minutes since the patient was 

given the drug, for 0 < t =< 480 

(a) Use your GDC to generate a graph of % 

(b) Find intervals where the concentration of the drug is increasing and 

decreasing. 

(c) Find the time at which the concentration is decreasing the fastest 

and the rate at this time. 

(d) Predict when the maximum concentration of the drug occurs. 

7. The rate of change in the population of Windelberg can be modelled 

by the function P'(t) = 12000 
8500(0.82) + 1.22 + 184 

population in thousands and ¢ is years since 1980. 

(a) Give the units of P'(f). 

(b) Use your GDC to generate a graph of this function. 

where P is the 

(c) Give a reason why the population of Windelberg does not decrease. 

(d) Describe the general pattern of population change in Windelberg. 

(e) Find the instantaneous rate of change in the population in 1990. 

(f) Find the interval when the population is increasing by at least 20 000 

people per year. 

(g) Find the time when the population is increasing the fastest and the 

rate of increase at this time.



Derivatives of functions of the form 

flx) = ax* 

So far in this chapter, we have examined the uses and interpretations of the 

derivative. However, how can we actually find the derivative? It depends on the 

function. In this section, we will develop a rule for finding the derivative of a 

function in the form f(x) = ax" wherea€ Randne Z 

This rule - called the power rule - will allow us to find the derivative of 

a variety of functions containing terms in the form ax", including any 

polynomial function. 

Exploration of the power rule 

Your GDC is able to graph the derivative of any function. Look up instructions 

for your particular GDC to learn how to do this. 

Example 9.11 
  

Graph the derivative of each function. For each, attempt to find the 

derivative function by examining the graph. 

@ y=5¢x () y=x* () y=3x* (d)y=x> (o) y:%x3 

Then, summarise your findings and make a conjecture. 

] 

Solution 

(a) 6.674Y 

fqu)=%(5~x) 

  

  

1 x| 
-10 1 10 
  

-6.67. 

d 
‘We see that a}’ = 5, which agrees with our understanding that the 

  

gradient of linear functions of the form y = mx + ¢ is the value of m 

(b) 6.674Y 
  

d 
£1(x)= (%) 

1 x| 
-10 1 10 
        -6.67.   

‘The process of finding 
a derivative is called 
differentiation. 

Your GDC cannot tell 
you what the derivative 
of a function actually is 
(in a symbolic form), 
but it can calculate 
its numerical value 
atany point in the 
function's domain and 
produce a graph. This 
is called numerical 
differentiation. 

317



Introduction to differential calculus 

It seems that the derivative of the quadratic function (degree = 2) is a 

linear function (degree = 1). Look at the gradient of the line. It has a 

gradient of 2, so A 2 
dx 

(c) The graph of the derivative of y = 3x? is shown here, but we will also 

compare it with the derivative from the previous question, d—/v =% 
x 

  56717 

d 
£1(x)=—(3-%%) 

dx £2(x)=2-x 

1 x| 
  

      -6 J67] 
  

Interestingly, the derivative of y = 3x2 is quite a bit steeper than that of 

y = 2x. If you examine some points or a table of values, you should be 

able to see that the derivative of y = 3x? is exactly 3 times as large at the 

derivative of y = x2. Hence, we have d—)/ = 3(2x) = 6x 
be 

  (d) T 

d (2= () 
+ 

T T 1   

      6.67] 
  

It appears that the derivative of a cubic function (degree = 3) isa 
& quadratic function (degree = 2). Does o x?2 We can add y = x2 

to the graph and compare. 
  ST 

fl(x)=%1x3) £2(x)=x* 

  ~10 it 10 

    -6.67]   
  

d; 
So the derivative of y = x3 is not simply Ey = x%. Again, by examining a 

table of values or checking some of the points on the derivative function, 

you should be able to convince yourself that the derivative of y = x? is 
d 

actuallyé =3x? 
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(e) The graph of the derivative of 

y= %xfl along with the graph of £2(x)=3+52 

  

y = 3x? for comparison. x| 
  

As in part (d), the coefficient 

of % has changed the derivative       as well. 6.6, 
  

If you examine it closely, you will see that the derivative is a scaled-down 

version of y = 3x2. In fact, it appears to be scaled by exactly half. 

d; 
Hence, we have ay B %(3;(1) = %xz 

Table 9.6 summarises the findings of Example 9.11. The results of Table 9.6 lead 

us to the power rule. 

‘The power rule 
For a function of the form fix) = ax", the derivative f'(x) = anx"! 
In words: To differentiate a power expression multiply by the exponent, then reduce the 
exponent by one. In this course, 7 will be an integer (i.e. n € Z). 

What about functions that are more than one term, such as f(x) = 4x? — 10x? 

There is one more rule that helps us: the derivative of a sum is the sum of the 
derivatives. So, since the derivative of 4x2 is 8x and the derivative of —10x is 

— 10, it must be true that f'(x) = 8x — 10 

Use the power rule to find derivatives of each function. 

(@) y=x* (b) y = 10x2 (c) y=15 (d)Fy=tat 

© foo = —%fi (B =52 (9 g =x'— 3+ 105+ 15 
2 

() y =50 —dax+8 M) hoy =512 
e 

Solution 

dy dy @ = 4X it =aw (b) 52 =10 X 26771 = 20« 

(c) For y = 15, remember that, by definition, a constant doesn’t change. 

Therefore, it must be true that the rate of change is zero. 

d 
Hence, a}’ = 0. Or, you can think of this as y = 15x° so that the 

b 
derivative is — = 15 X 0x°~1 = 0 

dx 

  

  

  

  

  

    

Function | Derivative 

-5 |Yos @y=5¢ |go= 

b)y=x dl =2 
2 dx 

@y=3 |Y -6 ’ dx 
4 dy=x Y30 

Y3, 
@y=37 4= 3"       

Table 9.6 Summary of findings 
of Example 9.11 

‘The power rule is given 
that name because 
it works on power 
functions; that is, 
functions of the form 
fix) = ax" wherea € R, 
nez 

‘The derivative of a sum 
(or difference) is the sum 
(or difference) of the 
derivatives. That is, 
ifhtx) = Soo £g0), 
then ' () = f/(6) £ ¢'(x). 
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By convention, 
‘we usually write 
expressions with 

positive exponents, as 
shown in Example 9.12, 

part (4), 2 rather 
X 

(d) A negative power is treated exactly the same: 
d 
S e wie g 
dx b2 

© fw=—txmu=—x 

than —2x =3 (f) %: —5 X 221 = — 10t 

(g) We already know the derivative of each piece of this polynomial 

function, we just need to put them together using the sum rule: 

g =4Xxi1—3% %XH +2 X 10x2! 
=4x3 — x>+ 20x 

(Notice that the +15 disappears since its derivative is zero.) 

(h) While the first two terms (5x> and —4x) are straightforward, what about %? 

@ 

Recall that we can rewrite this term because % =8x-! 

Then, the power rule applies: 

y=5x—dx+2 

Szt Rl By e 

b 
:azsxz;fl*‘ XAt G By L 

= 10):*4*i e 

Note that the last term becomes negative because of the negative 

exponent in the original function. 

First, rewrite to eliminate the fraction: 

  

3 2 
= 22— X8 0 — s 7 T 

Then find the derivative: 

B =1-5x2=1-=> x2 

Although the power rule is relatively straightforward, it can be applied to many 

functions. 

s 
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For each function: 

(i) find the derivative 

(ii) compute the slope of the graph of the function at the indicated 
point. 

Use a GDC to confirm your results. 

(@) y=3x?—4x point (0, 0) 

() y=1—6x—x2 point (=3, 10) 

@r=3 point (~1,2)



(@)=l point (1, —1) 

(e) y=(x+2)(x—6) point(2, —16) 

  

® y=2x+ % ~3 point(1,0) 
X 

oELa ) (g y== = point (—1, 0) 

. Find the coordinates of any points on the graph of the function where 

the slope is equal to the given value. 

(@) y=x2+3x slope = 3 
(b) y=x* slope = 12 

@) = =5l slope = 0 

(d) y=x2—3x slope = —1 

. The slope of the curve y = x2 + ax + b, where a, b € R, at the point 

(2, —4) is —1. Find the value of a and the value of b. 

. Use the power rule to show that the gradient of y = mx + b where m 

and b are constants, is m. 

. The cumulative number of HIV AIDS cases reported in the United 

States from 1983 to 1998 follows the cubic model 

C = —222¢ + 7260t* — 12700t + 13500 

where C is the cumulative number of HIV AIDS cases, and £ is the 

number of years since 1983. 

(a) Write down the units of % 

(b) Find the derivative % 

(c) Find the value of i—f for 1990 and interpret in context. 

(d) Find the number of new cases reported in 1990. Compare to your 

answer from (c): should these two values be the same? Explain. 

(e) Within the years 1983 to 1998, during what intervals was the 

cumulative number of HIV AIDS cases increasing and decreasing? 

dc 
Justify your answer using e 

. A colony of bacteria is exposed to a drug that stimulates reproduction. 

The number of bacteria is given by the model P = 1200 + 17> — ¢ 

where P is the number of bacteria present t minutes after the drug is 

introduced, 0 < ¢ < 20 

- dP 
a) Find — L REnds 

(b) Find intervals where the population of bacteria is increasing and 

decreasing. Justify your answer using % 
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Introduction to differential calculus 

(c) What is the rate of change in the population of bacteria 10 minutes 

after the drug is introduced? 

(d) Find the time when the bacteria are dying at a rate of 165 per minute. 

(e) Use your GDC and the derivative to find when the population of 

bacteria is increasing the fastest. What is the rate of increase at this 

time? 

7. A tennis player hits a ball straight up. The height of the ball above the 

ground is described by the model h(t) = —4.9t> + 16t + 1, where h(?) is 

the height in metres at time ¢ in seconds after the ball is hit. 

(a) Find h'(#), including units, and interpret its meaning. 

(b) Find the velocity of the tennis ball 1 second after it is hit. 

(c) At what time is the tennis ball descending at a rate of 10ms~'? 

(d) At what time is the velocity of the tennis ball equal to zero? What is 

special about this point? 

(e) Find the maximum speed of the tennis ball and the time at which 

this occurs. 

Chapter 9 practice questions 

1. Find the derivative f'(x) for each function. 

() fix) = 25x2 + 25 (b) fx) = 30(x2 — 4x + 1) 

@=2 @=L+ @ = 
2. The mass on the end of a spring moves up and down. Its height / (in cm) 

above the ground is given by the function h(f) = t* — 7t + 7t + 21 for 

0 = t = 5.5 seconds. 

(a) Find the two values of t when the height of the mass is 6 cm above 

the ground. 

(b) Determine the function v(#) that expresses the velocity of the mass. 

(c) Find the two values of t when the velocity of the mass is zero 

(i.e. momentarily at rest). 

(d) Determine the function a(#) that expresses the acceleration of the 

mass. 

(e) Find the acceleration (in cm s~2) of the mass at 

@i t=0 (ii) t=5.5 

3. The curve y = ax® — 2x — x + 7 has a gradient of 3 at the point where 

x = 2. Determine the value of a. 

Bkl 
7 
  4. Consider the function y = 

(a) Find Z a el ing 

(b) Indicate the intervals for which the curve is increasing or decreasing. 
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5. The displacement s metres of a car, t seconds after leaving a fixed point 

A, is given by the function s() = 10t — %tz 

(a) Calculate the velocity of the car when t = 0 

(b) Calculate the value of t when the velocity is zero. 

(c) Calculate the displacement of the car from A when the velocity is zero. 

6. The cost in thousands of Thai Baht (THB) to produce baseball caps is 

given by the function c(x) = 2x* — 12x* + 30x where x is in hundreds of 

caps. The derivative ¢’(x) gives the marginal cost. 

(a) Find the derivative ¢'(x) 

(b) Find the marginal cost when 100 ball caps are produced and 

interpret in context. 

(c) Use c’(x) to show that the cost function increases for all x > 0 

The revenue in thousands of THB generated from selling x baseball caps 

is given by the function r(x) = 15x where x is in hundreds of caps. 

(d) Given that profit = revenue — cost, find a function p(x) for the profit 

in THB from selling x hundred baseball caps. 

(e) Find the derivative p'(x) 

(f) Find intervals where p(x) is increasing and decreasing. 

(g) The derivative p’(x) gives the marginal profit. An optimum production 

level may be found when marginal profit is zero and p(x) is positive. 

Find the optimum production level and the expected profit at this level. 

7. The number of litres in a large tank of water t minutes after a drain is 

opened is given by Q(f) = 30020 — 12,0 < t =< 20 

(a) Find the average rate at which the water is draining in the first 10 

minutes. 

(b) Find the rate at which the water is draining at 10 minutes. 

(c) Is the rate at which the water is draining increasing or decreasing? 

Speeding up or slowing down? 

8. The spread of measles in a particular school is modelled by the function 
200 

2= 119902 where P(#) is the number of students who have 

measles and ¢ is the number of days since the measles first appeared. 

(a) Use your GDC to predict the maximum number of students 

infected. 

(b) Use your GDC to obtain a graph of the derivative. 

(c) Find the rate of infection 20 days after the first appearance. 

(d) Find the average rate of infection for the first 20 days. 

(e) Find the maximum rate of infection and the day at which this occurs. 

(f) On which day after the maximum infection rate has passed does the 

infection rate drop to less than 1 person per day? 
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324 

9. The value M in euros of a motorcycle t years after it is purchased can be 

modelled by the function M(t) = @ +750,t=1 

(a) Find M'(t) 

(b) Show that M(#) is a decreasing function using M'(t) 

(c) Find the time at which the value of the motorcycle is decreasing by 

€1000 per year. 

(d) Find the time, according to this function, at which the value of the 

motorcycle is decreasing the fastest. 

(e) Find the time at which the value of the motorcycle is decreasing by 

less than €50 per year, and the value of the motorcycle at this point. 

10. The profit P(n) in thousands of dollars for a company producing t-shirts 

can be modelled by the function P(n) = —2n3 + 6n2 + n where n is the 

number of t-shirts produced (in thousands). 

(a) Find the intervals where the profit is increasing. Justify your 

response using P’(11) 

(b) The optimum production level can be found by looking for when the 

marginal profit, given by P’(n), changes from positive to negative. Find 

the optimum production level and the expected profit at this level. 

11. The fuel efficiency in miles per gallon for vehicles in the USA can be 

modelled by the function E(t) = —0.0007¢* + 0.0278t> — 0.0843¢ + 12 

where t is years since 1970,0 < t < 35 

(a) Find E'(t) 

(b) Fuel efficiency was improving (increasing) between the years a and 

b. Find the values of a and b. 

12. The rate of change in the number of CD sales from 1991 to 2015 can be 

modelled by the function §'(f) = 2.11¢> — 74.4t + 498 where S(t) is the 

sales in millions per year at t years since 1990, 1 < t < 25 

(a) Describe the trend of CD sales during this time period. 

(b) Find the year in which the CD sales increased by 250 million. 

(c) In what year did CD sales first begin to decline? 

(d) In which year did the biggest decrease in CD sales happen, and how 

much did CD sales decrease? 

(e) Which graph in Figure 9.19 shows the number of CD sales from 1991 

t0 20152 

13. An experiment is carried out in which the number 7 of bacteria in a 

liquid is given by the formula n = 650eX, where  is the time in minutes 

after the start of the experiment and & is a constant. The number of 

bacteria doubles every 20 minutes. Find: 

(a) the value of k 

(b) the rate of change of the number of bacteria when t = 90
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Figure 10.1 A car that loses 
traction completely in a curve 
will travel along a tangent to the 
curve of the road 

Alocal maximum (or 
minimum) is the largest 

(or smallest) value of a 
function in a particular 
interval. Informally, we 

can think of these as the 
peaks or valleys of the 

function. 

Maxima and minima 

are referred to together 
as extrema. 
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Further differential calculus 

  

= 

By the end of this chapter, you should be familiar with... 

  

ing objectives 

o the relationship between the graph of a function and its derivatives 

+ finding and testing for maximum and minimum points 

« finding the equation of a tangent or a normal at a given point 

« finding the optimum solution to a problem, i.e. a maximum or minimum 

(optimisation). 

In Chapter 9, you were introduced to the derivative of a function and learned 

rules for calculating the derivative. In this chapter, we will apply that knowledge 

to analyse functions, including finding maxima and minima. We will also learn 

how to find the equations of tangents and normals. Finally, we will look at an 

important and powerful use of the derivative: optimisation. 

Maxima and minima - first 

derivative test 

In real life, we often want to find the minimum or maximum value of a function. 

‘We will explore applications of this idea in Section 10.3. In this section, we will 

develop the calculus necessary to successfully analyse these situations. 

Consider a function f(x). Recall from Chapter 9 that the first derivative tells us 

the instantaneous rate of change at a given point on the function. Therefore: 

o Iff’(x) > 0, then the gradient is positive; the function is increasing at x. 

o Iff’(x) = 0, then the gradient is zero; the function is neither increasing nor 

decreasing at x. 

o Iff’(x) <0, then the gradient is negative; the function is decreasing at x. 

This is shown in Figure 10.2. In this section, we will use the first derivative to 

find local maxima or minima. 

For a local maximum to occur, the function must increase, then stop (at the 

maximum), then decrease. Likewise, for a local minimum to occur, the function 

must decrease, then stop (at the minimum), then increase (Figure 10.2). 

   

  

       

Local 

maximum 

Local 

minimum 
   

    x    

  

   

    

f=0 fw<o f0=0 
() increasing]  f(x) decreasing | f(x) increasing 

fw=0 f@=0 

Figure 10.2 Local extrema



From Figure 10.2 we can see that a maximum or minimum occur when the first 

derivative equals zero and there is a change in the sign of the first derivative. 

Example 10 

Find the coordinates of the local maximum or minimum of the function 

foo =2x2— 12x+ 15 
and identify it as a maximum or minimum. 

PPt 

Solution 

‘While we could use our knowledge of quadratic functions to solve this 

problem, we will apply our knowledge of calculus to reach the same result. 

‘We begin by finding the first derivative: 

fle=202x)—12=4x—12 

‘We need to find places where the first derivative is equal to zero: 

flm=0=>4x—12=0=x=3 

Therefore, there is a stationary point at x = 3. We find whether it is a 

maximum or minimum by applying the first derivative test. To do this, we 

must find the sign of the first derivative for intervals to the left and right of 

x = 3. For this it is helpful to make a sign diagram. A sign diagram simply 

shows the sign of the derivative on various intervals. 

‘We construct the sign diagram by first noting that the value of f'(3) = 0. 

Since 3 is the only value of x where f'(x) = 0, it divides our number line into 

two intervals, greater than 3 and less than 3. 

Next, we check the sign of f'(x) by 0 sign of f(x) 

testing values of x to the left and right 3 2 

ofx=3. 

To the left, we can test the sign of f'(x) at x = 0: 

f'(0) = 4(0) — 12 = —12, so f'(x) is negative. 

To the right, we can test the sign of f'(x) at x = 10: 

£/(10) = 4(10) — 12 = 28, s0 f'(x)is positive. 

Then we label our sign diagram = 8 - Spdih) 
accordingly. 3 X 

Now we simply interpret the sign diagram to answer the question: Since the 

sign of f'(x) changes from negative to positive at x = 3, there must be a local 

minimum atx = 3 

To find the coordinates of the point, find the value of fix) at x = 3 

f3)=2(3)2-123) +15=18 — 36 + 15 = —3 

Therefore, the local minimum occurs at (3, —3) 

As shown in Figure 
102,if () = 0, then: 
« alocal maximum 

occurs at cif f'(x) 
changes sign from 
positive to negative 
atx=c 
alocal minimum 
occurs at cif f'(x) 
changes sign from 
negative to positive 
atx=c 

This is often called the 
first derivative test. 

A stationary point is 
apoint on a function 
where it is neither 
increasing nor 
decreasing, that is, 
fm=0 

When choosing values 
of xto test in the first 
derivative, pick values 
within the interval that 
are easy to calculate. 

‘Why is it only necessary 
to test one point in each 
interval? Remember 

that as long as the 
derivative is continuous 
(no breaks in its curve) 
then the only way it can 
change from positive to 
negative (or vice-versa) 

is for it to pass through 
zero. Thus, we find 
the places where the 
derivative is zero and 

then we only need to 
test one point in each 
interval created by those 
values. 
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Further differential calculus 

You may have noticed in the previous example that we avoided using the 

familiar formula for the x-coordinate of the vertex of a parabola, x = 2 
a 

Now that you understand calculus, you can see where this formula comes from. 

Example 10.2 

Prove that the x-coordinate of the vertex of fix) = ax? + bx + c s given by 

ae b 
2a 

Solution 

Since the x-coordinate of the vertex must occur at a local minimum or 

maximum, it must be at a stationary point. Hence, the x-coordinate of the 
vertex must be at a point where f(x) = 0. So, we find the first derivative 

of fix): 

flo)=Qax+b=2ax+b 

Since the first derivative must equal zero, we have 

f’(x):0$2ax+b:0:>2ax:*b#x:*i 
2a 

Therefore, the x-coordinate of the vertex of fix) = ax* + bx + c s given by 

b 
2a 

As Example 10.3 shows, when our original function is more complicated, we 

may need to find more than one stationary point. 

Example 10.3 

Find the x-coordinates of all local maxima and minima for the function 

o) St e ) 

and identify them as maxima or minima. 

Solution 

‘We will proceed as in Example 10.1, by finding the first derivative: 

fw=32—8-3 

And then finding values of x which make it zero: 

f=0=32—8c—3=0 

This quadratic equation can be factorised into 

@xt D -3 =0 xe {43} 
Then we create the sign diagram: 0 signoffik) 

W
~



‘We can testat x = —1, 0, 10: 

RGN =B 2t G s st iR e S 

f(0)=3(02—8(0)=3= 3= — 

f/(10) = 3(10)2 — 8(10) — 3 = 300 — 80 — 3 =217 = + 

And now we can label our sign diagram ) - 0 + signoff(r) 
—t 

accordingly. i S 
3 

By interpreting the sign diagram, we see: 

 There is a local maximum at x = 7% 

o There is a local minimum at x = 3 

Although the first derivative test can identify local maxima and minima, 

sometimes we are looking for the absolute maximum or minimum, that is, the 

largest or smallest value of a function within some domain. To do this, we need 

to find all the local maxima and minima, and then compare to see which one is 

the greatest/least value for the entire domain of f. When the domain is limited, For functions where the 

we must also include values at the endpoints of the domain, because the values gt in iy, 
" . . L the endpoints are local 

at the endpoints of the domain are always local maxima or minima even though extrema as shown in the 

the first derivative may not equal zero. Suppose the domain endpoint is at x = ¢, graphs in Figures 10.3 

then we can use the first derivative test in a ‘one-sided’ manner (see key point). padio 

relative relative 

maximum maximum 

     relative relative <o ! 
‘minimum minimum : 

f@=>0 f=0 : 

¢ ¢ ¢ 

Figure 103 Lefi-hand endpoints of domain (lower bounds) Figure 104 Right-hand endpoints of domain (upper bounds) 

Example 10.4 

Given h(f) = 4* + 312 — 6t with domain —% <t=<2 

(a) Find the coordinates of all local extrema and classify them as maxima or 

minima. 

(b) Write down the coordinates of the absolute maximum and absolute 

minimum. 

| 

Solution 

(a) Find the first derivative: 

h')=1282+6t— 6 

Then, find values of ¢ for which the first derivative is zero (finding 

stationary points): 
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Further differential calculus 

Your GDC has built- 108 e e =0 
in tools for solving D 2 

polynomials (including 22+t —1=0 
quadratics). Learn 

to use them! Here 
is one example, for 

the quadratic in Qt—DE+1D=0 
Example 10.4; Prali iyl B SR 

Solve the quadratic with factoring, quadratic formula or use your GDC 

(see margin box). 

1 t=—ori==1 or 
  
      

  

  

Therefore, we have stationary pointsat t = —1 or t = % 

‘We can draw a sign diagram to 0 0 sign of H'(t) 

visualise the intervals we need S T 

to test for the first derivative test. 2 
‘The solutions to this 

quadratic are t =   For example, test t = —2, 0, 1 to obtain the sign of 4'(t): 

K(=2)=12(-2)2+6(-2) —6=48—-12—-6>0 

R'(0) =120 +6(0) —6=0+0-6<0 

K@) =120 +6(1) —6=12+6-6>0 

ort= 

N
l
 

Remember that we 
don't need to find the Now, we update our sign diagram. + 0 = 0 + signof h'(t) 

exact value of (). We ) ) ot 
just need to find out ‘We see there is a local maximum -1 i 

whether it is positive or att = —1 and alocal minimum at 2 
negative. 1 

t=2 
2 

However, we have not yet considered the endpoints. Since the first 

derivative is positive at both the lower and upper bound of the domain, 

the lower bound will be a local minimum, while the upper bound will be 

a local maximum. So, we have four local extrema to consider: 
  

  

Local minimum Local maximum 

(lower bound of | Local maximum | Local minimum | (upper bound of 
domain) domain) 

=3 e . - = 3 t : t 2 t=2             

To find the coordinates, we must find the value of the function at each ¢ 
Most GDCs can define i 
functions, saving you b p 2 
repetitive calculations N A8 I SH P O\ SO, 

and reducing error. h P & o) Al ) 6 9 4 
Here is a screenshot of 

an example: 

  

h(=D=4(-D3+3(-D?—6(-1) =5 
3 - 

Wy) =ly) +3(3) -ol3)= 3 
hQ2) = 42)* + 32" — 6(2) = 32 

So, the coordinates and types of local extrema are: 

  

  
  

  

  

Local minimum Local maximum 

(lower bound of | Local maximum | Local minimum | (upper bound of 
domain) domain) 

30 " I (-23) . (-3 o           
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(b) Now that we have analysed all local extrema, it is easy to see that (2, 32) 

is an absolute maximum and (%, *%) is an absolute minimum. 

Example 10.5 

A toy rocket is launched upwards into the air. Its vertical position, s metres, 

above the ground at ¢ seconds is given by s(f) = —5¢2 + 18t + 1. 

(a) Find the average velocity over the time interval from ¢t = 1 second to 

t = 2 seconds. 

(b) Find the instantaneous velocity at t = 1 second. 

(c) Find the maximum height reached by the toy rocket and the time at 

which this occurs. 

S | 

Solution 

s2) —s(1) _ [=52)2+18@2) + 1] - [-5+ 18 +1] _ 
R e e I e e jmetres) 

per second (or ms~!) 

(b) s =—10t + 18 = s(1) = —10 + 18 = ms"! 

(c) ') = —10t+ 18 =0=t = 1.8 Thus, s hasa stationary pointatt = 1.8 

We know t must be positive and ranges from time of launch (t = 0) to 

when the rocket hits the ground, i.e. h = 0 

Since it doesn’t make sense to include negative heights, we should check e 

the position function to establish the domain of the function: can be used to solve 
= —52+18t+1=0 quadratic equations. 

O ey s 1L o)) 12?75) ACSD o —0.0547 or £ 366 

So, the rocket hits the ground about 3.66 seconds after the time of 

launch. Hence, the domain for the position (s) and velocity (v) functions 

is0=1t=3.66 

Therefore, the function s has three points we should check for a 

maximum: f = 0, t = 1.8 and t ~ 3.66 

Applying the first derivative test, we check the sign of the derivative, s'(t), 

for values on either side of t = 1.8, for example t = 0 and t = 2 

s0)=18>0ands2) = -2<0 

Our sign diagram looks like this: - 9 - sign of s '(t) 

8 3.66 t 
Both of the domain endpoints, 

t =0 and t ~ 3.66, are local minima so we can ignore them. 

Since the function changes from increasing to decreasing at t = 1.8 

and s(1.8) = —5(1.8)* + 18(1.8) + 1 = 17.2, the toy rocket reaches a 

maximum height of 17.2 metres at 1.8 seconds after it is launched. 
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Remember that most 
GDCs expect that ‘X’ 

is the independent 
variable for a graph, so 
we have replaced f with 

xhere. 

You will need to look up 
how to use your GDC 
to find the numerical 

derivative. It may have 
mathematical notation 

as shown here (i) or 
it may have a command 

like nDeriv(fl(x),x). 
In either case, you 

will need to tell 
the calculator to 

differentiate with 
respect to a variable you 
specify. In this case, we 
are differentiating with 

respect to x. 

Be careful reading 
graphs with both 
a function and its. 
derivative. Strictly 

speaking, we should 
not graph a function 
and its derivative on 

the same axes, because 
the units on the y axes 

are different: remember 
that the ‘y’ value of the 
derivative is the rate of 
change in the original 

function. 
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Further differential calculus 

Sometimes we may encounter functions for which it is difficult to find a derivative 

algebraically. Your GDC can be a powerful tool for analysing these functions, 

because it has the ability to calculate numerical derivatives. That is, your GDC can 

tell you the value of the derivative at any point, and can therefore make a graph of 

the derivative, but it cannot give you an algebraic expression for the derivative. 

For example, consider the previous example. We can type the position function 

into a GDC and generate a graph: 
  

    

857 

£1(x)g-5-x+18+x+1 

1 « 
F1—Zlo.2 \ 5       

Figure 10.5 Type in the position function to generate a graph 

Then, use a GDC to plot the derivative of that function: 
  

   

        
6 

£1(x)e-5-x2+18+x+1] 

£2(x)% 

1 « 
k1 —3o.2 \ 5   

Figure 10.6 Plot the derivative of the function 

Once we see the derivative function, we can use the GDC to find the zero. 

Now, we just need to interpret the results. Since s'(1.8) = 0, and the derivative 

is positive to the left and negative to the right of t = 1.8, we can conclude from 

the first derivative test that there must be a local maximum at t = 1.8. 

Furthermore, by looking at the graph of the position function (in blue), we 

see that the position does indeed reach a maximum at t = 1.8. Since we have 

already entered the position function, we can also use our GDC to find the 

maximum height. 

18 (14,’17.\2) 

  

£1(x)5-5-x+18-x+1, 

  

1 x 
1 _-Zo.2 N \ 5 

Figure 10.7 Finding the maximum height 

  

          

This confirms our work above, showing that the toy rocket reaches a maximum 

height of 17.2 metres, 1.8 seconds after launch.



In fact, sometimes it is the case that we know the derivative function, but not the 

original function. In this case, a GDC is a powerful tool for finding extrema. 

Example 10.6 

Given f'(x) = x*> — x — 6, find the x-coordinates of all local extrema and 

identify them as maxima or minima. 

  

Solution 

  
We use the GDC to obtain a graph 51y 

of the derivative, and find the 

x values for which f'(x) = 0 ElCosE =t 

This graph can be interpreted in the 2,0| 1 (3,0 x| 

same way as a sign diagram; it is F22 ; = 
equivalent to the following sign 

diagram: 

  

      -8.15 
  + 0 - 0 + signoff(x) 

e 0 T X 

‘Therefore, we conclude that there is a local maximum at x = —2 and a local 

minimum at x = 3 

More complicated functions can be treated in the same way. 

Example 10.7 
  

A fruit distributor has noticed that the weekly change in the price of apples 

can be modelled by the function 

B3 (X 5) 5 sm( 1 3‘(x 5) 

where PC is the change in the price of a kilogram of apples and x is the 

number of weeks since that start of the year. 

IRC= 

(a) The fruit distributor would like to plan a sale when the price of apples 

will be at a minimum. What week should the sale be? 

(b) Sales decrease when the price of apples approaches its maximum. In 

what week will the price of apples be highest? 

  

Solution   

(a) Since the given function predicts fl(x)=% 'Sin(%' (x—5)) 

the change in the cost of apples, 

we can apply the first derivative \(510) 

test to find the minimum price (31,0) 52 

of apples. Use a GDC to graph 

and locate the points where 

PG =0/ 0.3 

  

      

Be careful! Don't look 
at maxima or minima 

of the derivative graph. 
Instead, look for zeros, 
and where the graph 
is positive (above the 
x-axis) and negative 

(below the x-axis). 

333



Further differential calculus 

Since the price change (derivative) function is negative to the left of 

x = 31 and positive to the right, we conclude that the minimum price of 

apples is during week 31. The sale should be planned for week 31. 

(b) With the same GDC graph, we see that the price change (derivative) 

function is positive to the left of x = 5 and negative to the right, so we 

conclude that the maximum price of apples is at week 5. 

13 G R 

1. For the following quadratic functions, find the vertex of the parabola 

using differentiation. 

€) y=a = =0 (b) y=4x?+ 12x + 17 

@) y==LFE=7 

2. For each of the functions below: 

(i) find the coordinates of any stationary points for the graph of 

the equation 

(ii) state, with reasoning, whether each stationary point is a 

minimum, maximum or neither 

(iii) sketch a graph of the equation and indicate the coordinates of 

each stationary point on the graph. 

(a) y=20° + 32— 72x+5 ®) y=1c-5 
© y=—x(x—3? @)y =x"—2¢ —52+6 

(e)Byi=tt S 62 ot (f)y:x*/; 

3. For each of the functions below, find any local extrema and give the 

coordinates of each extremum. 

(@) foo =% — 12x (b) fox) = ix“ e 
© foo=x+% (@ fo = =325 + 5¢° 
(e) fox) =3x* — 42 — 12 + 5 

4. For each of the derivative functions below: 

(i) use your GDC to graph the derivative given 

(ii) hence, find the locations of all local extrema and justify each 

using the first derivative test. 

@) fl=x>+3x—4 (b) () =£—7t+ 10 
d; - 

(O 
dx V25— 

5. For each of the functions below: 

  o] 

  

(i) use your GDC to sketch a graph of the derivative of the function 

(ii) hence, find the locations of all local extrema and justify each as 

a maximum or minimum using the first derivative test. 
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10. 

Verify your results by examining the graph of the function. 

(a) y =136 —x* (b) fox) = Vx> + 5 +125 — x? 

@) p=rF =% =37 =06 

. The graphs of the derivative of a function fare shown below. 

(i) For what intervals is fincreasing or decreasing? 

(ii) At what value(s) of x does fhave a local maximum or 

minimum? 

GV (b) y=f&) 

y=f& 

  

. An object moves along a line such that its displacement s metres from 

the origin O is given by s(t) = £ — 48 + ¢ 

(a) Find a function for the object’s velocity in terms of ¢. 

(b) For the interval —1 < ¢ < 3, find the maximum displacement and 

the time at which this occurs. 

(c) In words, accurately describe the motion of the object during the 

interval —1<t=<3 

. For each function, use your GDC to graph the derivative of the function 
and find any relative extrema. State the coordinates of any such points 
and classify as maxima or minima. Graph the original function on your 
GDC to verify graphically. 

16 @ ) = 3%+ 42 + 10 () j)= 2425 

@ f =2+ @ 9 = 228 — 62 
(e) f(x) = cos(x),0<x<3 () f(x) = xe* 
(8) f(x) = xsin(x), 1 <x<6 

. An object moves along a line such that its displacement s metres from a 

fixed point P is given by s(t) = #(t — 3)(8t — 9) 

(a) Find the initial velocity of the object. 

(b) Find the velocity of the object at t = 3 seconds. 

(c) Find the values of ¢ for which the object changes direction. What 

significance do these times have in connection to the displacement 

of the object? 

The delivery cost per tonne of bananas, D (in thousands of dollars), 
. - . 100 

when x tonnes of bananas are shipped is given by D = 3x + ==, x>0 

Find the value of x for which the delivery cost per tonne of bananas is a 

minimum, and find the value of the minimum delivery cost. Use the first 

derivative test to justify that this value is in fact a minimum. Verify your 
results by checking the graph of the function. 
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11. The displacement s metres of a car, t seconds after leaving a fixed point 

A, is given by s(t) = 10t — %tz 

(a) Calculate the velocity when t = 0 

(b) Calculate the value of t when the velocity is zero. 

(c) Calculate the displacement of the car from A when the velocity is zero. 

12 A ball is thrown vertically upwards from ground level such that its 

height h at t seconds is given by h = 14t — 4.9t%,t = 0 

(a) Write a function for the ball’s velocity. 

(b) Find the maximum height the ball reaches and the time it takes to 

reach the maximum. 

(c) At the moment the ball reaches its maximum height, what is the 

velocity of the ball? 

13. The cost in Chinese renminbi to produce x fidget spinners can be 

modelled by the function C(x) = 0.004x* + 5x + 2000 

Revenue from x fidget spinners can be modelled by the function 

R(xy = —0.00016x° + 0.1x> + 20x 
Given that profit P(x) = revenue — cost, find the maximum profit and the 

number of fidget spinners that should be produced to maximise profit. 

14. The total cost, in euros, of producing n bicycle wheels can be modelled 

by the function C(n) = 20000 + 201 — n2 + 0.0057° 

(a) Find the number of bicycle wheels that should be produced to 

minimise total cost, and the minimum total cost. 

(b) The average production cost per bicycle wheel can be expressed 
Cn) . o . 

as % Find the minimum average production cost and the number 

of wheels that should be produced to achieve this minimum. 

100 

1+ 60e 0350 
where R(?) is the percentage of the reactant remaining at time ¢ in minutes, 

after a catalyst is introduced. Find the time at which the reaction rate is 

fastest. 

15. A chemical reaction is modelled by the function R(t) = 100 — 

Tangents and normals 

  

Figure 10.8 When a car is . . | 
travelling through a turn, the ‘We are often interested in finding a tangent or normal to a curve. 

momentum of the car is trying 
to carry the car in a direction 
tangent to the curve of the road. at any point on a function, we can use the derivative to find the gradient of 

The car’s tyres must generate a the tangent (or normal) at a point on a function. Then, we simply need to 
force normal to the curve of the 
road in order to steer the car 
around the curve write equations of tangents and normals. 
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remember how to write the equation of a line, and with these skills we can



Example 10.8 

Given the function g(x) = —x? + 8x — 14 

(a) Find the gradient of g(x) at x = 3 

(b) Hence write the equation of the tangent to g(x) at x = 3 

(c) Write the equation of the normal to gix) at x = 3 

| 

Solution 

(a) To find the value of the gradient, we must first find the derivative of g(x) 

goy=—2x+8 

Then, we evaluateatx = 3: g'(3) = —2(3) + 8 =2 

(b) Since we know the gradient of the tangent, we only need to find a point 

on the tangent. Since the tangent must intersect g(x) at the point of 

tangency, we can find the y-coordinate by using g(x): 

gB3)=—(3’+83)—14=-9+24—14=1 

Therefore g(x) and the tangent both pass through (3, 1). Now we can 

write the equation of the tangent, using point-slope form: 

=2 Gt 

=y=2x—5 

(b) Since a normal line is perpendicular to a tangent, recall that the product 

of the gradients must be —1 

Moormal * Mangent = ~ 1 

= Moo= 2= —1 
) 

= Maormal = —7 

Since the normal must also pass through the point of tangency (3, 1), we 

can now write the equation of the normal, using point-slope form: 

el ee e ) 

  

1 ) Sy=—x+2 i 

Sometimes we are interested in TRy 

developing functions that have 

specific properties of the tangent 

  

  

      
or normal. For example, since the 1 x 

tangent has the same gradient as -lo 1 10 

the curve, it can provide a ‘smooth’ 
o £2(x)=2+%-5 (%)=—x48x-14 

transition from one curve to 

another. 4.5/ 
  

Figure 10.9 The tangent has the same gradient 
as the curve at the point of tangency 

A tangent s a line 
that intersects a 
function and has the 
same gradient as the 
function at the point of 
intersection. 

A normal is a line that 
intersects a function 
and is perpendicular to 
the tangent at the point 
of intersection. 

Normal 

(%)) 

‘Tangent 

‘We can graph the 
function, the tangent, 
and the normal to verify 
our work (make sure 
your xand y scales 
are the same, or the 
lines may not appear 
perpendicular). 
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Example 10.9 

Lena is designing an archway of a 

building. The archway should be 

approximately triangular, but with 

arounded top part defined by a 

parabola. 

She has sketched the design, as 

shown. 

The line segments AB and CD 

are straight lines, while the curve 

above B (2, 6) and D (6, 6) will be a 

parabola. The overall height of the 0123 456789 

archway is unknown. The archway B istancelln) 

is symmetric about the line x = 4 

Di
st

an
ce

 (
m)
 

  

(a) Write down the gradient of line segment AB. 

(b) Write down the gradient of the curve at the maximum point of the 

archway. 

(c) Given that the parabolic curve is modelled by the function 

fx) = ax? + bx + ¢, find the values of 4, b, and ¢, assuming that the 

gradient of f(x) must be equal to the gradients of AB and CD where they 

intersect. 

Solution 

o | o 

(a) Line segment AB has gradient m,; = o 5 

(b) The gradient at the maximum point must be zero. 

o 

(c) Since the gradient of the curve must be zero at the maximum point, we 

know that f'(4) = 0. Likewise, to match the gradients of the line segment 

AB, we know that f'(2) = 3. We can write the derivative of fix) as 

f'x) = 2ax + b and hence write: 

f@W=0=0=2a4)+b=0=8a+b (1) 

f@=3=23=2a2+b=>3=4a+b (2) 

Now we have a simultaneous linear system to solve: 

  

      

    

Usinga GDC 

nsorve({ 257200 aun)) {2.9) 
Algebraically 

{0 8a+b {0 8a+b 

3=4a+b —6=—8a—2b



= —6=-b=6=b 

=0=8i+6=>—>=a 

o
 

So far we have f(x) = *%xz ER6YEEC 

Now find the value of c. Since we know that the function must pass 

through (2, 6), we can solve for ¢ using that point: 

_3 
4 

Therefore, the equation of the curve must be f(x) = 7%):2 G603 

f=6=6=—-2"+6Q2)+c=>c=-3 

Sometimes we need to find tangents and normals to a more complicated 

function. In this case, you should know how to use your GDC to find the 

numerical derivative. 

Lt dx 

oS 

(a) Find the equations of the two vertical lines that are normal to h. 

Given the function h(x) = 

(b) Given that the line L: y = —2x + k is tangent to h, find all possible 

value(s) of k. 

  

Solution 

(a) For a vertical line to be normal to 4 at a point, it must be true that the 

tangent is horizontal at that point. Hence, the value of h" must be zero at 

that point. 

To start, draw a graph of h 

  

  

1 x| 

-10 T 10 

/ X x 
£f1(X)= —5—— 0 e 

~6.67         

There are two possible horizontal tangents (and hence vertical normal 

lines): at approximately x = —1 and x = 4. Now, let us graph the 

derivative function h’ so that we can find where it is equal to zero. 
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Remember that your 
GDC is a powerful tool 
for finding derivatives 

numerically. Unless 
you are required to 

find exact answers, you 
should use it where 

possible. 
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b 

  

s.eyk/ 

d 
£2(x)= g, (£1(x)) 

1 
  

1o N 1 

MA\ 

  

-6.67 
  

It appears that h’ has zeros at x = —1 and x = 4; we confirm by using 

the GDC'’s Zero tool (twice) to find those zeros. 

d 
£2(0)= g (£1(x)) 

  

(-1,0)1- (4,0) 
      

  

-6.67   
  

‘We are now confident that the vertical normal lines to 4 must pass 

through x = —1 and x = 4 

Since these are vertical lines, the equations of the normal lines are also 

x=—landx =4 

‘We need to find the points on h where the gradient is —2. If we can find 

those points on h, then we can solve for the value(s) of k. 

Since we have already used the GDC to generate the graph of the 

derivative function ', we can also use it to find the places where the 

gradient is equal to —2. We can do this by adding the line y = —2 to the 

graph and finding where it intersects h’. 

Use a GDC’s Intersection tool (twice). 

d 
£2(x)= g, (£1(x)) 

  

  

  

(-1,0) 1 —_ 
—10 BN [6_52’72) 10 

(0.382,2) 
£3(x)=-2 

il = 2 
2:x%-3-x 

=6.67       
  

From this display, we see that h’(x) = —2 when x ~ 0.382 or x ~ 2.62 

Thus, the gradient of / is —2 at those x values; the tangents 

y = —2x + k must intersect h at those points. To find k, we must find 

the y-coordinates of those points and then solve for k in each tangent.



We have already entered the function into the GDC, so we can use the 

GDC to calculate the y values quickly. Our GDC gives that the y-coordinates 

for each of these points are approximately —1.85 and 4.85, respectively. 

Now we know that we have two tangents, one of which must pass Learn how to use your 
GDC to store results 

through (0.382, —1.85) while the other passes through (2.62, 4.85) from the graph, so 
that you avoid losing Finally, we solve for k, once for each point. s precision and do 

=— = — not have to retype 
. AL long decimals. 1f 

—1.85 = —20.382) + k 485 =—2(262) + k A 
k~—1.09 k=~10.1 approximate result into 

your GDC, you are not 
Thus, the two tangents must be: using it efficiently or 

y=—2x— 109 and y=—2x+ 10.1 Sy 
We can verify visually on our GDC: 
  T.678Y 

  

     = e 3x 
~6.67         

The final graph shows the two tangents we found, and we can see 

visually that indeed they are tangent to h 

Exercise 10.2 
  

1. For the functions below: 

(i) Find the derivative of the function. 

(ii) Calculate the gradient of the tangent of the function at the 

indicated point. 

(iii) Find the equation of the tangent at that point. 

(iv) Find the equation of the normal at that point. 

Use a GDC to confirm your results. 

(@ y= 3x2 — 4x point (0, 0) 

(b) y=1-6x— 2 point (=3, 10) 

(c) y= % point (—1, 2) 

@) =i =o' = point (1, —1) 

(e) y=(x+2)(x—6) point(2, —16) 

® y=20+1-32  pointc1,0) 
X X 
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10. 

TS 

342 

  _x3+1 ) 
®y= = point (—1, 0) 

() yy= a4 Al x=-3 

(i) y=x+x2 x—*% 

G) y=3x2—x+1 x=0 
el _1 (k)y—2x+x x=7 

. For the functions below, find the coordinates of any points on the graph 

of the function where the tangent has the given gradient. 

(@) y=x%+3x gradient = 3 

(b) y=x? gradient = 12 

() y=x2—5x+1 gradient =0 

(d) y=x?=3x gradient = —1 

. Find the equations of the lines tangent to the curve y = x* — 3x* + 2xat 

any point where the curve intersects the x-axis. 

. Find the equation of the tangent to the curve y = x> — 2x  which is 

perpendicular to the line x — 2y = 1 

. The line y = 4x — 13 is tangent to y = x> + ax + b at the point (3, —1), 

where a, b € R. Find the value of a and the value of b 

. Theline y = 2+ 3 s normal to y = &7 + ax + b at the point (3, 2, 
where a, b € R. Find the value of a and the value of b 

. Find the coordinates of the point on the graph of y = x? — x at which 

the tangent is parallel to the line y = 5x 

. Find the equation of the tangent(s) to the curve y = x* — 5x which are 

perpendicular to the line x + 7y = 38. 

. Find the equation of the normal to the curve y = x? + 4x — 2 at the 

point where x = —3 

Find the coordinates of the other point where this normal intersects the 

curve again. 

15l   Consider the function g(x) = 7 
o 

(a) Use your GDC to find the value of the derivative when x = 1 

(b) Find the equation of both the tangent and the normal to the graph 

of g at the point (1, 0). 

Given the function fix) = x* + laag 

(a) Find the equation of the tangent to fat the point (7 1, %) 

(b) Find the coordinates of another point on the graph of f where the 

tangent is parallel to the tangent found in (a).



12. Find the equation of both the tangent and the normal to the curve 

y = Vx(1 — Vx) at the point where x = 4 

13. Using your GDC for assistance, make accurate sketches of the curves 

y=x*—6x + 20and y = x* — 3x* — x on the same set of axes. The two 

curves have the same slope at an integer value for x somewhere in the 

interval 0 S x <7 

(a) Find this value of x 

(b) Find the equation for the tangent to each curve at this value of x. 

14. The line L is tangent to f(x) = —x? — 6x — 4 and passes through the 

origin. 

(a) Find the two possible points of tangency. 

(b) Find the corresponding two equations for L 

15. Find equations of both lines through the point (2, —3) that are tangent 

to the parabola y = x* + x 

Optimisation 

Optimisation is the process of finding values that will maximise or minimise 

another quantity. For example, the following questions are typical optimisation 

problems: 

« What production level or price should we choose in order to maximise 

profit? 

o What production level should we choose to minimise costs? 

o Atwhat time is the maximum height or maximum velocity of a projectile 

reached? 

o How can we fold a piece of paper to create an open box with maximum 

volume? 

o How can we design a box to minimise packaging cost for a given volume? 

Part of the process in solving optimisation problems is no different than finding 

maximum and minimum values of functions, which you have already seen. 

However, in this section we will focus on the problem-solving skills necessary 

to get to that point. We start by revisiting an example from Chapter 6 in order 

to highlight some key steps. 

|
 Example 

The dimensions of a piece of A4 paper, to the nearest cm, are 21 X 30 cm. It 

is possible to create an open box by cutting out square corners and folding 

the remaining flaps up, as shown in the diagrams in Figure 10.10.   
  

      

  

  

            

Figure 10.10 Creating an 
open box from a piece of paper 
(Example 10.11) 
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(a) Calculate the maximum volume of the open box. 

(b) Find the dimensions of the open box with the largest volume that can be 

created using this method. 

1 

Solution 

(a) Choose an appropriate model for the quantity to be optimised. 

As discussed in Chapter 6, models come in many forms. In this section, 

our models often start with a simple, known formula. In this case, 

since we are interested in maximising the volume of the box, it seems 

appropriate to start with a model for volume: V = lwh 

21 Draw an accurate diagram of the situation. 
x A diagram is helpful because it often uncovers relationships that will 

help us adapt our general model to the specific situation. In this case, 

we consider that the paper starts as 21 X 30 cm. However, those are not 
: : the dimensions of the open box. It seems like we should think about the 

30| 30— 24| dimensions of the open box because they are critical to finding the volume! 

  

  
  

  

: : If we look at the second diagram in Figure 10.10, we can see that part 

I - of the width and length of the paper becomes the height for the box. 

Also, an important part of this step is to decide what the independent 

variable really is. In this case, it’s the size of the square we cut out from 

each corner. So, let’s label that x and then label the diagrams carefully as 

shown in Figure 10.11. 

                

Use the diagram to write algebraic relationships. 

After we label our diagram, we see that the width and length of the 

paper get reduced by twice the length of the corners we cut out. 

Therefore, we know that 

length = 30 — 2x, width = 21 — 2x, height = x 

  

Figure 10.11 Carcful labelling Use algebraic relationships to express the general model in a single 

of a diagram is important variable. 

(Example 10.11) We can use the algebraic relationships we found above to develop a 
model for the volume of the box in terms of x by substituting into the 

general model for volume: 

V= lwh = (30 — 2x)(21 — 2x)(x) 

V = 4x* — 102x* + 630x 

  

Use calculus to find extrema of the model. 

Finally, we can now look for maxima by taking the derivative of the 

volume model: 

V'=12x? — 204x + 630 

To find local maxima, we look for the place where the first derivative is 

zero and changes from positive to negative: 

12x* — 204x + 630 = 0 
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You can then use a GDC polynomial solver. 
      

polyRoots (12+%-204+x+630, ) fi 

{4.0559,12.9441} 

            
  

Hence x = 4.06 or x = 12.9 (3 s.f.). Then, construct a sign diagram and 

test intervals. 

+ 0 - 0 + signofv’ 

4.06 129 * 

Therefore, it appears that a local maximum for volume occurs when 

x=4.06 (3s.f) 

Note that values of x > 10.5 are nonsensical, since we can’t cut out a 

square that is more than half the width of the paper. 

Interpret your findings and answer the question in context. 

The question asked us to find the maximum volume. So far, we have 

found the size of the square we should cut out is x = 4.06 cm. 

To find the volume, we substitute this value into our model: 

V = 4x* — 102x% + 630x = 4(4.06)° — 102(4.06)* + 630(4.06) 

=1144cm? 

Therefore the maximum volume possible by creating a box with this 

method is 1144 cm?. 

(b) Use the algebraic relationships we found above: 

length = 30 — 2x = 30 — 2(4.06) = 21.9cm 

width = 21 — 2x = 21 — 2(4.06) = 12.9cm 

height = x = 4.06 cm 

Here are the key steps for solving optimisation problems: 

+ Draw an accurate diagram of the situation. 
A diagram can help you see geometric and algebraic relationships you may have missed 
otherwise. These relationships are crucial for the next steps. 

Choose an appropriate model for the quantity to be optimised. 
"This often starts with a general, well-known formula or model, or even a simple 
equation. More than one model or general formula may be needed. 
Decide what the independent variable is. 
There is usually one independent variable that all the other variables are related to. It is 
our job to decide what that independent variable is, and then relate other variables to it 
in the next step. 

Write algebraic relationships. 
We write algebraic relationships between unknown quantities so that you can express 
your general model in terms of the single independent variable you have chosen. 
Often, each relationship will express the unknown quantity in terms of the single 
independent variable, but sometimes additional substitution may be necessary. 
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« Express the general model in a single variable. 
‘This step is a good one to set as your goal, because it can help you decide on an 
independent variable. Also, unless you can express the general model in a single 
variable, you will not be able to use the calculus you have learned to optimise the 
quantity. Don't forget to consider the domain of the model, since some extrema may 
be nonsensical in the context of the problem. 

Use calculus or graphical analysis on your GDC to find extrema of the model. 
‘This step is usually the most straightforward piece of solving the problem (if you are 
confident in your calculus or GDC skills). Once you have a model for the quantity to be 
optimised in terms of a single independent variable, then use the first derivative test to 
find local maxima and minima. Be careful to consider endpoints of the domain as well, 
as you saw in Section 10.2. 
Interpret your findings and answer the question in context. 
Finally, don't forget to answer the question, in context! Optimisation problems are 
sometimes long and you can forget the question you were trying to answer — check 
and make sure you answered the original question when you think you are finished. 
(Don't forget to check your units as well!) 

Note that these steps are not strictly in order — sometimes a model may be obvious from 
the beginning, sometimes it may be helpful to decide on the independent variable first, 
etc. These steps are the same regardless of context. 

Example 10.12 

Two vertical posts, with heights of 7 m and 13 m, are secured by a rope going 

from the top of one post, to a point on the ground between the posts, and 

then to the top of the other post. The distance between the two posts is 25 m. 

(a) How far from the base of the shorter post should the rope be anchored 

to the ground in order to minimise the length of the rope? 

(b) What is the minimum length of rope necessary? 

| 

Solution 

(a) It seems like a good idea to start with an accurate diagram (Figure 10.12). 

‘We have labelled the key points. Now, we need to think of some of the 

quantities in this diagram. Since the question asks for the length from 

the base of the shorter post (Q) to the anchor point (R), we will treat 

this as the independent variable and label it x. Also, we are trying to 

minimise the total length of the rope, so we will assign variables to each 

part of it as well, labelling them [ and . Finally, since the posts are 25 m 

apart, we can label the distance from R to the taller post (S) as 25 — x 

Now, let’s use our diagram to try to find a general model. Since the 

quantity being optimised (the length of the rope) is the diagonal of a 

right triangle, the Pythagorean theorem ¢* = a® + b? will probably be 

useful. Using the Pythagorean theorem and the algebraic relationship 

RS = 25 — x, we can write 

P=x>+7" and m?=(Q25—x’+13 

1=+ 49 m =25 — 0’ + 169



Let’s call the total length T. Since we know that T = | + m, 

T = Vx> + 49 + (25 — x* + 169 

‘We now have a model for the quantity being optimised (T) expressed in 

a single variable (x). We are now ready to use calculus to find extrema, in 

this case the minimum value of T. Since this is a complicated expression, 

. To make the graph useful, consider use a GDC to graph the derivative. 

the domain of our model. The length x could be anywhere from 0 to 25, 

s0 we can scale the graph accordingly (set the x-axis from 0 to 25, then 

choose a reasonable y-axis to fit the derivative). Finally, use the GDC’s 

Zero tool to find the x value where T'= 0 

The GDC tells us that T'= 0 

‘when x = 8.75. Furthermore, 

we can see from the graph 

of the derivative that T" is 

negative to the left of x = 8.75 

and positive to the right of 

8.75, so we conclude that 

x = 8.75 is a local minimum 

for T. Therefore, to answer the 

  
SISIGRY 

(8.75,0) 
  FT p: o 

£2(2)= g (£1(x) 

    -1.24     

question in context, the rope should be anchored 8.75 m from the base 

of the shorter post in order to minimise the length of the rope. 

(b) Use our model to find the length of the rope. 

T = x>+ 49 + (25 — 0% + 169 
  

= (8752 + 49 + /(25 — 8.75)% + 169 

We can use our GDC to calculate this without losing precision 

(remember to store the value from the graph page). Therefore, when 

x = 8.75m, the length of the rope is T = 32.0 m. 

Example 10.12 can be solved without using calculus. Instead of using a GDC to graph the 
derivative function, we could analyse the length function, directly, to find the minimum. 
‘This method requires us to be more careful about considering the domain 0 < x = 25 and 
setting the viewing window appropriately to obtain an appropriate display. Then, we can 
use the GDC’s Minimum tool to find the minimum length and distance x at the same time. 
  

39.66Y 

£1(x)=V+49+V(25-x)+169 

  

  =3     

Therefore the rope should be anchored 8.75 m from the base of the shorter post, and the 
minimum length is 32 m. 
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Further differential calculus 

Example 10.1 

To manufacture video game consoles requires the following costs per day, in 

US$, in a factory capable of producing up to 1000 units per day: $1580 fixed 

costs, $120 per console for production costs. Equipment maintenance costs 

vary directly with the square of the number of consoles produced. 

(a) Given that equipment maintenance costs are $11 to produce 10 consoles, 

find an expression for equipment maintenance costs in terms of the 

number of consoles produced, x 

(b) Find an expression for C(x), the total costs for manufacturing x game 

consoles per day. 

(c) Show that total manufacturing costs per day increases as production 

increases for all x > 0 

(d) The average cost per game console is given by the function C(x). Find an 

expression for Cx) 

(e) Find the minimum average manufacturing cost and the number of video 

game consoles which should be manufactured to minimise the average 

manufacturing cost. 

1 

Solution 

(a) Since equipment maintenance costs vary directly with the square of x, 

we have y = kx?, s0 11 = k(10)* = k = 0.11 

(b) Total cost per day is a sum of total costs, so our model is simply 

C(x) = 0.11x* + 120x + 1580 

(c) Here we use calculus to find extrema - or, rather, to show that there are 

none within our domain. The first derivative is C'(x) = 0.22x + 120 

‘This function is positive for all x > 0 so production costs are increasing 

  

  

forall x >0 

(d) Here we need a new model. Average cost per video game console is the 

total cost divided by the number of units, hence 

Ty = 1152+ 1205 + 1580 

(e) Usea GDC to graph C'(x) 7 ] 
. £2(x)= g (£1(x)) 

‘We see that costs are decreasing 

for 0 < x < 120 and increasing 20(120,0) ooy 
for 120 < x < 1000 so there must 

be a local minimum at x = 120 

Therefore, average manufacturing 

cost is minimised when 120 units     3.33   per day are produced. 

The average cost per console at this level is C(120) = $146



Example 1 

|
 

‘When a lifeguard on a beach sees a swimmer in distress, she must make a 

decision about the fastest way to get to the swimmer: should she run along 

the beach until she is as close to the swimmer as possible, then swim, or 

jump right in the water and swim? Of course, it depends on how fast she can 

swim compared to how fast she can run. (Ignore any currents in the water.) 

Suppose that the lifeguard is positioned at point L(0, 0) and a swimmer in 

distress is at point §(300, 50) (distances in metres). The edge of the water is 

along the x-axis. The lifeguard will leave point L, run along the water’s edge 

(the x-axis) to point C, and then swim to the swimmer at point S, as shown 

in the diagram. 

20 EEEEE 
50 . 2 i 
40 - 
30— 
20 B 
10 a 
01L0.0) & | 

0 50 100 150 200 250 300 350% 

  

  

  

  

  

                                

(a) Given that the lifeguard can run at a rate of 3.5 minutes per km and 

swim at a rate of 1 minute per 100 m, where should point C be located in 

order to reach the swimmer as quickly as possible? 

(b) What is the minimum time it will take the lifeguard to reach the 

swimmer? 

——————————————————TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTS— 

Solution 

Since we are interested in minimising the total time, we should start with 

avery general model of T = T;, + T, where T is the total time, T} is the 

running time, and T is the swimming time. We will use seconds as the units 

for all times. Also, since we are interested in finding point C, we should 

assign a variable to the x-coordinate (the y-coordinate will be zero). Let C 

have coordinates (c, 0); this is our independent variable. 

Next, we have to think about how to find algebraic relationships for T, and 

T; in terms of c. Since both of these have to do with rate and time, we can 

distance _ distance 
, rearranged to time = ————; we probably use the model rate = rate 

just need to be careful that the rate has units of distance (metres) per time 

(seconds). The running part seems straightforward: wherever point C is, the 

running distance will be exactly ¢ metres. So, we can write: 

1000m/f105 1005 100 
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Further differential calculus 

Notice that we converted the rate of 3.5 minutes per 1km into 1000 m per 

210 seconds. 

Next, we need to find an expression for T;. For this part, we see that the 

lifeguard will swim the diagonal of a right triangle. We can add some more 

information to our diagram, and we can use the Pythagorean theorem to 

model the distance the lifeguard will swim, Dy, as shown in the graph. 

5(300, 50) 

  

0 50 100 150 200 250 300 350 % 

Therefore an expression for Dj is 

D¢ = (300 — 0)* + 50> = Dy = (300 — 0)* + 50* 

Using the general distance-time model, we can now write: 

_EV=0PFHE 3 m————— 
S loom gv(300 OE50 

60's 
Substituting the expressions for T, and T into our total-time model, we 

obtain an equation in a single variable: 

  

T=Ta+T 

Alg 3 - e — o2 2 i 100 5\(300 €)° + 50 

  
Now we are ready to use calculus to 0.277 

find the value of ¢ which will minimise 

the total time it takes the lifeguard (281,0) /x| 
  

to reach the swimmer. For this 10 300 
Again, we could use 
aGDC to analyse the 

function directly. 

expression, we will rely on our GDC to 

find the numerical derivative. Since ¢ 

can be anything in the interval [0, 300],   
      d 
o F2(x)= g (£1(x))|     

  

we will scale our x-axis accordingly 

and then use the GDC Zero tool to find the value of ¢ for which T'= 0 

      

ey Now we need to interpret the results. For part (a), the lifeguard can 

minimise the time it takes to reach the swimmer by running for 281 metres 
The GDC tells us that o Toyaii e T el 

B el and swimming the remaining distance. To find the minimum time this wi 

for 281 m and the total take, use a GDC to evaluate the function for total time at x = 281 and obtain 

time taken to reach the 91.1 seconds. Therefore, to answer question (b), it will take about 91 seconds 
swimmer will be 91.1 2 5 

Tl for the lifeguard to reach the swimmer. 

In other problems, we need to be careful to consider the endpoints of the 

domain as possible optimum solutions. 
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|
 

A supply of four metres of wire is to be used to form a square and a circle. How 

much of the wire should be used to make the square and how much should be 

used to make the circle in order to enclose the greatest amount of area? 

| 

Solution 

Start with an accurate diagram (see Figure 10.13). Let r equal the radius of 

the circle and x equal the side length of the square; we can decide which one @ 
x 

  

    should be our independent variable later. 
  X 

An appropriate general model for the total area is the sum of the area of a 
: Figure 10.13 Diagram for 

square and a circle: Example 10.15 

A=g+ar 

Since we have two variables in this model, we need to find an algebraic 

relationship to express the model in a single variable. Recall that the square 

and the circle are made from a single piece of wire 4 metres long. So, we can 

write the algebraic relationship 

4 = (perimeter of square) + (circumference of circle) 

=4 =4x + 27 

This relationship can be solved for r, so that x is the independent variable: 

dmdxt2m o am=d—ax—r= 2020 
Substitute into our general model A = x> + 712, so that we now have a 

single variable: 

A=g+ar 
1 —x)r 2( T DO 401 —x)? o = 2p =X 

‘What about the domain? Clearly, x = 0 since it is a distance. Also, since the 

square’s perimeter is 4x, and the total length of wire is 4 m, we have 

x<4=>x<1 

So, the domain for our area model is 0 < x < 1 

Although this function could be written as a quadratic and solved by hand, 

we will turn to our GDC again. Enter the function and then use a GDC to 

graph the numerical derivative: 

  

  

  

- — ST @ am-gam) s 

2(30= g (£1()) ) -\l [P & 
fl(x)=fl%’“\\/ S N 1 5 
=i T I EY 1 e 

—=6.67 —6.67               
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Further differential calculus 

  
‘Then, we hide the area function, 17 

set our viewing window to the fz(x)=% (£1(x)) 

domain 0 < x < 1 and find the 

zero of the derivative. (0-55% 
  

    
i 0.02 1 

Now we need to interpret our 

results and answer the question. 

We see that there is a local minimum 
=6.67   for the area at x = 0.560 since the 

derivative is negative to the left and positive to the right. But we want to 

maximise area! 

Recall our rules for endpoints from Section 10.1: 

o The left endpoint of the domain, at x = 0, has a negative derivative to the 

right, so it is a local maximum. 

o The right endpoint of the dom ain, at x = 1, has a positive derivative to 

the left, so it is also a local maximum. 

So, to find out which of the local maxima is the absolute maximum, we need 

to check the value of the area at each: 

4(1 - 0)* 
o 

« Forx=0,wehave A = (0 + :%: 1.27 cm? 
41 -1 

+ Forx =1 wehave A = (1 + ———— = lem? 

Therefore, we conclude that the maximum area is enclosed when the side 

length of the square is 0, and the entire wire is used to make the circle. 

‘What if we wanted to minimise the area enclosed? We've already done 

the work. The side length of the square would be x = 0.560 cm in order to 

minimise the area enclosed. 

We could analyse the area function directly if we wanted to avoid using calculus. After 
obtaining a graph of the area function, we see the minimum and two local maxima at the 
endpoints of the domain. 

‘We can use the Trace tool and type in ‘0’ and ‘1’ to find approximations for the area at each 

  
endpoint: 

T.657 T.657 
(e AT 

£l 20X £1(x)me 02 

x 4 x 
Lot 0.05 =7(0,1.27) 3 of Lok 0.05 LR             
Again, we see that the area is maximised (A = 1.27 cm?) when the side length of the square 
is zero. 
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1. Repeat Example 10.11 with a piece of US letter paper, which is 8.5 inches 

wide by 11 inches tall. 

2. Repeat Example 10.12 with posts that are 8 m and 14 m tall with a 

distance between them of 30 m. 

3. Repeat Example 10.14 where the lifeguard can run at 3 minutes and 

40 seconds per 1km and swim at 70 seconds per 100 m. 

4. Find the dimensions that give 

the maximum area of the 

rectangle that can be 

inscribed in a semicircle 

with radius 1 cm. Two 

vertices of the rectangle 

are on the semicircle and 

the other two vertices 

  

are on the x-axis, as 

shown in the diagram. 

5. A rectangular piece of aluminium is to be rolled to make a cylinder with 

open ends (a tube). Regardless of the dimensions of the rectangle, the 

perimeter of the rectangle must be 40 cm. Find the dimensions (length 

and width) that give a maximum volume for the cylinder. 

6. Find the minimum distance between the graph of the function y = Vx 
(i3 

and the point (5,0) 

7. Figure 10.14 consists of a rectangle ABCD and a semicircle on each end. 

The rectangle has an area of 100 cm? If x represents the length of the 

rectangle AB, then find the value of x that makes the perimeter of the 

entire figure a minimum. 

  

wildlife observation tower (point road «~—x—> 
    

8. Charlie is walking from the T 

Figure 10.13 Diagram for 

T) to the Desert Park office ‘ A o question 7 

(point O). The tower is 7 km due 

west and 10 km due south from 

the office. The road to the office 
is 10 km due north from the 10km [ 

tower. Charlie can walk at a rate 

of 2 kilometres per hour (kph) 

through the sandy terrain of the i 

park, but she can walk a faster rate 

of 5kph on the road. The point A is 

the point Charlie should walk to, in order to minimize the total walking 

time from the tower to the office. Find the value of x such that point A is 

xkm from the office. 

  

2 
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Further differential calculus 

10. 

L 

23 

138 

= radius, r, that will maximise 

the volume of a right circular v l 

cylinder, given that the sphere S— 

has a radius of R = 10 cm. 

. A cylinder is created by 

cutting away a sphere. Find A I 

the height, h, and the base @ 

A manufacturer produces closed cylindrical cans of radius r cm and 

height h cm. Each can has a total surface area of 547 cm?. 

(a) Solve for h in terms of r, and hence find an expression for the 

volume, V cm?3, of each can in terms of r. 

(b) Find the value of r for which the cans have their maximum possible 

volume. 

The curve y = ax* + bx + ¢ has a maximum point at (2, 18) and passes 
through the point (0, 10). Find g, b and c. 

To manufacture GPS devices requires the following costs per day, in 

US dollars, in a factory capable of producing up to 4000 GPS devices 

per day: $2150 fixed costs, $85 per GPS device for production costs. 

Equipment maintenance costs vary directly with the square of the 

number of GPS devices produced. 

(a) Given that equipment maintenance costs are $4 to produce 5 GPS 

devices, find an expression for equipment maintenance costs in 

terms of the number of GPS devices produced, x. 

(b) Find an expression for C(x), the total costs for manufacturing x GPS 

devices per day. 

(c) Show that total manufacturing cost per day increases as production 

increases for all x > 0. 

(d) The average cost per GPS device is given by the function C(x). 

Find an expression for C(x). 

(e) Find the minimum average manufacturing cost and the number of 

GPS devices which should be manufactured to minimise the average 

manufacturing cost. 

A cone of height h and radius r is constructed from a circle with radius 

10 cm by removing a sector AOC of arc length x cm and then connecting 

the edges OA and OC. What arc length x will produce the cone of 

maximum volume, and what is the volume? 

3} >   
o —r 

  

NOT TO SCALE



14. A ship sailing due south at 16 knots is 10 nautical miles north of a 

second ship going due west at 12 knots. Find the minimum distance 

between the two ships. 

Chapter 10 practice questions 

1. Tepees were traditionally used by nomadic tribes who lived on the Great 

Plains of North America. They are cone-shaped dwellings and can be 

modelled as cones, with vertex O. The cone has radius, r, height, h, and 

slant height, L. 

" 
A model tepee is displayed at a Great Plains exhibition. The curved 

surface area of this tepee is covered by a piece of canvas that is 39.27 m?, 

and has the shape of a semicircle, as shown in the diagram. 

o Diagram NOT to scale 

o 

   
(a) By first calculating the following values, show that the slant height, /, 

is 5m, correct to the nearest metre. 

(i) Find the circumference of the base of the cone. 

(ii) Find the radius, r, of the base. 

(iii) Find the height, h. 

2. Let flx) = x° 

(a) Write down f'(x) 

Point P(2, 32) lies on the graph of f. 

(b) Find the gradient of the tangent to the graph of y = f(x) at P 

(c) Find the equation of the normal to the graph at P. Give your answer 

in the form ax + by + d = 0 where a, b and d are integers. 

356



Further differential calculus 

3. Consider the curve y = X+ kb keR 

d 
Write d (a) Write down 

The curve has a local minimum at the point where x = 3 

(b) Find the value of k 

(c) Find the value of y at this local minimum. 

4. Consider the graph of the function fix) = —x* — 3x* + 7 

  

(a) Estimate, to 1 significant figure, the coordinates where the 

Figure 10.15 Graph of ffor maximum value of the function occurs. 
question 4 4 

5. A function is given as flx) = 3x° = 7x + 2+ 10, -5 <x<5x#0 

(a) Write down the derivative of the function. 

(b) Use your GDC to find the coordinates of the local minimum point 

of fin the given domain. 

(c) Use your GDC to find the coordinates of the local maximum point 

of fin the given domain. 

6. A lobster trap is made in the shape of 

half a cylinder. It is constructed from a n 

steel frame with netting pulled tightly // 

around it. The steel frame consists of W 

a rectangular base, two semi-circular ‘ 

ends and two further support rods, as Earas 

shown in the diagram. 

The semi-circular ends each have radius r and the support rods each 

have length [ 

Let T be the total length of steel used in the frame of the lobster trap. 

(a) Write down an expression for T in terms of r, land 7 

The volume of the lobster trap is 0.75 m*. 

(b) Write down an equation for the volume of the lobster trap in terms 

ofr,land 7 

(¢) Show that T = (2 + 4)r + > 
mr 

(@) Find 4T 
dr 

The lobster trap is designed so that the length of steel used in its frame is 

a minimum. 

(e) Show that the value of r for which T'is a minimum is 0.719 m, 

correct to 3 significant figures. 

(f) Calculate the value of I for which T is a minimum. 

(g) Calculate the minimum value of T 
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7. A parcel is in the shape of a rectangular prism. It has a length / cm, width 

wcm and height of 20 cm. The total volume of the parcel is 3000 cm?. 

(a) Express the volume of the parcel in terms of / and w. 

(®) Show that /=150 

The parcel is tied up using a length 

of string that fits exactly around the 

parcel, as shown in the diagram. 

(c) Show that the length of string, 

Scm, required to tie up the 

parcel can be written as 

§=40+aw+3% 0 <w=20 

20cm   

      

  

(d) Draw the graph of S for 0 < w < 20 and 0 < S = 500, clearly 

showing the local minimum point. Use a scale of 2 cm to represent 

5 units on the horizontal axis w (cm), and a scale of 2 cm to 

represent 100 units on the vertical axis S (cm). 

© Findg—‘i 

(f) Find the value of w for which S is a minimum. 

(g) Write down the value of the length, [, of the parcel for which the 

length of string is a minimum. 

(h) Find the minimum length of string required to tie up the parcel. 

8. (a) Expand the expression x(16x* — 27) 

(b) Differentiate f{x) = x(16x> — 27) 

(c) Find the x-coordinate of the local minimum of the curve y = f(x) 

9. Consider the function f(x) = %x“ =2 =9 2EE0 () 

(@) Findf(—2) 
(b) Find f'x) 
The graph of the function fhas a local minimum at the point where 

o= 

(c) Using your answer to part (b), show that there is a second local 

minimum at x = 3 

(d) Sketch the graph of the function f(x) for 

—5<x<5and —40<y=<50 

Indicate on your sketch the coordinates of the y-intercept. 

(e) Write down the coordinates of the local maximum. 

Let T be the tangent to the graph of the function f(x) at the point (2, —12). 

(f) Find the gradient of T. 
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Figure 10.16 Graph of ffor 
question 11 
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10. 

1 

123 

The line L passes through the point (2, —12) and is perpendicular to T. 

L has equation x + by + ¢ = 0, whereband c€ Z 

(g) Find: 

(i) the gradient of L (ii) the value of b and the value of ¢ 

Consider the function f(x) = ax* — 3x + 5, where a # 0. 

(a) Find f'(x) 

(b) Write down the value of f'(0) 

The function has a local maximum at x = —2 

(c) Calculate the value of a 

‘The graph of the function f(x) = 12 + x — 6, for 1 < x < 7, is shown. 5 
(a) Calculate f(1) 

(b) Find f'(x) 

(c) Use your answer to part (b) to show that the x-coordinate of the local 

minimum point of the graph of fis 3.7 correct to 2 significant figures. 

(d) Find the range of f 

Points A and B lie on the graph of f. The x-coordinates of A and B are 1 

and 7 respectively. 

(e) Write down the y-coordinate of B 

(f) Find the gradient of the straight line passing through A and B 

(g) M is the midpoint of the line segment AB. Write down the 

coordinates of M 

L is the tangent to the graph of the function y = f(x), at the point on the 

graph with the same x-coordinate as M 

(h) Find the gradient of L 

(i) Find the equation of L. Give your answer in the form y = mx + ¢ 

The diagram shows an aerial view of . 

a bicycle track. The track can be 500 N 

modelled by the quadratic function T 
—ard B 
e erer =0} o 

10 2] 
y =0, (x, y) are the coordinates of a 200 

point x metres east and y metres north 199 

of O, where O is the origin (0, 0) 

Bis a point on the bicycle track with 

coordinates (100, 350). 

(a) The coordinates of point A are (75, 450). Determine whether point 

A is on the bicycle track. Give a reason for your answer. 

A 

(b) Find the derivative of y = = + %x 

0 20 40 60 80 100 120 X
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14. 

158 

(c) Use the answer in part (b) to determine if A(75, 450) is the point 

furthest north on the track between O and B. Give a reason for your 

answer. 

(d) (i) Write down the midpoint of the line segment OB. 

(ii) Find the gradient of the line segment OB. 

Scott starts from a point C(0, 150). He hikes along a straight road 

towards the bicycle track, parallel to the line segment OB. 

(e) Find the equation of Scott’s road. Express your answer in the form 

ax + by = ¢, wherea,bandce R 

(f) Use your GDC to find the coordinates of the point where Scott first 

crosses the bicycle track. 

Given f(x) = 5x* — 4x® + x 

(a) Find f'(x) 

(b) Find, using your answer to part (a), the x-coordinate of: 

(i) the local maximum point 

(ii) the local minimum point. 

Consider the function g(x) = bx — 3 + Lz’ s =20 
5 

(a) Write down the equation of the vertical asymptote of the graph of 

y=8() 
(b) Write down g'(x) 

The line T is the tangent to the graph of y = g(x) at the point where x = 1 

The gradient of T'is 3. 

(c) Show thatb =5 

(d) Find the equation of T 

(e) Using your GDC find the coordinates of the point where the graph 

of y = g(x) intersects the x-axis. 

(f) (i) Sketch the graph of y = g(x) for —2 < x<5and —15 <y <25, 

indicating clearly your answer to part (e). 

(ii) Draw the line T on your sketch. 

(g) Using your GDC find the coordinates of the local minimum point of 

y =8 
(h) Write down the interval for which g(x) is increasing in the domain 

(Of==rc=<] 

The equation of a curve is given as y = 2x> — 5x + 4 

d 
Find = (a) Fin T 

The equation of the line L is 6x + 2y = —1 

(b) Find the x-coordinate of the point on the curve y = 2x> — 5x + 4 

where the tangent is parallel to L 
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16. Consider the function f(x) = *%xs i %xz & s 

(a) Sketch the graph of y = flx) for -3 <x<6and —10 <y <10 

showing clearly the axis intercepts and local maximum and 

minimum points. Use a scale of 2 cm to represent 1 unit on the 

x-axis, and a scale of 1 cm to represent 1 unit on the y-axis. 

(b) Find the value of {—1) 

(c) Write down the coordinates of the y-intercept of the graph of f. 

(d) Find f'(x) 

(e) Show that f/(—1) = —13—6 

(f) Explain what f'(—1) represents. 

(g) Find the equation of the tangent to the graph of fat the point 

wherex = =1 

(h) Sketch the tangent to the graph of fat x = —1 on your diagram 

for (a). 

Pand Q are points on the curve such that the tangents to the curve 

at these points are horizontal. The x-coordinate of P is a, and the 

x-coordinate of Qis b, b > a. 

(i) Write down the value of: 

(i) a (ii) b 

(j) Describe the behaviour of f(x) for a < x < b. 

17. A shipping container is to be made with six rectangular faces, as shown 

in Figure 10.17. 
  

Y The dimensions of the container are length: 2x, width: x, height: y 

      o All the measurements are in metres. The total length of all twelve edges 

is 48 metres. 
Figure 10.17 Diagram for 

question 17 (a) Show thaty =12 — 3x 

(b) Show that the volume V' m® of the container is given 

by V= 24x> — 6x* 

. dV 
Find— (c) Fin T 

(d) Find the value of x for which V is a maximum. 

(e) Find the maximum volume of the container. 

(f) Find the length and height of the container for which the volume is 

a maximum. 

(g) The shipping container is to be painted. One litre of paint covers an 

area of 15 m?. Paint comes in tins containing four litres. Calculate 

the number of tins required to paint the shipping container. 
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18. In the sport of discus throwing, the athlete must throw the discus as far 

as possible from the centre of a 2.5 m diameter circle. The discus must 

land within a sector which has a central angle of 34.92°. Part of Kai’s 

discus throw, before he releases the discus, can be modelled by the 

1. 
curvey = —y5 — g 

the discus, with the origin placed at the centre of the throwing circle, 

where x and y are the coordinates in metres of 

as shown. On one throw, Kai releases the discus at the point A, and it 

travels according to the tangent at that point. The boundaries of the 

sector and throwing circle are shown in dashed lines. 

  

(a) Given that point A has x-coordinate x = 1, find the equation of the 

tangent D in the form y = ax + b, wherea, b € R 

(b) The boundary line L passes through the centre of the throwing circle 

at the origin. Show that the equation of the line L, one boundary of 

the sector, is given by y = 0.315x 

(c) Find the coordinates of point Q, the point at which the path of the 

discus leaves the sector. 

(d) Kai’s discus throw travels 20 m from the centre of the throwing circle 

before landing. For the throw to be valid, it must land within the 

sector. Is Kai's throw valid? Give a reason for your answer. 

(e) The maximum distance Kai can throw (measured from the centre of 

the throwing circle) is 35 m. In order for Kai’s throw to be valid, he 

must release the discus at point R on the curve y = *V/% = ix 2 

(i) Find the coordinates of point R 

(ii) Find the equation of the tangent at point R in the form 

y=cx+d,wherec,deR 

19. A person in a rowing boat is 2 km from the nearest point on the shore. 

The house that she wishes to reach is 6 km from that point. She can row 

atarate of 3kmh~!and walk at a rate of 5kmh~!. 

(a) Show that the distance from the rowboat to the house is 2/10 km. 

To get to the house in the minimum amount of time, she should row for 

rkm and walk for wkm. 

(b) Find a function r in terms of w. 

(c) Hence, find a function for the total time to reach the house in terms 

of w. 

(d) Hence or otherwise, find the values of w and r. 

(e) Find the minimum amount of time required for her to reach the house. 
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Further differential calculus 

20. A patient is given a hormone injection and the concentration of the 

21. 

22. 

hormone in their bloodstream is monitored. The rate of change of the 

bloodstream hormone concentration is given by 

do_q 
dr 
and t is the number of minutes since the injection was given. 

—0.75¢'2 + 401°2)0.97* where dd—? is in nanograms ml~! min~! 

(a) Find the time at which the hormone concentration is increasing the 

fastest and the rate of increase at this point. 

(b) Find the time at which the maximum hormone concentration is 

present. 

(c) Find the time at which the hormone concentration is decreasing the 

fastest and the rate of decrease at this point. 

(d) If the bloodstream concentration increases at more than 

35 nanograms ml~! min~, it can be dangerous for the patient. 

Find the interval where the patient is at risk. 

In a small town, the number of new customers for a high-speed internet 

service provided by FastNet can be modelled by the function 

2000 

1200(0.65)" + (1.25) + 250 

subscribers in thousands, at time t, in years since 2000. 

(a) Write down the units for S'(£). 

S = where §'(#) is the number of new 

(b) In which year is the total number of subscribers increasing the 

fastest and at what rate? 

(c) FastNet has planned a peak growth rate of 15 new subscribers per 

day. During what time will this rate be exceeded? 

(Assume 365 days in a year.) 

(d) Give a reason why the total number of subscribers will not decrease 

according to this model. 

A barrel is to be made from strips of wood measuring 5 cm wide and 

1m long. A barrel maker has 40 strips with which to make a cylindrical 

barrel, including making the two ends of the barrel. 

(a) Assuming that the wood can be entirely used (no wasted scraps), 

what are the dimensions of the barrel with maximum volume that 

can be made from these strips? 

(b) What is the maximum volume, in litres?



    

                   



In physics we refer 
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to position as 
displacement. 

Integral calculus 

Learning objectives 

By the end of this chapter, you should be familiar with... 

« integration as anti-differentiation of functions 

+ evaluating definite integrals 

« performing anti-differentiation with a boundary value condition 

« finding the area between a curve and the x axis with a definite integral 

« working with kinematic problems involving position s, velocity v and 

acceleration a 

« integrating polynomial and similar functions by inspection 

« approximating definite integrals using the trapezoidal rule. 

In Chapter 9, we used the derivative to find the rate of change of a function. 

In this chapter we learn how to reverse that process. If we know the derivative 

(rate of change) of an unknown function, can we find the original function? 

For example, can we find the distance that an object travels if we know its 

velocity? 

m Anti-derivatives 

The idea of anti-differentiation may seem daunting, but you have probably 

done it without realising. For example, if we are given the velocity of an 

object over a specified interval of time, can we find the distance travelled? 

Imagine that an electric toy car moves in a straight line at a constant velocity 

of 8 centimetres per second (cms™!) for 12 seconds. What distance did the 

toy car travel during the 12 seconds? 

distance = velocity X time 

.. distance travelled = 8cms™! X 125 = 96cm 

How is that anti-differentiation? Since the rate of change of position with 

respect to time is velocity, we have anti-differentiated to find the distance 

travelled. 

Since the velocity function of the toy car is the constant function v(t) = 8, we 

can graph it as a horizontal line, as shown in Figure 11.1. Notice that the 

distance travelled over 12 seconds is exactly equal to the area between the 

curve and the x-axis. This makes sense because the units for the vertical axis 

are cms ! and the units for the horizontal axis are seconds. Therefore, if we 

multiply those quantities, we expect to obtain a result which has cm for units, 

which is exactly what we are looking for. We will return to this connection 

between area and the anti-derivative in Section 11.3.
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Area = distance travelled = 96cm 
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Figure 11.1 The shaded area represents the distance travelled in 12 seconds at 8cms ! 

Although we do not know the position function, s(t), we do know that taking 

the derivative of the position function must give us the velocity function. That is, 

d = ds _ dt[5<t)] V(t)ordt v 

So, if we could reverse the differentiation process, then we could find the 

position function from the velocity function. The ‘reverse’ of differentiation is, 

not surprisingly, often referred to as anti-differentiation (or finding an anti- 

derivative). The symbol for indicating the process of anti-differentiation is [ 

and is referred to as an integral. 

We are looking for the function s(t) that has the derivative s'(f) = v(t) = 8, 

as shown in Figure 11.2. 

differentiate: % () = ) 

  

  

  

  

  

P 

st = ) =8 
anti-derivative derivative 

          

  

    Sasigasee®” 

anti-differentiate: jm) dt = 5(t) 

Figure 11.2 Derivative and anti-derivative 

What function has a derivative with respect to t (time) that is 82 The function 

s(t) = 8t. However, 8t is not the only expression whose derivative is 8. For 

example, 8 + 2, 8t — 3 and 8t + 7.38 all have 8 as a derivative: 

Function Derivative 

s(t) = 8t s =v)=8 
s(t) =8t + 2 sSe)=v)=8 
slt)=8t—3 s =v)=8 
s(t) = 8t + Cwhere CER sSH=v)=8 

Notations used for 
differentiation (finding 

a derivative) include 

Lo %, ' which all 
translate to ‘the 
derivative of ' (- with 
respect to x’ for the first 
two examples). 

‘The notation [y dx 
translates to ‘the anti- 
derivative of y with 
respect to x} or ‘the. 
integral of y with 
respect to x. As far as 
we are concerned, anti- 
derivative and integral 
mean the same thing. 

It can be helpful 
to think about the 
meaning of the 
language we use. To 
find a derivative we 
differentiate, because we 
are finding a function 
that gives us the 
differential or difference 
or rate of change. 
‘When we anti- 
differentiate we 
integrate, because 
we are putting the 
differential pieces 
back together to find a 
function that gives us 
the total. 
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The last line is important: we add a constant C, known as the constant of 

integration, to form the general anti-derivative. The general anti-derivative 

represents all the functions that have v(¢) as their derivative. Since there are 

many anti-derivatives of v(t) = 8, which one should we use? 

‘We will start with the general anti-derivative, but we will solve for the value of 

C'to find a specific anti-derivative for our situation. We are interested in how 

far the toy car has travelled since time ¢ = 0, and we know that the car has 

travelled 0 cm when t = 0. Therefore, we can write 

s(0)=0=80)+C=0=C=0 

Thus, the correct anti-derivative for this situation is s(t) = 8¢. And, it works. 

‘We can check our previous answer by finding the position after 12 seconds: 

s(12) = 8(12) = 96cm 

Using integral notation, we write: 

s() = [v(t) dt = [8dt =8t + C 

Notice also that the units for the anti-derivative are the product of the units of 

the range and the units of the domain: 

cms™! X s = cm 

units of range  units of domain units of 
of destaive of derivative  anti-derivative 

This might seem like a lot of work to confirm what we already know from 

the simple model distance = velocity X time. However, that simple model 

only works for constant velocities. When the velocity is changing, we do need 

anti-differentiation. 

For example, what if the toy car is rolling down a 400 cm inclined ramp, so that 

the car’s velocity is increasing, as in Figure 11.3? 

t=0 
t=05 

  

differentiate: dgs(,) = (1) Figure 11.3 Velocity increasing as time increases 
t 

   

e Suppose the velocity of the toy car is given by the function v(t) = 90¢ 

  

s 
anti-derivative 

  

      
W(f) = 90t 
derivative We need to find the function s(¢) that has a derivative of v(f) = 90t 

How can we find the position function now? 

    

  

anti-differentiate: f W) dt = s(H) 

Figure 11.4 For what function is v(f) = 90¢ the s(H) = 902 
derivative? 
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‘We know that when we differentiate, we decrease the exponent by 1. 

So to anti-differentiate, we will increase the exponent by 1. We can 

try s(f) = 90#* and use differentiation to check: 

differentiate 90(262-1) = 180t % v(1)



This is not correct; when we differentiate 901> we get 180t, which is twice 

the correct v(#). This is because the power rule requires that we multiply the 

coefficient by the exponent. Since the exponent in 902 is 2, it doubled the 

expression for v(t). Therefore, we can make the anti-derivative work by 

multiplying it by % Let’s check: 

() = 90(L) = aspp —HIerentate y5001) — 90 = o) v 

Our expression for s(t) now has a derivative equal to v(t), so s(t) is a correct 

anti-derivative. However, recall that there are many other correct anti- 

derivatives, because we can add a constant term C to s(t) and it will still be a 

correct anti-derivative, as long as C € R: 

differentiate 
s(t) = 452 + C ——— v(t) = 90t 

anti-differentiate 

We will determine the value of C later, depending on the specific application. 

The correct notation for anti-differentiation is the integral notation. For the toy 

car, we should write: 

s(t) = [v(t) dt 

= [90tdt 

=452+ C 

This is the notation we will use in the rest of this chapter. By convention, we 

will always add the constant of integration C to indicate that many anti- 

derivatives are possible. We will usually not write it until our final answer. 

So far, we have found anti-derivatives by inspection. That is, we look at 

the given function and use reasoning (and maybe some trial and error) to 

determine what function would have the given function as its derivative. 

Can we find a rule, like the power rule for differentiation, that can help us 

anti-differentiate? 

Find an anti-derivative with respect to x of each of the following terms. 

(a) 1 (b) x (©) x* d) x* (S 

e ] 

Solution 

(a) The derivative of x is 1, so an anti-derivative of 1 is x. We can write 

fld&x=x+C 

(b) At first, we might guess that the anti-derivative is x> 

However, %xz = 2x so we will need to fix the anti-derivative by 

multiplying it by %, which works since %(%xz) =x 

Therefore, [x dx = %xz ER e 

‘The power rule for 
differentiation: for a 
function of the form 
fix) = ax, the 
derivative is equal to 
/) =anx»~L.In 
words: To differentiate 
a power expression, 
multiply by the 
exponent, then reduce 
the exponent by one. 

Since the question 
only asked for an 
anti-derivative, rather 

than the derivative in 
general form, we don't 
strictly need to add +C 
since [1dx = x would 
represent the anti- 
derivative where C = 0. 

However, it is a good 
habit to do so. 
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‘The anti-derivative of x" 

o 
Lo 

wheren € Z,n# —1 

  n+l T~ G 

In words: to anti- 
differentiate, increase the 

exponent by one then 
multiply by the reciprocal 

of the new exponent. 

In general form means 
we add the constant 

of integration C to our 
final answer. 

When we write 
[(8¢2 + 50)dt, it does 

not mean that dt is 
‘multiplied by (8¢2 + 5¢). 

You may also see 
it written without 
the parentheses, 

/812 + 5tdt, and even 
sometimes within the 

expression sel; /% 
Regardless, remember 

that dt is part of the 
notation. 

We use the constant 
Cto represent all the 

constants of integration; 
there is no need to use 

‘more than one. 
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(c) Again, we might guess the anti-derivative is x*. But, as before, 

;)c 3 = 3x? so we will need to fix the anti-derivative by 

multiplying it by§ to obtain [x*dx = —x R G 

(d) We can start to see a pattern: increase the exponent by one, and multiply 

by the reciprocal of the new exponent. Therefore, [x* dx = ix‘ SC 

(e) Increase the exponent by one, then multiply by the reciprocal of the new 

exponent: [x' dx = %x5 G 

X1+ C   From Example 11.1, we can detect the pattern [x" dx = ” i 1 

Does this work for all values of n? The answer is: almost. Remember, we cannot 

divide by zero,soweneedn + 1#0=n# —1 

For this reason, we must exclude the exponent n = —1 

Although this rule works for all other real-number values of #, in this course 

we will restrict n to the set of integers, excluding —1. 

Find each anti-derivative in general form. 

(a) [4rdt (b) [3x2dx 

(c) J14dt (d) [xsdx 

(e) [(6x +2)dx (f) [(8t2+ 50)dt 

(g) [ax?dx (h) [8n~> + 512+ 3)dn 

(i) /( + 3x) dx G) /(" s 200) dx 

| 

Solution 

(a) Increase the exponent by 1, and multiply by the reciprocal of the new 

exponent: 

Jatdt = (2:'“) =22+C 

(b) Increase the exponent by 1, and multiply by the reciprocal of the new 

exponent: 

fde=3(3) =2 +C 

(c) Notice we are integrating with respect to t. Therefore, [14dt = 14t + C 

(d) [xdx==x"+ C 

(e) Fora sum, we anti-differentiate each term: 

J6x+2)dx=6(1) + 2w =32 + 20+ C



() [(8t2+ 50 dt = s(%fi) + 5(%:1) = %:3 4+ %zz G 

(g) We are integrating with respect to x, so we treat a as a constant 

coefficient. Thus, 

Jax?dx = a(%x’) = %xj S 

(h) We treat negative exponents in the same manner as positive exponents. 

are =2 = L Y L ¥ [@8n 5172+ 3)dn 8(72n ) 5(7111 )+3n 

B b I a7 

4 
n2 G 

n 

(i) First, rewrite as a negative exponent, then anti-differentiate: 

f(%+3x)dx:f(5x’z+3x)dx 

=5(p) +3(3) 

(j) Rewrite into terms of the form ax”, then anti-differentiate: 

) 5 2 o 
=[x + 20069 dx 

=L+ 200(}3;:*3) 

_ 1 200 

T T tC 

Now we look at the constant of integration, C. In our toy car example, we found 

v(t) = 90t and s(t) = 452 + C 

What value should we use for C? The answer is that it depends where we want 

to measure the position from. Since velocity is positive in this example, the toy 

car is moving in a positive direction. Therefore, we could make the top of the 

ramp position 0, so that s(0) = 0 

This allows us to solve for C: 

s(0)=0=4502+C=0=C=0 

Thus, the specific anti-derivative for this situation is s(t) = 45t 

A skydiver’ vertical velocity is modelled by the function v(1) = —9.8¢ where 
¥(t) is her vertical speed in ms~! and ¢ is time in seconds since she jumped 

out of an aeroplane, 0 < t < 10 

The aeroplane has an altitude of 3900 m at the instant the skydiver jumps out. 
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(a) Find a specific function for s(t), the altitude of the skydiver at time f. 

(b) Write down the units for s(t). 

(c) Hence, find the altitude of the skydiver at 1, 5, and 10 seconds, to 

4 significant figures. 

TS 

Solution 

(a) Use anti-differentiation to find a function for s(): 

s(t) = [v(t)dt 

= [—9.8tdt 

- —os(ir) 

=—492+C 

To find C, recall that we want s(¢) to give us the altitude of the skydiver, 

and she was initially at 3900 m. With this, we can solve for C: 

5(0) = 3900 = —4.9(0)> + C = 3900 = C = 3900 

Thus, the anti-derivative that gives the correct position function is 

s(t) = —4.9£* + 3900 

(b) The units for the position function are: 

ms! X s = m 

units of range  units of domain units of 
of derivative of derivative anti-derivative 

(c) Substitute the values into the position function we have found: 

s(1) = —4.9(1)* + 3900 = 3895m 

s(5) = —4.9(5)* + 3900 = 3778 m 

5(10) = —4.9(10)* + 3900 = 3410m 

As we saw with the toy car and the skydiver, we will often want to find the 

specific anti-derivative for a given situation. This is finding the constant of 

integration using a boundary condition. A boundary condition is a known 

value that the anti-derivative must satisfy: for example, the altitude of 3900 m 

at time ¢ = 0 for the skydiver. 

Example 11.4 

Find the specific anti-derivative for the given boundary condition. 

(a) f'(x) = 50x + 25, f(1) = 60 

dx_ o4 18 = = (b) ar 1083 + 7 ,whent=2,x=46 

(¢) C'(m) = 10012 — 50n + 120, C(9) = 355



s 

Solution 

(a) First find the general anti-derivative: 

Jfix)dx = [50x + 25dx 

=25x2+25x + C 

(1) = 60, so substitute and solve for C: 
A1) = 60 = 25(1)2 + 25(1) + C = 60 

=50 + C = 60 

=C=10 

Therefore, the specific anti-derivative is f{x) = 25x> + 25x + 10 

(b) First find the general anti-derivative: 

x=[ % dt 

_ 18 = f(loz3 i 7) dt 

_5.4_18 =3 i + 17 (© 

When t = 2, x = 46, so substitute and solve for C: 

5(p)s _ 18 =~ 5 (2) @ TC=146 

31+C=46 

C=15 

Therefore, the specific anti-derivative is x = %t‘ = % S5 

(c) First find the general anti-derivative: 

JC(mydn = [100n> — 50n + 120dn 

=190, 2502 + 120n + C 
C(9) = 355, so substitute and solve for C: 

C(9) =355 = %(9)3 —25(9)2 + 120(9) + C = 355 

= 23355 + C =355 
= C = —23000 

Therefore, the specific anti-derivative is 

C(n) = %ns — 25n% + 120n — 23000 

Of course, there are many applications of anti-derivatives. Whenever we have a 

rate of change and want to find the total or cumulative change, we can use anti- 

differentiation. 

A factory has modelled the marginal cost of producing sunglasses as 

C'(n) = 45n% — 130n + 80 where C'(n) represents the additional cost in 

US dollars (USD) for an additional pair of sunglasses and  is the current 

production level in thousands of sunglasses per month. The factory is currently 

producing 1000 pairs of sunglasses per month at a cost of 50000 USD. 

37



  

(a) Write down the units for the anti-derivative function C(n). 

(b) Find a function C(n) for the cost in thousands of USD for producing n 

thousand sunglasses per month. 

(c) Find the minimum total production cost and the corresponding 

production level. 

_ 

Solution 

(a) Since C'(n) is in USD per pair of sunglasses, and 7 is the current 

production level in thousands of sunglasses per month, we have: 

  

  

—USD__ thousands of sunglasses = USD (thousands) 
pair of sunglasses 

or thousands of USD. 

(b) Find the anti-derivative [C'(n)dn = [45n? — 130n + 80dn to find C(n): 

Cln) = [45n> — 1301 + 80dn 

= 4s(Las\= iy = 45(3n%) = 130(31?) + 80(n) + D 

= 15n° — 65n% + 80n + D 

Since we know that the current production level is 1000 sunglasses per 

month, at a cost of 50000 USD, we know the anti-derivative must satisfy 

C(1) = 50, so we can solve for D: 

We usually use C as the 1) = 50 = 15(1)3 — 65(1)2 + 80(1) + D = 50 
constant of integration, =30+ D=>50 

but you can use another _ 
letter if C is already =D=20 

being used. Therefore the cost function is C(n) = 15n° — 651> + 80n + 20 

T (c) Since the derivative is known (the marginal cost function), graph the 

derivative and apply the first derivative test. 

The derivative changes from negative to positive at n = 2, so the 

minimum total cost must be when 2000 pairs of sunglasses per month 
lav/ax=3o, N - 
e o R are produced. The total cost will be 

F]         C(2) = 15(2)* — 65(2)* + 80(2) + 20 = 40 = 40000 USD 
Figure 11.5 The function 
C(n) changes from negative to 

1. Find each anti-derivative in general form. 

(@) [(x+2)dx (b) [x*dx (c) [42dt 
(@) fadn (&) [5xidx  (f) [182dt 
(g) [(=3x* + 5x — 8)dx (h) [(—9.8t + v,)dt 

(i) [Qax+ b)dx () [(8x° +27x* — 8x — 6)dx 

® (12 +5¢* = 1) dx W f%dh 

([0 
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2. For each function, explain why you cannot find an anti-derivative by 

using the rules in this section. 

@ fio =1 () gt = 200k = 
3. Find the general anti-derivative of each function. 

(@) fld=32—2t+1 

® g =322 
() fi) = (¢ — D)2t + 3) 

(d) fin) = (3 + 2x)2 

(e) C(n) = (35n2 — 1101 + 70)n 

4. Find the specific anti-derivative for the given boundary condition. 

(@) f'(x) =4x + 3,f0) = 12 

d 
(b)ay:%+5,whenx:2,y:26 

(c) f'(t) = 3¢ — 2t + 1, f(10) = 1000 

2 _ 
(d) %Zfl,wbenx: 2,w=44 

5 

(€) g'(x) = 500x — 5500x + 12000, g(3) = 13000 

5. A toy car is rolling down a 400 cm long inclined ramp as shown in the 

diagram. 

t=0 
t=05     

The velocity along the ramp at time ¢ is given by v(t) = —80t, where v(t) 

is the velocity in cms™! at time ¢ in seconds. 

(a) Find a function for s(#), the distance of the car from the bottom end 

of the ramp. 

(b) Write down the units for s(t). 

(c) Hence, find the distance of the toy car from the lower end of the 

ramp at 1 and 2 seconds. 

(d) Use your function for s(t) to predict and interpret the position of the 

toy car at 4 seconds. 

(e) Find the time at which the toy car will reach the end of the ramp. 
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Integral calculus 

6. Water is draining from a container holding 150 litres of water. 

The change in water volume s given by Y = ~2.5 + 0.02¢ where tis in 

minutes since the water started draining. 

dv 
dt 

(b) Find a function for the remaining water volume at time #. 

(a) Write down the units of 

(c) Find the time at which half of the water is remaining. 

(d) Find the time when the water container will be empty. 

7. Skydivers Antonia and Baxter are in a helicopter hovering at 2100 m. 

Antonia jumps and falls for 4 seconds before opening her parachute. The 

helicopter then ascends to 2300 m. Baxter jumps exactly 45 seconds after 

Antonia jumps; he falls for 13 seconds before opening his parachute. 

Assume that both skydivers descend at a constant rate of 5ms™! with 

their parachutes open and that their velocity when they are in free fall, 

before they open their parachutes, is described by the function 

W) = —9¢t 

(a) Find the altitude at which Antonia opens her parachute. 

(b) Find the altitude at which Baxter opens his parachute. 

(c) Baxter lands first. How long does he wait until Antonia lands? 

8. A large sports-utility vehicle is slowing down from 108 kmh~! ata 

constant rate of 7.5ms 2. 

(a) Write down the function for the acceleration a(t) of the vehicle. 

(b) Find the velocity of the vehicle inms~!. 

(c) Find a function for the velocity v(t) of the vehicle where t is the time 

in seconds since the vehicle began slowing down. 

(d) It takes g seconds for the vehicle to stop. Find the value of g. 

(e) Using your function for (), find a function for the distance s() the 
vehicle has travelled since it began slowing down. 

(f) Find the distance travelled in the g seconds it takes to stop. 

9. A small bicycle racing wheel company has modelled the marginal 

revenue from producing bicycle wheels as R'(n) = —0.03n(n — 500) 

where R'(n) represents the additional revenue in euros from producing 

additional wheels at the production level of # wheels per month. The 

company is currently earning a monthly revenue of €284 000 producing 

200 wheels per month. 

(a) Write down the units for R(n). 

(b) Find a function for the monthly revenue R(n). 

(c) Find the production level that will maximise the monthly revenue. 

(d) Find the maximum monthly revenue.



Definite integrals 

Consider the skydiver model we explored in Example 11.3. We used the velocity 

function v(t) = —9.8t, and the fact that the skydiver jumps from an altitude of 

3900 metres, to find the function s(f) = —4.9t> + 3900 to model the skydiver’s 

altitude (vertical position). With this function, we can find the altitude of the 

skydiver. However, we may also be interested in the change in altitude during 

some interval. For example, by how much did the skydiver’s altitude change 

during the first 5 seconds? Or during the interval from 5 to 10 seconds? 

To answer these questions, we could, of course, find the altitude at each of those 

times and subtract. For example: 

« For the interval from 0 to 5 seconds, the skydiver’s altitude changed by 

s(5) = 5(0) = [~4.9(5)> + 3900] — [—4.9(0)> + 3900] = —122.5 metres. 

o For the interval from 5 to 10 seconds, the skydiver’s altitude changed by 

s(10) — s(5) = [—4.9(10)2 + 3900] — [—4.9(5)> + 3900] = —367.5 metres. 

This is the essence of definite integration. 

Let Flx) be any anti-derivative of (v, Then, the definite integral /f(x)dx = Flb) — Fla) 

‘This simple rule is part of the fundamental theorem of calculus. 

In our skydiver example, if we want to find the change in altitude from 5 to 10 

seconds, given v(t) = —9.81, we write 

Change in altitude = fsmv(t) dr= j:m*9.8tdt 

We know that the general anti-derivative for —9.8t is —4.9t> + C 

However, the rule above tells us that we can use any anti-derivative, so, for 

simplicity, we will let C = 0 and use —4.9¢ for the anti-derivative. 

—4.9(107] — [-4.9(5)%] 
—367.5 metres    

Therefore, Change in altitude = !‘u*9.8tdt = 

Example 11.6 

Find the value of each definite integral. 

2 3 (@) f3x dx (b) f 14dt © [ de 

(d) f:(m +2dx (o) fl(sfi +50)dt 

] 

Solution 

(a) f3x2dx W =2-0=8 

(b) fmd: = 14015 = 14(6) — 14(3) = 42 

We use a slightly different 
notation for definite 
integration: we write the 
limits of integration of 
the interval next to the 
integration symbol [. 

Mathematicians also use 
the following notation, 
to avoid writing the anti- 
derivative twice: 

10 10 
»E —9.8tdt = [—4.97]; 

= —367.5 

‘When we write 

[—4.97] sm, it means 

[—4.9(107] — [-49()] 
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You can calculate 
the value of definite 

integrals directly using 
aGDC. 

  

[rox+5xax 

      

  

5 59.4892 
450-w g, 

  3 
  

  

  

8 aaw [Z erax 
11009.53837 

. =           

Figure 11.6 GDC screens for 
the solution to Example 11.7 
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© o= o] = dor-Jmr=o 
(@ [26x +2)dx = 35> + 211 g 

. —[8p 452" = @ [.(8‘ +50dt [3t +3¢ ] L 

Since your GDC can calculate the value of definite integrals, we can now find 

the values of many anti-derivatives that do not match the rules we learned in 

Section 11.1. 

Example 11.7 

Use your GDC to calculate the value of the definite integral to 3 significant 

figures. 

@ [ (450—"”) dw () ferdx 

e 

Solution 

Sample screen shots are shown in Figure 11.6. 

(a) To 3 significant figures, f (450 — W) dw = 59.5 
w 
  

(b) To 3 significant figures, f e dx = 11000 

In examinations, you will be expected to write the correct definite integral 

expression before using your GDC to calculate its value. For example, in 

Example 11.7 part (a) you would need to write all of the following: 

upper limit  function to integrate 

     integration P g i 

symbol 

  

lower limit variable to integrate 

Example 11 

A tank containing 10 m* of water is draining. The change in water volume is 

given by 'vdi‘t/ = 0.0002¢t — 0.5 where ¢ is in minutes since the tank started 

draining. 

(a) Find the change in the volume of water in the tank in the first 3 minutes. 

(b) Find the amount of water that drains in the time between 4 and 

8 minutes since the tank started draining. 

(c) Find the time at which the tank will be empty.



s 

Solution 

(a) The definite integral required is []J%dt = '!3(0‘0002[ =105)ds 

We can use a GDC or calculate by hand: 

[ (00002t — 0.5)dt = [0.0001£2 — 0.51], 
[0.0001(3)2 — 0.5(3)] — [0.0001(0)? — 0.5(0)] 

—1.50m? 

(b The definite integral required is [*4¥ dr = £(0.0002¢ — 0.5)ds 

We can use a GDC or calculate by hand to obtain 

[0.0002¢ — 0.5t = ~2.00 as shown. 

Since the question asked for the amount, we take the absolute value: 

|—2.00| = 2.00 m? drained from the tank. 

(e There are two ways to approach this question. 

Method 1: We want to know when the volume is zero, so find the 

specific anti-derivative and set it equal to zero: 

[(0.0002¢ — 0.5)dt = 0.0001£ — 0.5¢ + C 

Since the volume is 10 m? at time ¢ = 0, we can solve to find C = 10. 

Hence, 0.0001£ — 0.5¢ + 10 = 0 

Use the quadratic formula or your GDC to find that volume is zero 

when ¢ = 20.1 minutes. 

Method 2: We want the change in the volume to represent the entire 

volume of the tank, that is, it must lose 10 m* of water. Hence, we are 

looking for [ 0.0002t — 0.5dt = —10, where x represents the time at 

which the tank is empty. Use the numerical solver on a GDC to solve this 

equation, as shown in Figure 11.8. 

1. Evaluate each definite integral. 

(@ [8dx ®) [ 6+ = 49 dx 

(d) f%du © (@& dx 

0 ()i 
2. The flow rate in m*h " of a river recorded by a monitoring station can 

be modelled by the function f(t) = 600£* — 7200£* + 21600t + 3600 
where t is in hours since 6:00,0 <t < 8 

© [Zdt 

® [ 3wldw 

  

Find the total volume of water that flows past the monitoring station 

from 8:00 to 14:00. 

  

8 

(2.54-t-0.5)ac  -1.9952 
4       

Figure 11.7 A GDC can 

quickly calculate the definite 
integral for Example 118 (b) 

  

asolve 20,0806 

  

r(z.",k,%)d,;m,, 
o 

  

      

Figure 11.8 Usinga GDC 

numerical solver in Example 
11.8 (¢), method 2. The tank 
will be empty after 20.1 minutes 
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6. The growth rate of a small animal is given by G(f) = 

Integral calculus 

3. The monthly production cost of a pencil factory changes according to 

the number of pencils produced. The marginal cost in thousands of 

USD per additional thousand pencils produced is known to be 

dc_ 
dn 
(a) Find the additional cost when the factory increases production from 

50000 to 90000 pencils. 

(b) The factory is currently spending 100000 USD to produce 50 000 

pencils. Find the total cost to produce 90000 pencils. 

0.05n — 5 where # is the current production level. 

(c) Find the additional cost when the factory increases production from 

90000 to 140000 pencils. 

(d) Hence, find the total cost to produce 140000 pencils. 

4. Cardiac output can be measured by injecting a dye into the right atrium 

of the heart and measuring the concentration of the dye as it leaves the 

heart. The dye concentration for a particular patient can be modelled 

by the function c(f) = 0.25 + 3t — 0.27¢ + 0.0061¢%, where c(f) is the 

concentration in mgl~! at time ¢ in seconds, 0 < t =< 22, after 8 mg of 

dye is injected. Since we know that all the dye will pass through the 

heart, we can use the formula A = F [~ c(t) dt where A is the amount of 

dye injected in mg and F is the cardiac output as a flow rate. 

(a) Find the units for F. 

(b) Find the cardiac output rate, F, for this patient. 

(¢) Normal cardiac output is 3 to 4lmin . Is this patient within normal 

range? 

5. The change in water contained in a plant can be modelled by 

4V _ _0.1¢24 — 1) + k where 9 is in mlh~! at time £ and k s the 
dt dr 

amount of water the plant receives from watering, in mlh~1. 

(a) Find the total change in the water contained in the plant over 

24 hours when k = 5 

(b) Find the value of k for the total change in water to be zero over 

24 hours. 

    

2ete-0 + 1)° 

where G(#) is the change in mass in kg per year, at year t after birth. 

(a) Find the cumulative change in the mass of this animal: 

(i) in the first 5 years after birth 

(ii) in the first 15 years after birth 

(iii) during the second year after birth. 

(b) This animal had a mass of 0.5kg at birth. 

Find the mass of the animal 5 years after birth.



7. A full swimming pool begins emptying at the rate of dV_g_2, 
dt 3 

where t is the time in hours and c‘li_‘t] is in m*h~1. The pool is completely 

empty after 9 hours. Find the volume of the pool when full. 

8. The fuel consumption of an aircraft in kgkm ! on a certain 500 km flight 

can be modelled by the function fin) = (n + 17)!2e~00717 — 0,001n + 3 

where 7 is the distance travelled in km. 

(a) Usea GDC to find the distance where the rate of fuel consumption 
is greatest. 

(b) Write down an integral to find the total fuel consumption for this 
500km flight. 

(c) Find the total fuel consumption for this 500 km flight. 

Area under a curve 

Recall the electric toy car that moves in a straight line at a constant velocity of 

8 centimetres per second (cms ) for 12 seconds. We wrote the velocity 

function v(t) = 8 and found the anti-derivative to find the total distance 

travelled in 12 seconds. Using the definite integral, we can write 

[Zs dt= [s:];2 =96cm 

Notice that the value of the definite integral appears to be the area between the 

x-axis and the function we are integrating (Figure 11.9). 

10 

Area = distance travelled = 96 cm 

Ve
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Figure 11.9 Area under the function 

Is this always the case? We will test a few functions to see. 
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Example 11 

For each function: 

(i) draw a sketch of the function (use a GDC as needed) and shade the 

area between the curve and the x-axis for the interval given 

(i) use geometry to find the shaded area 

(iii) calculate the value of the definite integral of the function for the 

same interval. 

(@) flx)=3,1<x<5 

(b) glx) =2x,0sx<3 

(CIfR GOl =R R = T 

(d) c(x) = V4 —x2,—2<x<2 

] 

Solution 

(a) (i) 

fx) =3 

  

=2 — THORNTENY SIS SO RE 7 X 

(i) This is a rectangle with sides of 4 and 3, s0 A = bh = (4)(3) = 12 

(i) [3dx=[325=15-3=12 

() () g =2x 

   
-2-101 2 3 45 6 7% 

(ii) This is a triangle with base 3 and height 6, 50 A = Lbh = 13)(6) = 9 

(ii) lfzm;c:[;czlizg—o:g 
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() (@ 

hx)=—x+5 

  

-3-2-10 1 2 3 % 

(ii) This is a trapezium with bases 4 and 6 and height 2, so 

A=1o +ph=la+e@ =10 

  ! 1 1 (iii)/’(—x+5)dx:[—%x2+sx] [ 5+5] —[—7—5]:10 
! =1 When fix) < 0 for some 

interval, the integral for 
that interval will give a 
negative value. Since a 
negative value doesn’t 
make sense for an area, 
in this course we will 

(d @ 

  

-3-2-10 1 2 3% not calculate areas for 
1 1 functions where 

(ii) This is a semicircle with radius 2, so A = 3 7wl = o 7(2)?2 = 2m f<o. 

=6.28 

V4 — x2dx = 6.2 i D ‘The area between a (iii) jf 2 o7 6.28 (using a GDC) e 

x-axis for the interval 

In Example 11.9 the value of the definite integral in each case is equal to the a=i=bigrenty 

area. However, this is only true whenever the function is above (or touching) f Sfia) dxifand only if 
& : (x) = 0 for the interval the x-axis, that is, f{x) = 0 .L(g o 

‘We may need to solve to find the bounds for the integral, depending on the ‘This is known as the 

situation and context. area under a curve. 

Example 11 

The graph of f{x) = —x2 + 2x + 3 is given in Figure 11.10. 

Find the area enclosed by the curve f(x) = —x2 + 2x + 3 and the x-axis. 

L 

Solution 

  

Figure 11.10 Graph of 
fl) = —x+2x+3 

To find the area enclosed, we can use the definite integral. However, we need 

to know the bounds of integration. In this case, the bounds of integration 

are the x intercepts of the function, so we must solve f{(x) = 0 by hand or by 

using a GDC. 

X +2x+3=0=—(x+1)(x—3)=0=x=—lorx=3 
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3 
(-+2-x+3)ax  10.6667 

      il 
        
Figure 1111 The definite 
integral gives the arca under the 
curve in Example 11.10. 

  37 
2(x) 

£1x9= 3 
o 

  

o   

  

- 
  

Figure 11.12 Usinga GDC to 

find the intersection 

  3 
A    

£1(x)= T 

  

A\ 2.0 
  

  

  o TN\ 
4 
  

  

1 2 5.83333 

£1gdxt | 220000 

= 1           
b 

Figure 11.13 Definite integrals 

can be calculated on a graph 
screen (a) or directly (b) 
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Then, we can set up and calculate the integral: 

P fed=f (=2 + 20+ 3)dx 

Therefore the area enclosed is % units?. 

Note that in examinations, you are expected to use technology to calculate 

the value, as shown in Figure 11.11. 

For more complex functions, we can rely on a GDC to find the value of the 

definite integral. We may also use two or more smaller regions to find the total 

area of a region. 

Find the area enclosed by curves f(x) = Vx + 3, g(x) = —2(x — 2)* and the 

X-axis. 

_—-----——- - - 

Solution 

Begin by graphing the functions to see the areas we are looking for and 

finding relevant intersections. 

We need to find the intersection of the curves in order to find the bounds 

of integration. Use a GDC to find that the intersection of f(x) and g(x) is 

(1, 2). The curves appear to intersect the x-axis at —3 and 2, but it is a good 

idea to use a GDC to check, using the zero tool. Now, we can write down the 

definite integral required: 

A= [ ) de+ [gx)dx 

- jj}(/x T3)dx+ f(—z(x — 2))dx 

Most GDCs can calculate integrals from the graphing page (Figure 11.13(a)). 

From the graph, we see the separate areas; we then add the two areas to 

obtain a final answer of 5.33 + 0.5 = 5.83 units®. Alternatively, we can enter 

the integrals directly (Figure 11.13(b)). 

In both cases, the total area enclosed by the curves f(x) = Vx + 3, 

8(x) = —2(x — 2)% and the x-axis is 5.83 units. 

Finding areas of irregular shapes is a powerful application of the definite 

integral.



A ramp for skateboarding has a side piece that is modelled by the area 

enclosed by the y-axis, the x-axis, the function f{x) = 1, and the curve 

g(x) =3 — 9 — (x — 3)2, with all measurements in metres. 

(a) Use your GDC to sketch the shape of the side piece on a coordinate Figure 11.14 Diagram for 

plane using the equations given. EBanglelL12 

(b) Find the coordinates of the intersection of f(x) and g(x) 

(c) Find the area of the side piece in m2 

| 

Solution 

(a) The four boundary lines are shown in the graph in Figure 11.15. y 

(b) From a GDC, the intersection of f(x) and g(x) is (0.764, 1). 

(c) Integrate f{x) from 0 to 0.764, and g(x) from 0.764 to 3, and add the 

results: 

& [‘76",(;() Qs (764 

=[Max+f G- B=G=3)d 
Use a GDC to obtain the final value. .76 | Y 

(s-vamtmar)ax 

  

  

Figure 11.15 Graph showing 
g(x) dx the four boundary lines 

  

  

- 
Hence A = 1.45m? :       

Figure 11.16 Usinga GDC to 

1. Find the area between the curve and the x-axis within the given bounds 

without using technology. 

(@) flx) =2x+4, 0=x<4 

(b) y=—x"+4, < 

(c)f(x):%, 1<x<3 

2. Find the area between the curve and the x-axis within the given bounds. 

(@) y=10 — % 52— 

(b) y=—x+6, 1sx<6 

(OFRETEs it NI 3 

(d) g(x) = 2% 0= 

(€ y=1+x, 1sx<4 

(f)flx):%Jrl, 2<x<4 

3. Find the area enclosed between the curve and the x-axis. 

@ y=9-x (b) fix) = —x* + 4x 
(c) gx) =x*—3x2+4 dy=|x—4/-3 

@ y=1-x 
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Figure 11.17 Toy propeller in 
question 6 
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Integral calculus 

4. Find the area enclosed by the given curves and the x-axis. 

() fix) =x%g(x) = —2x+ 8 

(b) fix) =Vx +3,8(x) =5 — x 

© fo)=Ly=xx=3 
5. Given the functions f(x) = *%x(x —4)and g(x) = m s 

(a) draw a graph of f{x) and g(x) on the domain 0 < x < 4 

(b) find the area between f{x) and the x-axis 

(c) find the area between g(x) and the x-axis 

(d) hence, by subtracting areas, find the area between the curves f(x) 

and g(x) in the interval 0 < x < 4 

32x 
x+ 16 

gx) = 116)53 as shown in Figure 11.17, where all measurements are incm. 

and   6. A toy propeller can be modelled by the curves f(x) = 

(a) Find the area shaded in green, between g(x) and the x-axis, for the 

interval 0 < x <4 

(b) Find the area between f(x) and the x-axis for the interval 0 < x < 4 

(c) Hence, by subtracting areas, find the total area of the toy propeller. 

7. A large storage facility has a roof 

with a parabolic profile. The 

rectangular vertical walls are 6 m 

long and 2 m high, as shown in 
the diagram. 2m 

The curve of the roof is given by 

the equation y = 6 — x? where x 

and y are in metres. The point P 

is the corner of the roof where it 

meets both vertical walls. 0 

(a) Find the coordinates of point P. 

(b) The shaded area represents the front wall of the storage facility. Find 

the area of the front wall. 

(c) Hence, find the total volume of the storage facility in m?>. 

(d) All four walls of the facility must be painted. Find the total area of 

all four walls in m? 

8. A competition superpipe for snowboarding must have walls that are 

6.7m tall with top edges that are 20 m apart as shown in the diagram. 

The flat deck at the top of the wall must be 6 m wide and 6.7 m tall. 

The superpipe is 155 m long.



155m 

  

6.7m 

  

=15 —10 =5 0 5 1 15 20 x   20m 6m 

(a) The region R is modelled by the curve 

fix) = 6.7 + (x — 3.3 — 6.7, 3.3 < x < 10 where all units are 
metres. 

(i) Write down an integral expression for the area of region R. 

(ii) Hence, find the area of region R. 

(b) Find the area of region Q. 

(c) Given that the superpipe is 155m long, and the two sides are 

symmetric, find the volume of snow required to construct this 

superpipe to 3 significant figures. 

Approximating area under a curve 

So far we have seen that the area under a curve is exactly equal to the value 

of the definite integral. We can find the value of the definite integral by hand, 

using anti-differentiation (for some functions), or by using technology. 

However, some functions don't have an anti-derivative, and sometimes we may 

not even have a function - we may only have some data points. 

For example, a researcher is monitoring the flow rate of a 

small river during a day. Table 11.1 gives a sample of the 

researcher’s data. 

  

Hour 0 2 4 6 8 

Flow rate 

(thousands m*h~") 

Table 11.1 Sample data 

  

12 17 18 16 15               
  

The researcher wishes to estimate the total volume of 

water that flowed during this time. How can this be done? 

If we had a function to model the flow rate, then we 

could use a definite integral to calculate the total volume 

of water, but we don’t have a model so we must find a Hour 

different approach. Start by generating a plot of the data. Figure 11.18 Plot of the flow rate data in Table 11.1 
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‘The area of a trapezium 

isA= %(b, +by)h, 
where b, and b, are 

the lengths of the 
parallel bases and / is 

the ‘height, or distance 
between the bases. 

386   

Since the definite integral is equal to area under the curve, we could use 

geometry to estimate the area. We can do this by drawing a series of trapeziums 

with bases parallel to the y-axis. Figure 11.19 shows these trapeziums, and the 

dimensions of the trapezium A, are labelled. 

Fl
ow
 

ra
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4 

Hour 

  

Figure 11.19 Using trapeziums to calculate the area under a curve based on data 

Now we can calculate the area of each trapezium in turn. The lengths of the 

bases of each trapezium are the given data values (flow rates), while the 

height of the trapezium is the distance between the two bases. For example, 

trapezium A,, which represents the interval between hours 0 and 2, has bases 

with lengths 12 and 17 and a height of 2, thus 

A =32+ 1@ 

Repeating for each trapezium, the entire area is 

L+ m@ +1a7+ 190 +3as + 100 + Las + 192 

=129 

‘Therefore, we estimate that a total of 129000 m? of water flowed in this river 

during this 8 hour time period. Remember, this is an estimate since we don’t 

know how the water flow rate changed between each reading — we are making 

an assumption that the flow rate between each pair of measurements can be 

estimated by the mean of the measurements. For example, we are estimating 

the flow rate between 0 and 2 hours as %(12 +17) = 14.5 thousand m*h ™! 

As with the anti-derivative and definite integral, the units for the area are the 

product of the units of the horizontal and vertical axes, that is, the product of 

the units of independent and dependent variables: 

10°m* h™! X h =10°m’ 

units of units of units of 

dependent variable  independent variable area



A medical test for diabetes measures glucose concentration in the patient’s 

bloodstream to determine the patient’s glucose tolerance by calculating the 

total area under the curve in mghdl ™. After a patient is given a glucose 

solution, the following data are collected. 
  

0.0 0.5 1.0 JIE5] 2.0 

o5 150 125 110 100 

  

            

Estimate the area under the curve for this patient. 

L 

Solution 

‘We will estimate the total glucose concentration by finding areas of trapeziums: 

Area under curve = 195 + 15005 + 1150 + 125)0.5) 

+4025 + 11005 + La10 + 10000.5) 
= 241mghdl—! 

The method of dividing the area into trapeziums is known as the trapezoidal 

rule. The trapezoidal rule is one method that is used to estimate the value 

of definite integrals when the anti-derivative is unknown. While a GDC can 

quickly calculate the numerical value of a definite integral, it is still helpful to 

be able to use the trapezoidal rule. 

Example 11.14 

Use the trapezoidal rule to find the value of -’n; 8|2" — 8| dx, using trapeziums 

0.8 units wide. 

Solution 

The trapeziums that we should 

  

  

  

  

  

  

      

use are 0.8 units wide. This means 
: W | 7 

e e Ll } 4 =10+ 62008 =530 
x=1{0,08,16,2.4,3.2,40}. - 
For each of these x values, we } 4= 1626+ 49708 = 449 
find the value of the function 16 | 4.97 ] 
f(x) = |2° — 8| in order to find 1. } Ay = 5497 +27D0.8) = 3.08 

the length of the trapezium bases. i } o %(2]2 4 1.19)(08) = 156 

We can then build a table listing | 32 | 1.19 e 
the x values, the value of the i } T2 S 
function, and the area calculation | 0 1 2 3 4 X   

for each trapezium. Figure 11.20 It helps to sketch 

Therefore, the total area is 5.30 + 4.49 + 3.08 + 1.56 + 3.68 = 18.1 units®. agrapho thestuztion with the 
trapeziums shown 
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Notice that each area calculation involves multiplying by% (from the trapezium 

formula) and 0.8 (the width of the trapeziums). Also, all bases except the first 

and last appear twice, so we can collect the ‘inner’ bases and multiply by two. 

Therefore, we can rearrange the calculation as shown: 

A=10+62008 + 1626 +49908) + Ja97 + 27208 

+1e72+ 11908 +1a19 + 908) 

%(0.8) [(7 + 6.26) + (626 + 497) + (497 + 2.72) + (272 + 1.19) + (119 + 8)] 

=108[(7+8) +2(626 + 497 + 272 + 119) 
—_— T 
first and all ‘inner’ bases 
last base 

This rearrangement shows that we can add the first and last base, plus twice 

the sum of all the ‘inner’ bases, then multiply the sum by half of the trapezium 

width. For a general formula, we can rewrite this as shown in the key fact box. 

Suppose an interval a < x < bis divided into 1 equal subintervals of width = 259, s0 that 
xo=ax;=a+hxy=a+2h...,x,y=a+n—Dh=b—hx,=a+nh=bThen, 
the area under a curve y = fix) for the interval a < x < b, where fix) = 0, can be estimated by 

fydxz%h [y,, gt 2yt +y,,,,)] where y; = fl,) 

  

first and all ‘inner’ bases 
astbase 

This formula may look intimidating, but it is simply formalising what we have 

done above. 

You are given that y = f(x). 

(a) Write down an expression using the trapezoidal rule to estimate the area 

under the curve from x = 1 to x = 3 with intervals 0.5 units wide. 

(b) The value A is equal to the area under the curve f(x) = x> + 1 when 

estimated using the trapezoidal rule. Find the value of A to 4 significant 

figures for the interval 1 < x < 3. 

(c) The value B is equal to the area under the curve f{x) = x* + 1. 

(i) Write down the definite integral expression for B for the interval 

1sx<3. 

(ii) Use a GDC to calculate the value of B to 4 significant figures. 

(d) Find the percentage error of A relative to B. 
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Solution 

(a) Since the interval is 3 — 1 = 2 units wide, there are n = 2y 
0.5 

subintervals. The trapezium bases are at X, x, ..., ¥, = {1, 1.5, 2, 2.5, 3}. 

Therefore, 
3 

[yde~ %(05)[](1) +£3) + 2319 
=1 

= 025[(1) + f3) + 2(AAL5) + f2) + f2.5))] 

(b) We need to calculate the value of f{x) for each x value, then evaluate the 

expression. 

A =025[f(1) +f3) + 2((L.5) + ) + f2.5)] 

=025[2 + 10 + 2(3.25 + 5 + 7.25)] 

= 10.75 units? 

© @ B=[G2+ Ddx 

(i) B = 10.67 

  (@ Error = A58 5 100% = 1072 = 1067 x 100% = 0.750% 

As you can see, the trapezoidal rule gives quite good approximations of the 

area under many functions, and can be made more accurate by using more 

trapeziums, i.e., making the width of each trapezium smaller. 

Another way to make our work easier is to use a spreadsheet or a GDC to 

automate the calculation of the trapezium areas. 

Example 11 

The velocity-time graph 

shows a train journey. 

Use the trapezoidal rule to 

calculate the total distance 

travelled by the train. 

Ve
lo

ci
ty

 (
km

h)
 

R
 

  

0 1 2 

Time (h) 
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[@] e [F velocity [F area H | 

- 9 5 Solution 
2| o2 sofeza] 
3| o8 w0 The total distance travelled will be equal to the area under the curve. We can 

use a GDC to organise the coordinates representing the upper vertices of the 

et — trapeziums: (0, 0), (0.2, 80), (0.6, 80), (0.8, 60), (1, 100), (1.6, 100), and (2, 0). 
a Then, by creating a general formula and filling it in adjacent cells, we can 

calculate the area of each trapezium. Figure 11.21(a) shows the first formula 

being entered. Notice that we want to add the lengths of the bases, but 

subtract the x-coordinates to find the height of the trapezium.   
3 
5 
7 
5 
9 By filling the formula in adjacent cells and calculating the sum, we can find 

the area under the curve quickly and accurately (Figure 11.21(b)). 

  

sumiczicn) 

Figure 11.21 Usinga GDC Therefore, the train has travelled 150 km in this two-hour journey. 
spreadsheet to calculate area 

3 G R R R 

with the trapezium rule 

1. Find the area under the curve represented by the given data. 
  

  

  

  

  

  

  

  

@[ & 1 P 3 4 

y 4 6 7 3 

®)[ & -3 0 5 6 

y 5 3 1 1 

© [ 1 15 3 35 

1 3 5 11               
2. For each function: 

(i) sketch the curve and trapeziums for the indicated interval 

(i) estimate the area using the trapezoidal rule. 

(a) fix) = —x(x — 5); 1 < x < 4 with trapeziums every 1 unit 
(b) g(x) = x* — 4x* + 3x + 3; 0 < x < 2 with 4 equal-width trapeziums 

(¢) 7= | — 2x]; 0 < x = 3 with trapeziums every 1 unit 

3. A yacht records the speeds shown in the table. A knot is a measure of 

speed used in maritime and aviation equal to one nautical mile per hour. 

    

  

  

  

                  
  

  

  

  

  

  

pLimesiice aviug port 0o | 30 | 45 | 60 | 72 | % 
(minutes) 

Airspeed | Hours since Speed (knots) 5 55 6 62 | 58 4 
-1 epart 

(bl S departur (a) Write down the number of hours since the yacht left port. 
170 0 
208 P (b) Estimate the total number of nautical miles this yacht has travelled 

% - using the trapezoidal rule. 
1 1 

200 125 4. A pilot of a small aeroplane records the effective airspeed data shown in 

230 5 Table 11.2. 

210 225 Estimate the total distance this aeroplane has travelled using the         
trapezoidal rule. 

Table 1.2 Data for question 4 
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5. A sports car accelerates from stopped to 200kmh~!. Table 1.3 gives the 

times that various speeds are reached. 

(a) Convert the units of speed so that the trapezoidal rule gives a result 

in metres. 

(b) Hence, use the trapezoidal rule to find the total distance in metres 

travelled by the car to reach 200kmh™1. 

50 6. A rectangular swimming pool 

is 15m wide and 50 m long. 

The diagram gives the depth at 

10m intervals. 

(a) Use the trapezoidal rule to find 

the area of the front wall (shaded in red) 

(b) The four vertical sides of the pool are going to be repainted. 

(i) Find the total area of the four vertical sides. 

(i) A tin of pool paint can cover 50 m?. Find the number of tins of 

paint required. 

(c) Find the total volume of the pool. 

7. The velocity-time graph shows a 300-second run. 

Ve
lo

ci
ty

 (
ms

™)
 

R
 
R
 

N 

  

0 60 120 180 240 300 

Time (5) 

Find the total distance travelled by the runner over the 300 seconds. 

8. Use the graph of y = f(x) to find each integral. The curved segment is a 

circular arc. 

  

i 0 5 x 

@ [fde ) [ fwdx © I fiodx 

@ [fody (@ [fwdx   

  

  

  

  

  

  

  

  

  

  

  

  

      

uf::::) Time (s) 
0 0 

50 4.3 

65 6.4 

80 9.6 

95 14.3 

110 214 

125 32.1 

140 48 

155 71.9 

170 107.6 

185 161.1 

200 241.1 
  

Table 11.3 Data for question 5 
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Integral calculus 

Chapter 11 practice questions 

1. Find each anti-derivative in general form. 

@ G+ 8)dx ® (1) ax 

(© J24dp @ fkd 
(e) [(10x° + 9x%)dx (f) [(=15t+ v)dt 

(g) [(2x* — 8x + 3)dx (h) [G2+ 1)2dt 

. . _ 2 () [Gmx + b)dx ) /(zf 5%+ xz)dx 

® (¢ +222—Dax O [2dn 
() (200=20) g 

2. Find the value of each definite integral. 

(a) fz(szz +2+5d (b fe”dx © fj(f — 9x)dx 
2 18 (d) f}|x 9x|dx (@ [Lax 

3. Use the graph of f(x) to find ¥y 

the given integrals. The curved = 
segment is a circular arc. 

@ Jfx)dx 
® [ flodx 
© [ dx 
@ [fds 
© f ) dx s 

     
4. A scale map of a pond is created from an aerial photo and measurements 

in metres are taken every 1.5m. Figure 11.22 shows the measurements. 

The evaporation rate of the pond can be estimated by calculating the 

surface area. 

(a) Estimate the surface area of the pond. 

(b) The evaporation rate for this pond is calculated to be 0.451h~'m ™2 

Find the expected evaporation in 1h~!. 

(c) The pond has an average depth of 3m. 

(i) Calculate the volume of water in the pond in m?. 

(ii) There are 1000 litres per m*. Write down the volume of the 

  
Figure 11.22 Diagram for pond in litres. 

uestion 4 (d) Assuming a uniform depth of 3 m, calculate the number of days 

until the pond has completely evaporated. 
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5. Consider the quarter circle centred on the origin with radius 5 units as 

shown in Figure 11.23. 

(a) Calculate the area of the shaded region using 5 trapeziums of equal 

height. 

(b) Write down an appropriate integral for the area of the shaded 

region. 

Y 

6 

¥ 

4 

3 

2 

1 

0 

  

(c) Hence, calculate the area of the shaded region using integration to 01 2 3 45 6% 

T Figure 11.23 Diagram for 
(d) The area of the shaded region is A. question 5 

(i) Calculate the value of A exactly using the formula for the area 

of the circle. 

(ii) Write down the value of A to 5 significant figures. 

(e) Comment on the accuracy of the methods in parts (a) and (c) in 

comparison to the true value in part (d). 

6. Fuel tank A is filling from fuel tank B at a rate of &V — 3 0.1¢ where t dt 
dv 
dt 

(a) Write down an integral expression for the volume of fuel in fuel tank 

is in seconds and <= isin s~ 

A after t seconds. 

(b) Find the volume of fuel transferred to fuel tank A from fuel tank B 

in the first 10 seconds of filling. 

(c) Fuel tank A has a capacity of 401. Find the time when fuel tank A 

will be full. 

(d) After fuel tank A is full, fuel tank B is then used to fill fuel tank C. 

‘When % = 0 there is no more fuel in tank B. 

(i) Find the time when this occurs. 

(ii) Hence find the number of litres in fuel tank B before filling 

tank A. 

7. The Red Chair company sells 7 red chairs per month. The marginal 

profit in GBP can be modelled by the function g—f: =300—3n 

(a) Find the number of chairs that should be sold in order to maximise 

the profit. 

(b) The profit from the sale of 40 chairs is £5000. Find: 

@ P(m) 
(ii) the profit from selling 80 chairs 

(iii) the least number of chairs that must be sold in order to make a 

profit 

(iv) the maximum profit. 
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Time (s) (il:zf‘,i) 8. The velocity of a car braking to a stop on a wet road is recorded in 

G % Table 11.4. 

1 21 (a) Use the trapezoidal rule to find the total distance travelled by the car. 

2 19.5 Using a GDC, we can find a line of best fit for this data is 

4 96 &= 476t + 287 
6 0 3       

(b) Write down an integral expression for the distance travelled by the 
Table 11.4 Table for question 8 

car after 3 seconds. 

(c) Hence, find the distance travelled by the car after 3 seconds. 

(d) Find a function giving the distance travelled s(t) of the car at time t. 

(e) Use your function s() to find the distance travelled by the car to 

come to a complete stop. 

(f) The results from (a) and (e) agree to within 2 significant figures. 

Give a reason for this, relating to the shape of the data. 

A y=f 9. A foam pillow is made by pressing liquid foam through an opening as 

P, }Q shown in Figure 11.24. All measurements are in cm. 

10 S 10 (5) 2 The equation of the upper curve is given by f(x) = —(0.0783x)"* + 5 
s   (a) The x intercepts of f(x) are at points P and Q. Find the coordinates of 

Figure 11.24 Diagram for point P and point Q. 
question 9 

(b) Write down an integral expression for the area between f(x) and the 

x-axis. 

(c) Hence find the area between f(x) and the x-axis. 

(d) The curve g(x) is symmetric to the curve f(x) with respect to the 

x-axis. Write down the area between the curves f(x) and g(x). 

(e) A certain pillow is 90 cm long. Find the volume of the pillow. 

10. One quarter of a pizza with radius 30 cm is shown in Figure 11.25. 

Charles and Dominic are going to share the pizza. To divide it, they will 

make one cut, parallel to the y-axis. The curve of the pizza edge is given 

by the function f(x) = v30* — x* 

(a) Region Q is bounded by the y-axis, the x-axis, the line x = k, and 

the curve y = f(x). Write down an integral expression for the area of 

region Q. 

  

(b) Region R is bounded by the line x = k, the x-axis, and the curve 

y = f(x). Write down an integral expression for the area of region R. 
Figure 11.25 Diagram for 
question 10 

(c) Find the areas of regions Q and R when k = 10 

(d) Charles and Dominic want to cut the pizza such that the regions 

Qand R have equal areas. Find the value of k that satisfies this 

requirement to 4 significant figures. 
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Probability distributions 

Learning objectives 

By the end of this chapter, you should be familiar with... 

o discrete random variables and their probability distributions 

« expected value and the effect of linear transformations of X on its value 

o the normal distribution: properties, normal probability calculations, and 

inverse normal calculations 

« standardising normal variables (z-values) 

« inverse normal calculations where mean and standard deviation are 

unknown 

o the binomial distribution, including its mean and variance 

« applications of all the above concepts. 

Investing in securities, calculating premiums for insurance policies or 

overbooking policies used in the airline industry are only a few of the many 

applications of probability and statistics. Actuaries, for example, calculate the 

expected loss or gain that an insurance company will incur on a policy and 

decide on how high the premiums should be. 

Chapter 8 discussed the concepts and rules of probability. This chapter extends 

the concept of probability to explain probability distributions. Any given 

statistical experiment has more than one outcome. It is impossible to predict 

which of the many possible outcomes will occur if an experiment is performed. 

Consequently, decisions are made under uncertain conditions. 

For example, a lottery player does not know in advance whether he is going to win that 
lottery. If the player knows that he is not going to win, he will definitely not play. It is the 
uncertainty about winning (some positive probability of winning) that makes him play. 
‘This chapter shows that if the outcomes and their probabilities for a statistical experiment are 
known, we can find out what will happen, on average, if that experiment is performed many 
times. For the lottery example, we can find out what a lottery player can expect to win (or 
lose), on average, if he continues playing this lottery again and again. 

In this chapter, random variables and types of random variables are discussed. 

Then, the concept of a probability distribution and its mean and standard 

deviation for a discrete random variable are discussed. Finally, two special 

probability distributions for a random variable—the binomial probability 

distribution and the normal probability distribution—are developed. 

Random variables 

In Chapter 8, variables were defined as characteristics that change or vary over 

time and/or for different objects under consideration. A numerically valued 

variable X will vary or change depending on the outcome of the experiment we 

are performing. For example, one survey counts the number of mobile phones



in each household in a certain town. Table 12.1 gives the 

frequency and relative frequency distributions of the number 

of mobile phones owned by all 4000 households in this town. 

Suppose one household is randomly selected from this 

population. The process of randomly selecting a household is 

called a random or chance experiment. Let X denote the number 

of phones owned by the selected household. Then X can assume 

any of the five possible values (0, 1, 2, 3, and 4) listed in the first 

column of Table 12.1. The value assumed by X depends on which 

household is selected. Thus, this value, denoted by x, depends on 

the outcome of a random experiment. Consequently, X is called 

arandom variable or a chance variable. 

When a probability experiment is performed, often we are not interested in all 

the details of the outcomes, but rather in the value of some numerical quantity 

  

  

  

  

  

        

Number | Relative 
of phones | *“9""Y | frequency 

60 _ 0 60 000 = 0015 

940 _ 1 940 2000 = 0235 

1700 _ 
2 1700 2000 0.425 

980 _ 3 980 2000 = 0245 

4 320 % =0.080 

N=4000 | Sum = 1.000       

Table 12.1 Frequency and relative frequency distributions 

determined by the result. For instance, in rolling two dice (used in plenty of 

games), often we care about their sum and not the values on the individual 

dice. Consider this specific experiment. A sample space for which the points 

are equally likely is given in Table 12.2. It consists of 36 ordered pairs (a, b) 

where a is the number on the first die, and b is the number on the second die. 

For each sample point we can let the random variable X stand for the sum of 

the numbers. The resulting values of X are also presented in Table 12.2. 

  

  

  

  

  

                    

Sample Sample Sample 
el R point RO R el O (R 

(2,4),(1,5), (5,5), 
wy [x=2| 1 | @G |x=6| 5 | @e), |x=10| 3 

3.3) (64) 

2,5),(5,2), 
((1221)) x=3| 2 | e |x=7| s ((55(;)) x=1u| 2 

- (G.4), (4.3) - 

3, 2,6),(6,2), 
2,2), x=4 2 (3,5),(5,3) x=8 5 6,6) |x=12 1 

@) (4.4) 

(1,4), 
@3, 4,5),5,4), 
G | * tlGeney | * 4 
(4,1)       

Table 12.2 Sample space and the values of the random variable X in the two-dice experiment 

Notice that events can be more accurately and concisely defined in terms of the 

random variable X; for example, the event of rolling a sum at least equal to 5 

but less than 9 can be replaced by 5 = X <9 

A random variable is 
avariable whose value 
is determined by the 
outcome of a random 
experiment. 

Random variables are 
customarily denoted 
by upper case letters, 
such as X and Y. Lower 

case letters are used to 
represent specific values 
of the random variable. 
‘That is, if X represents. 
the sum of numbers 
resulting in the throw 
of a die, then x = 2 
represents the case 
when the outcome is 2. 
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Discrete 

— = 
0 "\ /50 

Continuous 

Figure 12.1 Discrete and 
continuous variables 
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Probability distributions 

There are many examples of random variables: 

o X = the number of calls received by a household on a Friday night 

o X = the number of free beds available at hotels in a large city 

o X = the number of customers a sales person contacts on a working day 

+ X = the length of a metal bar produced by a certain machine 

+ X = the mass of newly born babies in a large hospital. 

These variables are classified as discrete or continuous, according to the values 

that X can assume. In the examples above, the first three are discrete and the 

last two are continuous. The random variable is discrete if its set of possible 

values are isolated points on the number line, i.e. there are a countable number 

of possible values for the variable. The variable is continuous if its set of 

possible values is an entire interval on the number line, i.e. it can take any value 

in an interval. Consider the number of times you flip a coin until the head 

side appears. The possible values are x = 1, 2, 3, ... This is a discrete variable, 

even though the number of times may be infinite! On the other hand, consider 

the time it takes a student at your school to eat lunch. This can be anywhere 

between zero and the length of the lunch period at your school. 

State whether each of the following is a discrete or a continuous random 

variable. 

(a) The number of hairs on a Scottish terrier. 

(b) The height of a building. 

(c) The amount of fat in a steak. 

(d) A high school student’s grade on a maths test. 

(e) The number of fish in the Atlantic Ocean. 

(f) The temperature of an electric kettle. 

e 

Solution 

(a) Even though the number of hairs is almost infinite, it is countable. So, it 

is a discrete random variable. 

(b) This can be any real number. Even when you say this building is 15m 

high, the number could be 15.1, or 15.02, etc. Hence, it is continuous. 

(c) This is continuous, as the amount of fat could be zero, up to the 

maximum amount of fat that can be held in one piece. 

(d) Grades are discrete. No matter how detailed a score the teacher gives, 

the grades are isolated points on a scale. 

(e) This is almost infinite, but countable, hence discrete. 

(f) This is continuous, as the temperature can take any value from room 

temperature to 100°C.



Discrete probability distributio 

In Chapter 7 you learned how to work with the frequency distribution 

and relative or percentage frequency distribution for a set of numerical 

measurements on a variable X. The distribution gave the following information 

about X: 

« what value of X occurred 

« how often each value occurred. 

You also learned how to use the mean and standard deviation to measure the 

centre and variability of the data set. 

Table 12.3 shows the relative frequency distribution of 4000 households and the 

number of mobile phones they own. One of the interpretations of probability is 

that it is understood to be the long-term relative frequency of the event. 

A table like this, where we replace the relative frequency with probability, is 

called a probability distribution of the random variable. 

For every possible value x of the random variable X, the probability mass 

function specifies the probability of observing that value when the experiment 

is performed. 

Letting X be the number of phones in each household in Table 12.3, a new 

table showing the probability distribution of X can be completed as shown in 

Table 12.4. 
  

.4 0 1 2 3 4 

P(x) 0.015 | 0.235 | 0.425 | 0.245 | 0.080 
  

                

Table 12.4 Probability distribution of X 

The other way of representing the probability distribution is with a histogram 

as shown in Figure 12.2. Each column corresponds to the probability of 

the associated value of X. The values of X naturally represent mutually 

exclusive events. Summing P(x) over all values of X is equivalent to adding all 

probabilities of all simple events in the sample space, and hence the total is 1. 

0.42 

0.36 4 

0.30 

0244 — 

0.18 

0124 I 

0.06 1 
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ob
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Number of phones 

Figure 12.2 Histogram 

Either the table or the histogram enable us to answer questions such as: if a 

household is chosen at random, what is the probability that it has at most one 

phone, or more than two phones? 

  

  

  

  

  

    

Number of | Relative 
phones | frequency 

0 0.015 

1 0.235 

2 0.425 

] 0.245 

4 0.080       
Table 12.3 Relative frequency 
distribution 

‘The probability 
distribution for a 
discrete random 
variable is a table, 
graph, or formula that 
gives the possible values 

of x, and the probability 
P(x) = P(X=x) 
associated with each 
value of x. This is also 
called the probability 
mass function (PMF) 
and in many sources it 
is called the probability 
distribution function 
(PDE). 

We write P(X = x) as 
P(x) for convenience. 
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Required properties of 
probability distribution 
functions of discrete 
random variables 

Let X be a discrete 
random variable with 
probability distribution 
function, P(x). Then 

c0sPwW=1 
for any value x 

« the individual 
probabilities sum to 1; 
thatis YPeo = 1 

¥ 
where the notation 
indicates summation 

overall possible 
values x. 
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Using notation, we can write P(x < 1) = 0.015 + 0.235 = 0.250 or 

P(x > 2) = 0.245 + 0.080 = 0.325 

The result can be generalised for all probability distributions of discrete 

random variables. 

In the 2-dice experiment, find 

(a) the probability distribution of x using a table and a graph 

  

  

  

  

  

(b) P(x<4) (c) P(x=6) 

_—-----——- - - 

Solution 

(a) I P(x) 5 P(x) s P(x) 
I 5 3 

bl I ol R s Ol 

2 6 2 
=8 | & | =7 | & |z=u| 5 

3 5 T 
x=4 | 3¢ | x=8 | 3 |x=12| 3¢ 

1 1 
SECH I o               
  

Pe
rc
en
t 

  

2 4 6 8 10 12 
P 

IR 2] i <= = (b) P(x<4) % i 

RN E e a2 ! 13 S o2t6+5+4+3+2+1_13 
©) He=0) 36 18 

Radon is a major cause of lung cancer. It is a radioactive gas produced by the 

natural decay of radium in rocks that contain small amounts of uranium. 

Studies in areas with high levels of radon revealed that one third of houses 

in these areas have dangerous levels of this gas. Suppose that two houses are 

randomly selected, and we define the random variable X to be the number 

of houses with dangerous levels. Find the probability distribution of X by a 

table and a graph.



s 

Solution 

Since two houses are selected, then the possible values of X are 0, 1, or 2. 

The assumption here is that we are choosing the houses randomly and 

independently of each other. 

P(x = 2) = P(2) = P(1st house with dangerous levels and 2nd house with 

dangerous levels) 

= P(Ist house with dangerous levels) X P(2nd house with 

dangerous levels) 

X 

@
)
=
 

W
[
 

o
=
 

P(x = 0) = P(0) 

= P(1st house without dangerous levels and 2nd house without 

  

  

  

        

dangerous levels) s 

= P(1st house without dangerous levels) X P(2nd house without =3 — 
= 3 

dangerous levels) £ 
= 2 23 ] 

=5%373 E 
Px=1)=1-[PO) +PQ)]=1-[2+1] -2 0 (x=1) =1-[P(0) + P(2)] = 9t3 =9 0 1 2 

P 0o 1] 2 Number of houses 

4 | 4 | 1 Figure 12.3 Probability is 
P@| 5| 5| 9 displayed as the height of a 

rectangle             

Any type of graph can be used to give the probability distribution as long 

as it shows the possible values of X and the corresponding probabilities. In 

Example 12.3 probability is graphically displayed in Figure 12.3 as the height 

of a rectangle. Moreover, the rectangle corresponding to each value of X has an 

area equal to the probability P(x). The histogram is the preferred tool due to its 

connection to the normal distribution discussed later in the chapter. 

Formula/rule 

Sometimes, the probability distribution of a random variable, X, can be given Don't be concerned 

by a formula. now with how we came 
. . . ) 2 . up with the formula as 

For example, consider rolling a fair 6-sided dice and looking at the number you will not be asked to 

of rolls it takes till the number on the top face is 3. Three can come up on useit. 

the first roll, or the second, or the third and so on. That is, the possible set of 

values of X is {1, 2, 3, ...}. In order to show the frequency distribution, we can 

have a rule. 

Recall from Chapter 8, that P(X = 3) = éand P(X=#3) = % 

he first throw and then So, to get a 3 on the second throw, it has to fail on 

succeed on the second throw. That is P(X = 2) = 

o 
ln
 

o
=
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Cumulative distribution 

function (CDF) 
‘The cumulative 

distribution function 
of a random variable 
X, also known as the 

cumulative probability 
function F(x), expresses 

the probability that X 
does not exceed the 

value x, as a function 
of x. That is 

Fx)=PX<x 

=2 PO Fyex 

‘The notation here 
indicates that 

summation is over all 
possible values of y that 

are less than or equal 
to x. The choice of the 

variable name to be y is 
arbitrary — you can use 

any letter. 

  

F(x) 
  

0.015 
  

0.25 
  

0.675 
  

W
=
 

|n
 

0.92 
  

4 1.00         

Table 12.5 CDF 

402 

Probability distributions 

To get a 3 on the 3rd throw, it has to fail on the first two throws and then 
2 

succeed on the third throw. That is P(X = 3) = (é) ok 
6/ 6 

Thus, to get a 3 on the xth throw, it has to fail on (x — 1) throws and then 
-1 

succeed on the xth throw. That is P(X = x) = (%) . (é) 

This is the rule or formula for this probability distribution. 

‘We can verify this: 

PX=1)= (E)li‘ . (l) =Ly you expect, or 
6 6 6 ’ 

oy (37 (1)75 1 
PX=2 (6) 6 6 6 
as we found earlier. 

Cumulative distribution functiol 

For some value x of the random variable X, we often wish to compute the 

probability that the observed value of X is at most x. This gives rise to the 

cumulative distribution function (CDF). 

For example, for the distribution in Table 12.4, the CDF is shown in Table 12.5. 

So, F(3) = 0.92, stands for the probability of households that own up to 3 

mobile phones. This result of course can be achieved by adding the probabilities 

corresponding to x = 0, 1, 2, and 3. 

In many cases, as we will see later, we use the cumulative distribution to find 

individual probabilities, 

PX=x=PX<=x) —PX<x). 

For example, to find the probability that x = 3, we can use the cumulative 

distribution table. 

P(x = 3) = P(x < 3) — P(x < 3) = 0.92 — 0.675 = 0.245 

This property is of great value when studying the binomial distribution. 

For example, many universities have the policy of posting the grade 

distributions for their courses. Several universities have a grade-point average 

that codes the grades as follows: 

A=4B=3C=2D=1LandF=0 

During the spring term at a certain large university 13% of the students in an 

introductory statistics course received As, 37% Bs, 45% Cs, 4% Ds and 1% Fs. 

The experiment here is to choose a student at random and mark down the 

grade. The student’s grade on the 4-point scale is a random variable X. 

Here is the probability distribution of X: 
  

& 0 1 2 3 4 

P(x) 0.01 0.04 0.45 0.37 0.13 
  

                

Table 12.6 Probability distribution of X



Is this a probability distribution? 

Yes, it is. Each probability is between 0 and 1, and the sum of all probabilities is 1. 

What is the probability that a randomly chosen student receives a B or better? 

P(x=3) = P(x = 3) + P(x = 4) = 0.37 + 0.13 = 0.50 

Example 12.4 

The probability distribution for the first digit people choose for the codes for 

their mobile phones is shown in the table. 
  

First digit 0 1 2 3 4 5 6 7 8 9 

Probability | 0.009 | 0.300 | 0.174 | 0.122 | 0.096 | 0.078 | 0.067 | 0.058 | 0.051 | 0.045 
  

                        
  

(a) What is the probability that you pick a first digit and it is more than 52 

(b) Show a probability histogram for the distribution. 

el 

Solution 

(a) P(x>5)=P(x=6) + P(x=7) + B(x = 8) + P(x = 9) = 0.221 

(b) 030 
0.25 

0.20 

0.15 

0.10 

0.05 

0 

Pr
ob

ab
il

it
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01 2 3 4 565 7 8 9 

First digit of a mobile phone code 

Note that the height of each bar shows the probability of the outcome at its 

base. The heights add up to 1, of course. The bars in these histograms have the 

same width, namely 1. So, the areas also display the probability assignments of 

the outcomes. Think of such histograms (probability histograms) as idealised 

pictures of the results of very many repeated trials 

Expected values 

The probability distribution for a random variable looks very similar to the 

relative frequency distribution discussed in Chapter 7. The difference is that the 

relative frequency distribution describes a sample of measurements, whereas 

the probability distribution is constructed as a model for the entire population. 

Just as the mean and standard deviation gave you measures for the centre and 

spread of the sample data, you can calculate similar measures to describe the 

centre and spread of the population. 
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Let X be a discrete 
random variable with 

probability distribution 
P(x). The mean or 

expected value of X is 
given by 

#=E(X)=3xP(x) 

404 

Revisiting the household’s mobile phones example 
Let x be the number of phones owned. Here is the table of probabilities again 

X [ I 2 & 4 

P(x) 0.015 0235 0.425 0.245 0.080 

Suppose we choose a large number of households, say 100000, Intuitively, using the relative 
frequency concept of probability you would expect to observe 1500 households with no 
‘mobile phone, 23 500 with one phone, and so on: 42 500, 24500, and 8000. 

Probability distributions 

The population mean, which measures the average value of X in the population, 

is also called the expected value of the random variable X. It is the value that 

you would expect to observe on average if you repeated the experiment an 

infinite number of times. The formula we use to determine the expected value 

can be more easily understood with the help of an example. 

  

  

                

‘The average (mean) value of X as defined in Chapter 7 would then be equal to: 
Sum of all 

measurements _ 0 X 1500 + 1 X 23500 + 2 X 42500 + 3 X 24500 + 4 X 8000 

n 100000 
= 0X1500 | 1X23500 | 2X 42500 , 3 X 24500 . 4 X 8000 

100000 100000 100000 100000 100000 

=0X0.025+1X0.235+ 2 X 0425 + 3 X 0.245 + 4 X 0.080 

=0XP(0) + 1 X P(1) +2 X P(2) + 3 X P(3) +4 X P(4) = 2.14 
That is, we expect to see households, on average, possessing 2.14 mobile phones! This does 
not mean that we know what a household will own, but we can say what we expect to happen. 

  

    

Insurance companies make extensive use of expected value calculations. Here is 

a simplified example. 

An insurance company offers a policy that pays you €10 000 when your car is 

damaged beyond repair or €5000 for major damages (50%). They charge you 

€50 per year for this service. Can they make a profit? 

Suppose that in any year, 1 out of every 1000 cars is damaged beyond repair, 

and that another 2 out of 1000 will have serious damages. Then we can display 

the probability model for this policy in a table like this. 

  

  

  

  

      

Type of accident Amount paid x (€) Probability P(X = x) 

Total damage 10000 fi 

Major damage 5000 fi 

Minor or no damage 0 %   
  

Table 12.7 Probability model for a car insurance policy 

The expected amount the insurance company pays is given by 

1 2 997 o= =Y xP(x) = I 2} +e0[-24) = n = E(X) xP(x) €10000(1000) €5000(1000) €0(1000) €20 

This means that the insurance company expects to pay, on average, an amount of 

€20 per insured car. Since it is charging people €50 for the policy, the company 

expects to make a profit of €30 per car. Thinking about the problem in a different 

perspective, suppose they insure 1000 cars, then the company would expect to 

pay €10000 for 1 car, and €5000 to each of two cars with major damage.



20000 

1000 

Of course, this expected value is not what actually happens to any particular 

policy. No individual policy actually costs the insurance company €20. We are 

dealing with random events, so a few car owners may require a payment 

of €10000 or €5000, many others receive nothing. Because of the need to 

anticipate such variability, the insurance company needs to know a measure of 

this variability, which is the standard deviation. 

Variance and standard devi 

For data in Chapter 7, we calculated the variance by computing the deviation 

from the mean, x - u, and then squaring it. We do that with random variables 

as well. 

This is a total of €20 000 for all cars, or an average of   = €20 per car. 

We can use similar arguments to justify the formulae for the population 

variance o® and consequently the population standard deviation ¢. These 

measures describe the spread of the values of the random variable around 

the centre. We similarly use the idea of the ‘average’ or ‘expected’ value of the 

squared deviations of the x-values from the mean w or E(X). 

Let X be a discrete random variable with probability distribution P(x) and mean . 
‘The variance of X is given by 
2 =E(X - p)?) 

= Y- w?- ) 
This is sometimes called Var(X), or V(X). 

‘The standard deviation of a random variable x is equal to the positive square root ofits variance. 

It can also be shown that there is another formula for the variance: 

02 =Y (x — p - P(x) = Yx2- P(x) — (EQD)? = 3_x2 - P(x) — (LaP(x))” 
‘This formula s useful in your explorations if you need to set up a spreadsheet to do the 
calculations. 

Let us go back to the mobile phones example. We calculated the expected mean 

value to be 2.14 phones. To calculate the variance, we can tabulate our work to 

make the manual calculation easier. 
  

  

  

  

  

  

              
  

x | P(x) | Deviation (x— 1) | Squared deviation (x — p)? | (x — p)*- P(x) 

0 0.015 —2.14 4.58 0.068694 

1 0.235 —L14 1.30 0.305406 

2 0.425 —0.14 0.02 0.00833 

3 0.245 0.86 0.74 0.181202 

4 0.080 1.86 346 0276768 ‘The unit of the variance 
is the square of the unit 

Total 2= 2Pk 0.8404 of measurement of the 
Table 12.8 Calculating the variance random variable, which 

does not make much 

So, the variance of the number of mobile phones per household is 0.8404 sense. Thus we calculate 

phones?, or the standard deviation is 0.9167 phones. et 
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x P(X=x) 

0 0.08 
1 0.40 
2 024 
3 0.15 
4 0.08 
5 0.05 

Table 12.9 Data for 

Example 12.5 

406 

  

Probability distributions 

GDC notes 

You can do these calculations using your GDC. Depending on which GDC you 

are using, some may require that you store your data in lists and perform the 

calculations as described by the formulas above, and some may give you the 

results after you enter your data in lists making sure that the probability is given 

as a frequency. In discrete random variable calculations take the o values and 

not the sx values. Here is a sample of a GDC output. 
  
1l-Variable 
X =2.14 
X .14 
x? .42 
TX =0.91673333 

  

      

You can also do the calculation using a spreadsheet. 

A computer store sells a specific type of laptop. The number of laptops sold 

each day is shown in Table 12.9. x is the potential number of laptops sold 

each day. The store would like to ensure that they have enough stock for all 

potential sales of laptops. 

Calculate the expected value of the demand and the standard deviation. 

I —————————————————————————————————— 

Solution 

E(X) = Y_xP(x) = 0 X 0.08 + 1 X 0.40 + 2 X 0.24 + 3 X 0.15 
+ 4 X0.08 + 5 X 0.05=1.90 

Var(X) = g2 = Y (x — pw)?P(x) 

=(0—192-0.08+ (1 — 192040 + 2 — 1.9)2-0.24 + --- 
+ (5 —1.9)2.0.05= 1.63 

Thus, o= 1.28 

A spreadsheet output and a sample of a GDC output are shown. 
  

  

  

  

  

  

x P6) | xP() | x—p | (-2 | (x— 2Pk 

0.08 0 =13 3.61 0.2888 

0.4 0.4 =05 0.81 0.324 

2 0.05 0.25 3.1 9.61 0.4805 

Totals 1 1.9 1.63               

Here is an example of a GDC output. 
  
1-vVariable 
X =1.9 
X =1.9 
Ix? =5.24     oX =1.27671453 
  

For the variance, we follow the same procedure as described earlier.



Example 12.6 

The Statistical Abstract of countries is usually published annually. One of the 

questions asks the country’s households to report the number of persons living 

in the household. Table 12.10 summarises the data for a certain country. 

(a) Develop the probability distribution of the random variable defined as 

the number of persons per household. 

(b) Find the probability that a randomly chosen household has 4 or more 

persons. 

(c) Calculate the expected value and standard deviation. Consider the last 

class tobe 7. 

R ————————————e—e————— 

Solution 

(a) The probability of each value of X is computed as the relative frequency. 

Divide each frequency by 116, producing the probability distribution 

shown in Table 12.11. 

(b) P(X = 4) = P(4) + P(5) + P(6) + P(7 or more) 
=0.140 + 0.062 + 0.023 + 0.012 = 0.237 

(c) We use a GDC. The expected value is 2.512 and the standard deviation is 

1.398. 

The following example will introduce you to the ideas discussed in the next 

section. 

Example 12.7 

What is the probability distribution of the discrete random variable X that 

counts the number of heads in four flips of a coin? 

| 

Solution 

‘We can derive this distribution if we make two reasonable assumptions: 

o The coin is balanced, so it is fair and each flip is equally likely to give H or T. 

 The coin has no memory, so flips are independent. 

The outcome of four flips is a sequence of heads and tails such as HTTH. 

There are 16 possible outcomes in all. The outcomes are listed here along 

with the value of X for each outcome. 

  

  

  

  

  

  

  

  

  

Number of | Nomber of 
PETSONS |y fillions) 

3 311 

2 38.6 

2 18.8 

4 16.2 

g 72 

6 237 

7 or more 14 

Total 116.0       

HTTH 

HTHT 

HIE THTH HHHT 

THTT HHTT HHTH 

EEE R THHT HTHH 

T TTTH TTHH THHH 

=0 Bxell = BXE) 

Table 12.10 Data for 
Example 12.6 
  

= P(x) 
0.268 

0.333 

0.162 

0.140 

0.062 

0.023 

7 0.012 

Total 1.000 

Table 12.11 Solution for 
Example 12.6 (a) 

  

  

  

  

  

  

o
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1-Variable 
%  =2.512 
5x  =2512 
Sx  =8264 
ox  =1.39780399 
sx  =1.39850341 
n  =1000 
  

Figure 12.4 Solution for 
Example 12.6 (c) 
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% P(x) 

0 0.0625 

1 0.25 

2 0.375 

3 0.25 

4 0.0625     

Table 12.12 Solution for 

Example 12.7 
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Probability distributions 

We can find the probability of each value of X from the outcomes we listed 

in the same way. Table 12.12 shows the results. 

However, the multiplication rule for independent events tells us that, for 

example, 

P(HTTH) = P(H) - P(T) - P(D) - P = 2. L. L L L _ 50675 

This is one case of X = 2, but there are 6 such cases, so 

il 
PO =2) =6 t—=10.375 ( ) 16 

1. Classify each of the following as discrete or continuous random variables. 

(a) The number of words spelled correctly by a student on a spelling test. 

(b) The amount of water flowing through the Niagara Falls per year. 

(c) The length of time by which a student is late to class. 

(d) The number of bacteria per ml of drinking water in Geneva. 

(e) The amount of carbon dioxide produced per litre of unleaded fuel. 

(f) The amount of a flu vaccine in a syringe. 

(g) The heart rate of a lab mouse. 

(h) The barometric pressure at the top of Mount Everest. 

(i) The distance travelled by a taxi driver per day. 

(j) Total score of football teams in national leagues. 

(k) Height of ocean tides on the shores of Portugal. 

(I) Tensile breaking strength (in newtons per square metre) of a 5cm 

diameter steel cable. 

(m) Number of overdue books in a public library. 

2. The amount of money students earn on their summer jobs is a random 

variable. 

(a) What are the possible values of this random variable? 

(b) Are the values countable? Explain. 

(c) Is there a finite number of values? Explain. 

(d) Is the random variable continuous? Explain. 

3. The mark on a maths test of 100 multiple choice questions is a random 

variable. 

(a) What are the possible values of this random variable? 

(b) Are the values countable? Explain. 

(c) Is there a finite number of values? Explain. 

(d) Is the random variable continuous? Explain.



4. An internet pharmacy advertises that it will deliver products that 

customers purchase in 3 to 6 days. The manager of the company wanted 

to be more precise in its advertising and recorded the number of days 

it took to deliver to a large number of customers. The table shows the 

probability distribution. 
  

No. of days 0 1 2 5 4 5 6 7 8 

Probability 0 0 0.01 | 0.04 | 0.28 | 0.42 | 0.21 | 0.02 | 0.02 

  

                        

What is the probability that a delivery will be: 

(a) made within the advertised period 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

(b) late 

(c) early? 

5. The manager of a bookstore recorded the number of customers who No. of 

arrive at checkout counters every 2 minutes during late afternoon hours customers | Probability 

and set up a probability distribution, shown in Table 12.13. 0 0.10 

(a) What is the probability that more than 2 customers arrive within 2 L 020 
minutes? 2 0.25 

(b) Calculate the mean and standard deviation of this random variable. 3 92 
4 0.20 

6. A random variable y has the probability distribution shown in Table 12.14. Table 12.13 Data for question 5 

(a) Find P(2). y P(y) 

(b) Construct a probability histogram for this distribution. 0 0.1 
1 0.3 

(c) Find pand o. 5 

(d) Locate the interval u + o-as well as u + 20 on the histogram. 3 0.1 

(e) We create another random variable Z = y + 1. Find p and o of Z. 4 0.05 

(f) Compare your results for (c) and (e) and generalise for Z = Y + b, = 005 
T Dhsalcontann ‘Table 12.14 Data for question 6 

7. A discrete random variable x can assume five possible values: 12, 13, 15, - P(x) 

18, and 20. Its probability distribution is shown in Table 12.15. 12 0.14 

(a) What is P(15)? 13 0.11 

(b) What is the probability that x equals 12 or 20? 12 
18 0.26 . = 180 

(c) What is P(x < 18)? % 023         
(d) Find E(x). Table 12.15 Data for question 7 

(e) Find V(x). 

(f) LetY = 0.5X — 4. Find E(Y) and V(Y). 

(g) Compare your results in (d), (e) and (f) and generalise for 

Y = aX + b, where a and b are constants. 
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Probability distributions 

  

  

  

  

  

  

= P(x) 8. Medical research has shown that a certain type of chemotherapy is 

0 0.002 successful 70% of the time when used to treat skin cancer. In a study to 

1 0029 check the validity of such a claim, researchers chose different treatment 

- centres and chose five of their patients at random. Table 12.16 shows 
2 0.132 T et 

g the probability distribution of the number of successful treatments for 

2 0.3 groups of five. 
4 0.360 . ) 
& bidi (a) Find the probability that at least two patients would benefit from the         

Table 12.16 Data for question 8 RS eE 
(b) Find the probability that the majority of the group does not benefit 

from the treatment. 

(c) Find E(x) and interpret the result. 

(d) Show that o(X) = 1.02. 

9. The probability function of a discrete random variable X is given by 

PX=x) = %forx =12,14,16,18 

Set up the table showing the probability distribution and find the 

  

  

  

  

  

      

value of k. 

X @ 10. X has probability distribution as shown in Table 12.17. 

5 3 (a) Find the value of k 
20 

o 7 (b) Find P(x > 10) 

5 (c) Find P(5 < x < 20) 

v I; (d) Find the expected value and the standard deviation. 

20 10 (€) Let Y = éx — 1. Find E(Y) and V(Y). 
13 25 13 

> 60 11. The discrete random variable x has probability function given by     
Table 12.17 Data for 

  

  

  

  

          

question 10 (i)fl e 

B(x)= 
L k x=7 

0 otherwise 

where k is a constant. Determine the value of k and the expected value of X. 

y P(Y=y) 12. Table 12.18 shows a probability distribution for a random variable y. 

0 0.1 (a) Find the value of k. 

1 0.11 (b) Find the expected value. 
2 k 

3 (k— 1) 13. A closed box contains eight red balls and four white balls. A ball is taken 

Table 12.18 Data for out at random, its colour noted, and then it is returned. This is done 

question 12 three times. Let X represent the number of red balls drawn. 

(a) Set up a table to show the probability distribution of X. 

(b) What is the expected number of red balls in this experiment? 
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14. Airlines sometimes overbook flights. Suppose for a 50-seat plane, 

55 tickets were sold. Let X be the number of ticketed passengers that 

show up for the flight. Table 12.19 shows the PMF for this flight, taken 

from the airline’s records. 

(a) Construct a CDF table for this distribution. 

(b) What is the probability that the flight will accommodate all ticketed 

passengers that show up? 

(c) What is the probability that not all ticketed passengers will have a 

seat on the flight? 

(d) Calculate the expected number of passengers who will show up. 

(e) Calculate the standard deviation of the passengers who will show up. 

15. A small internet provider has 6 telephone service lines operating 

24 hours daily. X is defined as the number of lines in use at any specific 

10-minute period of the day. The PMF of X is given in Table 12.20. 

(a) Constructa CDF table. 

(b) Calculate the probability that at most three lines are in use. 

(c) Calculate the probability that a customer calling for service will have 

a free line. 

(d) Calculate the expected number of lines in use. 

(e) Calculate the standard deviation of the number of lines in use. 

16. Some flashlights use one AA-type battery to work. The voltage in any new 

battery is considered acceptable if it is at least 1.3 volts. 90% of the AA 

batteries from a specific supplier have an acceptable voltage. Batteries are 

usually tested until an acceptable one is found. It is then installed in the 

flashlight. Let X be the number of batteries that must be tested. 

(a) Whatis P(1), i.e, P(X = 1)? 

(b) What is P(2)? 

(c) Whatis P(3)? 

(d) To have X = 5, what must be true of the 

(i) fourth battery tested 

(ii) fifth battery tested? 

(e) Use your observations above to obtain a general model for P(x). 

17. A biased dice with four faces is used in a game. A player pays 10 

counters to roll the dice. Table 12.21 shows the possible scores on the 

dice, the probability of each score and the number of counters the player 

receives in return for each score. 

Find the value of 7 for the player to get an expected return of 9 counters 

per roll. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          

  

  

  

  

  

X P(x) 

45 0.05 
46 0.08 

47 0.12 
48 0.15 

49 0.25 

50 0.20 

51 0.05 
52 0.04 

53 0.03 

54 0.02 

55 0.01 
Table 12.19 Data for 
question 14 

X P(x) 

0 0.08 

1 0.15 
2 0.22 

3 0.27 

4 0.20 

5 0.05 

6 0.03 

Table 12.20 Data for 
question 15 

5 
£ | %5, 
= i S| 5|28 3| & | E8S 
o) S e & 5 |z 8 
o e 3 
1 1 5 4 

1 
2 5 9 

3 L 15 5 
4 a1 

10 n           
Table 12.21 Data for 
question 17 
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Probability distributions 

The binomial distribution 

Examples of discrete random variables are abundant in everyday situations. 

However, there are a few discrete probability distributions that are widely 

applied and serve as models for a great number of the applications. One of 

them is the binomial distribution. 

  
Example 12.8 

A cereal company puts miniature figures in boxes of cornflakes to make 

them attractive for children and thus boost sales. The manufacturer claims 

that 20% of the boxes contain a figure. You buy three boxes of this cereal. 

What is the probability that you will get: 

(a) exactly three figures 

(b) exactly two figures 

(c) exactly two figures in five boxes? 

| 

Solution 

(a) To get three figures means that the first box contains a figure (0.20 

chance), as does the second (also 0.20), and the third (0.20). You want 

three figures; therefore, this is the intersection of three events and the 

probability is 0.20° = 0.008 

To get exactly two figures, the situation becomes more complicated. 

A tree diagram can help you visualise it better. 

(b 

box 1 box 2 box 3 
0.008 fff 

0032 [ffiin 

0032 ffuf 

0.128 fun 

0032 Wff 

0.128 nfn 

0.128  nnf 

  

0512 nnn 

Let f stand for figure, and n for no figure. There are three events of 

interest to us. Since we are interested in two figures, we want to see ffn, 

which has a probability of 

0.2 X 0.2 X 0.8=0.22 X 0.8 =0.032 

The other events of interest are fuf and nff with probabilities 

0.2 X 0.8 X 0.2=0.032and 0.8 X 0.2 X 0.2 = 0.032 
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Since the order of multiplication is not important, you see that the three 

probabilities are the same. These three events are disjoint, as can be seen 

from the tree diagram, and hence the probability of exactly two figures 

is the sum of the three numbers, 0.032 + 0.032 + 0.032 = 0.096. Of 

course, you may realise by now that it would be much simpler if you 

wrote 3(0.032), since there are three events with the same probability. 

(c) The situation is similar, of course. However, a tree diagram would not 

be useful in this case, as there is too much information to construct 

a sensible diagram. No matter how you succeed in finding a figure, 

‘whether it is in the first box, the second or the third, it has the same 

probability, 0.2. So, to have two successes (finding figures) in the 

five boxes, you need the other three to be failures (no figures) with a 

probability of 0.8 for each failure. Therefore, the chance of having a case 

like ffnnn is 0.2% X 0.8%. However, this can happen in several mutually 

exclusive ways. There are 10 ways: 

[ffnnn, fafnn, fanfn, fannf, nffnn, nnffn, nnnff, nfafn, nnfaf, nfanf 

The probability of having exactly two figures in five boxes is 

10 X 0.22 X 0.8° = 0.2048 

You can find experiments like this one in many situations. Flipping a coin is a 

simple example. 

Recall the experiment with flipping four coins and counting the number of 

heads in Example 12.7. 

The event of interest is the number of heads showing. Every coin has a 

probability of 0.50 to show heads and 0.50 to show tails. Take the case of X = 1. 

This means only one coin shows heads. The other three show tails. As you saw 

in Example 12.7, X = 1 corresponds to HTTT, THTT, TTHT, and TTTH. 

These simple events have probabilities 

0.5X0.5X0.5X%0.50.5 X 0.5 X 0.5 X 0.5 

0.5 X 0.5 X 0.5 X 0.5and 0.5 X 0.5 X 0.5 X 0.5 

As multiplication is commutative, then each can be written as 0.5 X 0.5 

Thus P(X = 1) = 4 X 0.5 X 0.5 

A binomial experiment has the characteristics: 
« The experiment consists of a fixed number of identical trials. We represent the number of 

trials by n. 

Each trial has one of two outcomes. We call one of them success, S, and the other failure, F. 

The probability of success on a single trial, p, is constant throughout the whole 
experiment. The probability of failure is 1 — p which is sometimes denoted by . 
Thatisp + g =1. 

The trials are independent, which means that the outcome of one trial does not affect the 
outcomes of any other trials. 
‘The random variable, X, of a binomial experiment is defined as the number of successes 
possible in the  trials. Thatis X = 0,1,2, ..., . 

The number 10 is 
known as the binomial 
coefficient, which 
comes from Pascal’s 
triangle . This is also 
the combination of two 
events out of five. You 
can use a GDC to find 

this number. 

Another very common 
example is opinion 
polls that are conducted 
before elections and 
used to predict voter 
preferences. Each 
sampled person can 
be compared to a coin 
- but a biased coin! 
A voter you sample in 
favour of your candidate 
can correspond to either 
ahead oratail ona 
coin. Such experiments 
all exhibit the typical 
characteristics of the 
binomial experiment. 
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You can use your GDC 
to do calculations with 

this formula. 

[BinomialPD(2,5,0,2) 
0.2048 

  

      

  

Binomial      
ist 

Numtrial 0 
p 0.1 
Save Res:None 
Execute 

[List]var] 

  

  

  

Binomial P.D 
1 
2 
3 
1 
5 

Figure 12.5 List of probabilities 
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3674 
1937 

0. 
0. 
0.0573 
0.0111 

0.3486784401       

Probability distributions 

In Example 12.8, we started with n = 3, p = 0.2, and asked for the probability 

of two successes, i.e., x = 2. In the second part we have n = 5. 

Imagine repeating a binomial experiment 7 times. If the probability of success 

is p, then the probability of having x successes is pppp..., x times (or p¥), 

because the order is not important, as we saw before. However, to have exactly 

X successes, the other n — x trials must be failures, that is, with probability of 

449499..., (n — x) times; g" 

This is only one order (combination) where the successes happen the first 

x times and the rest are failures. We have to count the number of orders 

(combinations) possible. This is given by the binomial coefficient "C.. 

Suppose that a random experiment can result in two possible mutually exclusive and collectively 
exhaustive outcomes, success and failure, and that p is the probability of a success in a single 
trial. When n independent trials are carried out, the distribution of the number of successes x is 
called the binomial distribution. Its probability distribution function for the binomial random 
variable x is: 

P(x successes in 7 independent trials) = P(x) = "C,p*(1 — )"~ ="C,p*q"~* forx = 0, 
52 e 

(You GDC is capable of giving answers to such calculations and thus, there is no need to 
remember this formula.) 

‘The notation used to indicate that a variable has a binomial probability distribution with n 
trials and probability of success p is: X ~ B(n, p) 

Example 12.9 

A computer shop orders its laptops from a supplier, which has a rate of 

defective items of 10%. The shop usually takes a sample of 10 laptops and 

checks them for defects. If they find two laptops are defective, they return 

the shipment. What is the probability that their random sample will contain 

two defective computers? 

| 

Solution 

We will consider this to be a random sample and the shipment large enough 

to render the trials independent of each other. The probability of finding 2 

defective computers in a sample of 10 is given by 

P(x = 2) = 1%,0.120.9'"2 = 45 X 0.01 X 0.43047 = 0.194 

Of course, it is a daunting task to do all the calculations by hand. A GDC can 

do this calculation for you. You need to learn how your GDC performs such 

calculations. Samples from two GDCs are shown. 
  

  

(10 nCr 2)*.1?*,| [Binomial P.D 
98 p=0.19371024 

.1937102445 
      

      

Using a spreadsheet, you can also produce this result or even a set of 

probabilities covering all the possible values. 

Similarly, a GDC can also give you a list of the probabilities , as in Figure 12.5.



Like other distributions, when you look at the binomial distribution, you want 

to look at its expected value and standard deviation. 

Using the formula we developed for the expected value, >_xP(x), we can of 

course add xP(x) for all the values involved in the experiment. The process 

would be long and tedious for something we can intuitively know. For example, 

in Example 12.9, if we know that the rate of defective laptops is 10%, then it is 

natural to expect to have 10 X 0.1 = 1 defective laptop. 

If we have 100 computers with a defect rate of 10%, how many would you 

expect to be defective? Can you think of a reason why it would not be 10? 

The expected value of the successes in the binomial is actually nothing but the 

number of trials # multiplied by the probability of success, i.e., np. 

The binomial probability model 
= number of trials 

P = probability of success, g = 1 — p = probability of failure 
x = number of successes in 1 trials 
B(x)'="C,p*(1'= p)**="C,p=q" % forx=0,1,2,...,n 
Expected value = u = np 
Variance = 0 = npg, 0 = |/npq   

So, in the defective laptops case, the expected number of defective items in the 

sample of 10is np = 10 X 0.1 = 1 

And the standard deviation is o = \/npq = V10 X 0.1 X 0.9 = 0.949 

Example 

|
 

A study to examine the effectiveness of advertising on the internet reported that 

4 out of 10 surfers remember advertisement banners after they have seen them. 

(a) 20 surfers are chosen at random and shown an advertisement. 

What is the expected number of surfers that would remember the 

advertisement? 

(b) What is the chance that 5 of those 20 will remember the advertisement? 

(c) What is the probability that at most 1 surfer would remember the 

advertisement? 

(d) What is the chance that at least 2 surfers would remember the 

advertisement? 

] 

Solution 

(a) X~ B(20,0.4). The expected number is 20 X 0.4 = 8 
We expect 8 of the surfers to remember the advertisement. Notice on 

the histogram that the area of the tallest bar, in red, corresponds to the 

expected value 8. 

(b) P(5) = %C,0.4°(0.6)"° = 0.0746 

Or see the output from a GDC. This area is shown in the histogram as Binogig% e 
the green area. 

  

      

Figure 12.6 GDC output 
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You will not be required 
to perform calculations 
manually. A GDC can 

produce the values 
requested. 

  

Binomial C.D 
Data iVariable 

  

  

  

Binomial C.     D 
p=0.99258706 
  

Figure 12.7 GDC solution to 
Example 12.11 (a) 
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Probability distributions 

(¢) P(x=<1) = P(x = 0) + P(x = 1)= 0.000524 

(d) P(x=2) =1 — P(x < 1) = 1 — 0.000524 = 0.999475 

Histogram of web surfers 

0.20 -4‘ 

  

= &   

  

  

Pr
ob
ab
il
it
y 

o S 
  | 0.0746   

= o S                   
  = 2 8 

  

Number of surfers 

  

The cumulative binomial distributio 

The cumulative distribution function F(x) of a random variable X expresses the 

probability that X does not exceed the value x. That is 

Fx) =PX=x) = P(y) ) 2P 
So, for the binomial distribution, the cumulative distribution function (CDF) is 

given by 

Fx)=PX<x)= > P()= > "Cprq"” 
yrEx Fr=x 

The cumulative distribution is very helpful when we need to find the 

probability that a binomial variable assumes values over a certain interval. 

In a large shipment of light bulbs, 4% of the bulbs are defective. In a sample of 

20 randomly selected bulbs from the shipment, what is the probability that: 

(a) there are at most three defective bulbs 

(b) there are at least six defective bulbs. 

Solution 

(a) This can be considered as a binomial distribution with » = 20 and p = 0.04 

‘We need P(x < 3), which we can calculate either by finding the 

probabilities for x = 0, 1, 2, and 3, and then adding them, or by using 

the cumulative distribution function. In both cases, we will use a GDC. 

As you can see in Figure 12.7, using the CDF is a much more straight 

forward procedure. P(x < 3) = 0.993



(b) Here we need P(X = 6). The first approach is not feasible at all as we 

would need to calculate 15 individual probabilities and add them. 

However, setting the problem as a complement and then using the 

cumulative distribution is much more efficient. 

P(X=6)=1-P(X<6)=1- P(X<5)=0.000098 

Jim is a student taking a statistics course. Unfortunately, Jim is not a ‘wise’ 

student. He does not read the textbook before and after class, does not do 

homework, and regularly misses class. Jim is about to take a quiz. He decides 

to rely on mere luck to pass this quiz. The quiz consists of 10 multiple choice 

questions. Each question has four possible answers, only one of which is 

correct. He plans to guess the answer to each question. 

(a) What is the probability that Jim gets all answers wrong? 

(b) What is the probability that he gets 3 answers correct? 

(c) What is the probability that he gets at most 3 answers correct? 

d) To pass the quiz, Jim must have at least 6 answers correct. What is the D d| 
probability that he passes the quiz? 

Solution 

The situation can be modelled by a binomial distribution with success being 

guessing an answer correctly with a probability p = i =0.25 

Hence, the probability of getting it wrong is 0.75. 

(a) To get all answers wrong is therefore 0.75'° = 0.0563. There is no need 

to resort to the binomial commands. However, you will receive the same 

answer if you use a GDC. 

(b) This is equivalent to asking for 3 successes out of 10 trials, 

P(X = 3) = 0250 
(c) This is a cumulative probability up to 3 successes, P(X < 3) = 0.776 

(d) This is another cumulative probability with lower limit of 6. 

We can get this probability by considering the event to be the 

complement of ‘at most 5, P(X = 6) = 1 — P(X < 5) = 0.0197 

[5G (TR PR 

1. Consider the binomial distribution X ~ B(5, 0.6) 

(a) Make a table for this distribution. 

(b) Graph this distribution. 

(c) Find the mean and standard deviation in two ways: 

(i) using the formula 

(ii) using the table of values you created in part (a). 

  

1-binomed£ (20,0.04,5)) 
9.765401703E-5 
  

  

    

OR 

Binomial C.D 
Data  :Variable 
Lower  :6 
Upper 
T 
P 
Save Res:None 
  

  

Binomial C.D 
P=9.7654:-05       

Figure 12.8 GDC solution to 
Example 12.11 (b) 

  

BinomialPD(0,10,0.25 
0.05631351471] 
  

  

BinomialPD(3,10,0.25 
0.2502822876 
  

  

Binomialcd(3,10,0.25 
0.7758750916 
  

  

1-BinamialCD(5,10,0. 
0.01972770691] 

BinomialcD(6, 10,10, . 
0.01972770691]       

Figure 12.9 GDC solutions to 
Example 12.12 
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Probability distributions 

2. A poll of 20 adults is taken in a large city. The purpose is to determine 

whether they support banning smoking in restaurants. It is known 

that approximately 60% of the population supports the decision. Let x 

represent the number of respondents in favour of the decision. 

(a) What is the probability that 5 respondents support the decision? 

(b) What is the probability that none of the 20 supports the decision? 

(c) What is the probability that at least 1 respondent supports the 

decision? 

(d) What is the probability that at least two respondents support the 

decision? 

(e) Find the mean and standard deviation of the distribution. 

3. Consider the binomial random variable with n = 6 and p = 0.3. 

(a) Copy Table 12.22 and fill in the probabilities. 

(b) Copy and complete the following table. Some cells have been filled 

in to guide you. 
  

  

  

  

  

Numberof |Listthe | Weiethe | pxpiginir, | Findthe 
successesx | valuesofx | PP iy o0qeq” | required statement probability 

6 At most 3 
Table 12.22 Table for 

question 3 (a) Atleast 3 

More than 3 45,6 P(x>3) |1-P(x=<3)| 007047 
  

Fewer than 3 

  

Between 3 and 

5 (inclusive) 
  

Exactly 3             
  

4. Repeat question 3 with n = 7 and p = 0.4 

5. A box contains 8 balls: 5 are green and 3 are white, red and yellow. Three 

balls are chosen at random without replacement, and the number of 

green balls y is recorded. 

(a) Explain why y is not a binomial random variable. 

(b) Explain why, when we repeat the experiment with replacement, then 

y is a binomial random variable. 

(c) Give the values of n and p and display the probability distribution in 

tabular form. 

(d) What is the probability that at most 2 green balls are drawn? 

(e) What is the expected number of green balls drawn? 

(f) What is the variance of the number of balls drawn? 

(g) What is the probability that some green balls will be drawn? 
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6. On a multiple-choice test, there are 10 questions, each with 5 possible 

answers, one of which is correct. Nick is unaware of the content of the 

material so he guesses on all questions. Find: 

(a) the probability that Nick does not answer any question correctly 

(b) the probability that Nick answers at most half of the questions 

correctly 

(c) the probability that Nick answers at least one question correctly. 

(d) How many questions should Nick expect to answer correctly? 

7. Houses in a large city are equipped with alarm systems to protect them 

from burglary. A company claims their system to be 98% reliable. That is 

it will trigger an alarm in 98% of the cases. In a certain neighbourhood, 

10 houses equipped with this system experience an attempted burglary. 

Find the probability that: 

(a) all the alarms work properly 

(b) at least half of the houses trigger an alarm 

(c) at most 8 alarms will work properly. 

8. Harry Potter books are purchased by readers of all ages. 40% of 

Harry Potter books were purchased by readers 30 years of age or older. 

15 readers are chosen at random. Find the probability that: 

(a) atleast 10 of them are 30 years or older 

(b) 10 of them are 30 or older 

(c) atmost 10 of them are younger than 30. 

9. A factory makes computer hard disks. Over a long period, 1.5% of them 

are found to be defective. A random sample of 50 hard disks is tested. 

(a) Write down the expected number of defective hard disks in the 

sample. 

(b) Find the probability that three hard disks are defective. 

(c) Find the probability that more than one hard disk is defective. 

10. Car colour preferences change over time and according to the area the 

customer lives in and the car model he/she is interested in. In a certain 

city a large dealer of one brand of cars noticed that 10% of the cars sold 

are metallic grey. Twenty of his customers are selected at random, and 

their car orders are checked for colour. 

(a) Find the probability that: 

(i) atleast5 cars are metallic grey 

(ii) at most 6 cars are metallic grey 

(iii) more than 5 are metallic grey 

(iv) between 4 and 6 are metallic grey 

(v) more than 15 are not metallic grey. 
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11 

128 

i3k 

14. 

158 

(b) In a sample of 100 customer records, find: 

(i) the expected number of metallic grey car orders 

(ii) the standard deviation of metallic grey car orders. 

According to the empirical rule, 95% of the orders of metallic grey 

orders are between a and b. 

(c) Findaand b. 

Owners of dogs in many countries buy health insurance for their dogs. 

3% of all dogs have health insurance. In a random sample of 100 dogs in 

a large city find: 

(a) the expected number of dogs with health insurance 

(b) the probability that five of the dogs have health insurance. 

(c) the probability that more than ten dogs have health insurance. 

A balanced coin is flipped five times. Let x be the number of heads observed. 

(a) Using a table, construct the probability distribution of x. 

(b) What is the probability that no heads are observed? 

(c) What is the probability that all flips are heads? 

(d) What is the probability that at least one head is observed? 

(e) What is the probability that at least one tail is observed? 

(f) Another coin is unbalanced so that it shows 2 heads in every 10 flips. 

Repeat questions (a)-(e) for this coin. 

‘When John throws a stone at a target, the probability that he hits the 

target is 0.4. 

He throws a stone 6 times. 

(a) Find the probability that he hits the target exactly 4 times. 

(b) Find the probability that he hits the target for the first time on his 

third throw. 

On a television channel the news is shown at the same time each day. 

The probability that Alice watches the news on a given day is 0.4. 

Calculate the probability that on five consecutive days, she watches the 

news on at most three days. 

A satellite relies on solar cells for its power and will operate provided that 

at least one of the cells is working. Cells fail independently of each other, 

and the probability that an individual cell fails within one year is 0.8 

(a) For a satellite with ten solar cells, find the probability that all ten 

cells fail within one year. 

(b) For a satellite with ten solar cells, find the probability that the 

satellite is still operating at the end of one year. 

(c) For a satellite with n solar cells, write down the probability that 

the satellite is still operating at the end of one year. Hence, find the 

smallest number of solar cells required so that the probability of the 

satellite still operating at the end of one year is at least 0.95



Continuous distributions - the normal 

distribution 

When a random variable X is discrete, you assign a positive probability to each 

value that X can take and get the probability distribution for X. The sum of all 

the probabilities associated with the different values of X is 1. 

A continuous random variable is a random variable whose values are not countable. A 
continuous random variable can assume any value over an interval or intervals. 

Because the number of values contained in any interval is infinite, the possible T 

number of values that a continuous random variable can assume is also infinite. that the life of a battery, 

Moreover, we cannot count these values. heights of people, time 
taken to complete a 

In a study of the growth of 12-month old children in a large city, the heights task, amount of milk in 

of 5000 children were recorded. X is the continuous random variable that aglass, and weights of 
babies are all examples 

represents the heights of these children in centimetres. Table 12.23 lists the P —— 
frequency and relative frequency (Probability) distributions of X. variables. 

The relative frequencies given in Table 12.23 can be used as the probabilities of 

the respective classes. 
  

  

  

  

  

  

  

  

  

  

  

  

  

Height of child X (m) | Frequency | Probability 
60 =x <61 90 0.018 

6l =x<62 170 0.034 

62=<=x<63 460 0.092 

63 =x<64 750 0.150 

64 =x<65 970 0.194 

65 = x <66 760 0.152 

66 =x <67 640 0.128 

67 =x<68 440 0.088 

68 = x <69 320 0.064 

69=x<70 220 0.044 

70=sx<71 180 0.036 

N = 5000 Sum = 1.0           
Table 12.23 Relative frequencies as probabilities 

Figure 12.10 displays the histogram and polygon for the relative frequency 

distribution of Table 12.23. 

Figure 12.11 shows the smoothed polygon for the data of Table 12.23. 
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60 61 62 63 64 65 66 67 68 69 70 71 60 61 62 63 64 65 66 67 68 69 70 71 

Figure 12.10 Histogram and polygon Figure 12.11 Smoothed polygon 
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Let X be a continuous 
random variable. 
‘The probability 

density function, 
(%), of the random 

variable is a function 
with the following 

characteristics: 

« fix) > 0 forall values 
of X 

« The probability that 
X assumes a value in 

any interval lies in 
therangeOto 1. 

« The total probability 
of all the (mutually 
exclusive) intervals 
within which x can 

assume a value is 1.0. 

+ Suppose this density 
function is graphed. 
Letaand bbe two 

possible values of the 
random variable X, 

with @ < b. Then the 
probability that x lies 

between a and b, 
P(a<x <b),isthe 

area under the density 
function between these 

points. 

a b 

Figure 12.14 Shaded area gives the probability 
Pa<x=b) 

65 68 

Probability distributions 

The smoothed polygon approximates the probability distribution curve of the 

continuous random variable X. Note that each class in Table 12.23 has a width 

equal to 1 cm. If the width of classes is more than 1 unit, we first calculate the 

relative frequency densities and then graph these relative frequency densities 

to obtain the distribution curve. The relative frequency density of a class is 

obtained by dividing the relative frequency of that class by the class width. 

The relative frequency densities are calculated to make the sum of the areas of 

all rectangles in the histogram equal to 1.0. The probability distribution curve 

of a continuous random variable is also called its probability density function. 

The second characteristic in the key point box states that the area under the 

probability distribution curve of a continuous random variable between any 

two points is between 0 and 1, as shown in Figure 12.12. The third characteristic 

indicates that the total area under the probability distribution curve of a 

continuous random variable is always 1.0, or 100%, as shown in Figure 12.13. 

  

x=a x=b x X 

Figure 12,12 Shaded area is between 0 and 1 Figure 12.13 Shaded area is 1.0 or 100% 

The fourth characteristic, the probability that a continuous random variable X 

assumes a value within a certain interval is given by the area under the curve 

between the two limits of the interval, is shown in Figure 12.14. The shaded 

area under the curve from a to b in this figure gives the probability that x falls 

in the interval a to b; that is, 

Pla=<x=<1b) = areafromatob. 

Note that the interval @ < x < b states that x is greater than or 
equal to a but less than or equal to b. 

Reconsider the example on children’s heights. The probability 

% that the height of a randomly selected child lies in the interval 

65cm to 68 cm is given by the area under the distribution curve 

of the heights of children from x = 65 to x = 68, as shown in 

Figure 12.15. This probability is written as 

P(65 = x = 68) 

which states that x is greater than or equal to 65 but less than or 

equal to 68. 

For a continuous probability distribution, the probability is 

always calculated for an interval. 

For example, in Figure 12.15, the interval representing the shaded 

area is from 65 to 68. Consequently, the shaded area in that figure 
Figure 12.15 Shaded area gives the probability gives the probability for the interval 65 < x < 68 
P(65 = x = 68) 
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The probability that a continuous random variable x assumes a single value 

is always zero. This is so because the area of a line, which represents a single 

point, is zero. For example, if x is the height of a randomly selected child, then 

the probability that this child is exactly 67 cm tall is zero; that is, 

Px=67)=0 

This probability is shown in Figure 12.16. Similarly, the probability 

for X to assume any other single value is zero. 
P(x = 67) = 0 

In general, if a and b are two of the values that X can assume, then 

P(a) = 0and P(b) = 0 

  

67 x 

From this we can deduce that for a continuous random variable, Figure 12.16 Probability of a single value is zero 

Pasxs=b=Pla<x<b 

In other words, the probability that x assumes a value in the interval a to b is 

the same whether or not the values a and b are included in the interval. 

Pla<x<b)=Pla<x<b)=Pla<x<b)=Pla<x<bh) 

  

  

This example is only meant to clarify the concept Area = probability that 
and will not be on any examination for IB/SL. a female has height 

‘The graph shows a model for the PDF ffor a A St cOcandizztn 
random variable X defined to be the height, in cm, 
of an adult female in Spain. The probability that 
the height of a female chosen at random from this 
population is between 160 cm and 175 cm is equal 
to the area under the curve between 160 and 175. 

The function represented here is 
T 

75e 5 e M| 
f)= [ S\de 160 175 X 

‘This is not an integral you can calculate exactly. So, we usea T = 
GDCto zppmxim:l:‘ it ! [ SRR ) 

0.8185946141     So, the chance of choosing a female at random with a height 
between 160 cm and 175 cm is approximately 81.9%. 

  

The normal distributiol 

  

Continuous probability distributions can assume a variety of forms. Here we 

will focus on one distribution - the normal probability distribution. 

The normal distribution is one of the many probability distributions that 

a continuous random variable can possess. The normal distribution is the 

most important and most widely used of all probability distributions. A large 

number of phenomena in the real world are normally distributed either exactly 

or approximately. The continuous random variables representing heights and 

masses of people, scores on an examination, masses of packages (e.g., cereal 

boxes, boxes of cookies), amount of milk in a bottle, life of an item (such as a 

light-bulb or a television set), and time taken to complete a certain job have all 

been observed to have a (approximate) normal distribution. 
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Probability distributions      

     

  

Standard 

deviation = o 

Mean = x 

Figure 12.17 Bell-shaped curve 
The shaded area 

is 1.0 or 100% 

X 

Each of the shaded 

areas is 0.5 or 50% 

" % 

Figure 12.18 The curve is symmetric about 
the mean 

W * 

Figure 12.19 The shaded regions 
are virtually zero 

    

Figure 12.20 The curves have the 
same mean but different standard 
deviation 

  

Figure 12.21 The curves have 
different means but the same 
standard deviation 
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The normal probability distribution or the normal curve is a bell-shaped 

(symmetric) curve. Such a curve is shown in Figure 12.17. Its mean is 

denoted by w and its standard deviation by o. A continuous random 

variable X that has a normal distribution is called a normal random 

variable. Note that not all bell-shaped curves represent a normal 

distribution curve. Only a specific kind of bell-shaped curve represents a 

normal curve. 

The graph of a normal probability distribution is a bell-shaped curve with 

the following characteristics: 

« The total area under the curve is 1.0. 

« The curve is symmetric about the mean. These areas are shown in 

Figure 12.18. 

The two tails of the curve extend indefinitely in both directions 

without touching or crossing the horizontal axis. Although a normal 

distribution curve never meets the horizontal axis, beyond the points 

represented by . — 3o-and p + 30 it becomes so close to this axis that 

the area under the curve beyond these points in both directions can be 

taken as virtually zero (Figure 12.19). 

The mean, u, and the standard deviation, o, are the parameters of the normal 

distribution. Given the values of these two parameters, we can find the area 

under a normal distribution curve for any interval. Remember, there is not 

just one normal distribution curve but a family of normal distribution curves. 

Each separate set of values of y and o gives a different normal distribution. 

The value of 1 determines the centre of a normal distribution curve on 

the horizontal axis, and the value of o gives the spread of the normal 

distribution curve. The three normal distribution curves in Figure 12.20 

have the same mean but different standard deviations. By contrast, the 

three normal distribution curves in Figure 12.21 have different means but 

the same standard deviation. 

Like the binomial probability distribution, the normal probability 

distribution can also be expressed by a mathematical equation. However, 

we will not use this equation to find the area under a normal distribution 

curve. Instead, we will use a GDC or software to do the calculations. 

Historically tables were used, but they are becoming obsolete with the ability of calculators to 
produce more accurate values. 

‘When a variable is normally distributed, we write: X ~ N(u, 0?) 

Although there are many normal curves, they all have common 

properties. Here is one important property. 

‘The empirical rule states that in the normal distribution with mean ¢ and standard deviation o: 
«  approximately 68% of the observations fall within o of the mean y 

« approximately 95% of the observations fall within 20 of the mean 
« approximately 99.7% of the observations fall within 3¢ of the mean



Figure 12.22 illustrates this rule. Later in this section, you will learn how to find 

these areas from your GDC. 

Heights of young German men between 18 and 19 years of age follow a 

distribution that is approximately normal with mean 181 cm with a standard 

deviation of approximately 8 cm. Describe this population of young men. 

—— < - > 

  

Solution Figure 12.22 Empirical rule 

According to the empirical rule, we find that approximately 68% of those 

young men have a height between 173 cm and 189 cm, 95% of them between 

165 cm and 197 cm, and 99.7% between 157 cm and 205 cm. Looking further, 

you can say that only 0.15% are taller than 205 cm or shorter than 157 cm. 

Calculations using the normal distributio 

To find the probability that a normal variable X lies in the interval a to b, we need 

to find the area under the normal curve N(u, 0®) between the points a and b. 

  

  

In Example 12.13, if we are interested in the Normal C.D 
: 5 Upper 1189 

proportion of young German men whose height o 8 
:181 

    
is between 173 cm and 189 cm, a GDC can give the 

answer in several ways, as shown in Figure 12.23. 
None 

Loml 0 
6826894921 

  

      
That is P(173 < x < 189) = 0.683 or 68.3% which 

is a slightly more accurate value than the 68% we 

have with the empirical rule. 

  

re 1223 Proportion of young German men whose height is 
between 173 cm and 189.cm 

  

   Normal C.D 
P 

Figure 12.24 shows the other two probabilities given by the empirical rule: Z:Low b 2013 
Z:Up =2 
  P(165 < x < 197) = 0.954 or P(157 < x < 205) = 0.997 
  

Normal C.D 
= =0.9973002   Furthermore, if we want to find the chance that a young German man is taller L. 

(shorter) than 175 cm, perform similar calculations putting the upper limit Z:Up =3 

much higher than 3 standard deviations above (below) the mean. 

  

  

Figure 12.24 Calculations for 

For demonstration purposes we used 300 (alternatively 100). The use of 100 or the empirical rule 
  300 is arbitrary. You can choose other values. Normal C.D 
P =0.77337264 

That is P(x = 175) = 0.773 and P(x < 175) = 0.227, as in Figure 12.25. Z:Low =-0.75 
  

Notice here that P(x =< 175) + P(x = 175) = 1.0 as expected.   

Normal C.D 
B =0.22662735 

    Z:Low =-10.125       You may notice that in most GDC outputs there are values corresponding to a variable z, Z:Up =-0.75 
which is the standard normal variable corresponding to any normal value we have. z 
expresses the deviation of any normal variable from its mean as a multiple of the standard Figure 12.25 P(x = 175) or 

= P(x = 175) 7 
deviation and is calculated using the formula z = —   
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Normal C.D 

ariable    
  

  
Normal C.D 
4 .72574688 

9.8    Z:Low 
Z:Up     
  
Normal C.D 
Data 
Lower 
Upper 
  

  
Normal C 
P 
Z:Low 
Z:Up 

  

  

  
Normal C.D 
Data 
Lower 
Upper 

  

  

  
Normal C.D 
P .76058808 

  

Z:Low 
Z:Up 

  

-4       

Figure 12.26 GDC screens for 

the solution to Example 12.14 

  
Inverse Normal 

   
   

Data :Variable 
Tail eft 
Area .95 
a 8 

1181 
Save Res:None 
  
  
Inverse Normal 
xInv=194.158829       

Figure 12.27 Using invNorm 

onaGDC 
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Probability distributions 

Example 1 

The age of graduate students in engineering programs throughout the USA 

is normally distributed with mean p = 24.5 years and standard deviation 

o = 2.5 years. 

A student is chosen at random. 

(a) What is the probability the student is younger than 26 years old? 

(b) What proportion of students is older than 23.7 years? 

(c) What percentage of students is between 22 and 28 years old? 

e 

Solution 

If we let X = age of students, then X ~ N(u = 24.5, 0> = 6.25) 

(a) To answer this, we need P(x < 26) 

P(x < 26) = 0.726 
See the first two screens of Figure 12.26. Notice here that we put 0 as a 

lower limit. You can put a number as a lower limit far enough from the 

mean to make sure you are receiving the correct cumulative distribution. 

Remember to put the standard deviation of 2.5. 

(b) This can be done similarly, we need P(x > 23.7), 

P(x > 23.7) = 0.626 
See the middle two screens of Figure 12.26. Also notice here that we 

wrote 100 as an upper limit, which is an arbitrary number far enough to 

the right to be sure we include the entire population. 

(¢) P(22 < X < 28) = 0.761 (last two screens of Figure 12.26) 

The inverse normal distributi 

Another type of problem arises in situations similar to the one above when we 

are given a cumulative probability and would like to find the value in our data 

that has this cumulative probability. For example, what height marks the 95th 

percentile? That is, what height is taller than or equal to 95% of the population? 

To answer this question, we need to reverse our steps. So far, we have been 

given a value and then looked for the area corresponding to it. Now, we are 

given the area, and we have to look for the number. That is why this is called 

the inverse normal distribution. 

That is, we need to find k such that P(x < k) = 0.95 

You can use a GDC. The process is identical to the normal calculation. 

Just choose invNorm instead. 

From Figure 12.27, 95% of the young German men are shorter than 194.16 cm.



Since November 2007, the average time it takes fast trains (Eurostar) to 

travel between London and Paris is 2 hours 15 minutes with a standard 

deviation of 4 minutes. Assume a normal distribution. 

(a) What is the probability that a randomly chosen trip will take longer than 

2 hours and 20 minutes? 

(b) What is the probability that a randomly chosen trip will be shorter than 

2 hours and 10 minutes? 

(c) What is the IQR of a trip on these trains? 

(d) 5% of trips take longer than time ¢. Find . 

L 

Solution 

‘We will do each problem using a GDC. We will use hours as a unit. So, 

minutes are changed into decimal by dividing by 60. The mean u = 2.25 and 

a = 0.0667 

(a) 2 hours 20 minutes = 2.333 

Using your GDC, P(x > 2.333) = 0.1067 

(b) 2 hours 10 minutes = 2.167 

P(x <2.167) = 0.1067 

(c) To find IQR, we need to find Q, and Q ;. 

Q, is the number that leaves 25% of the data before it. Q ; is the number 

that leaves 75% of the data before it. So, we need to find the inverse 

normal variable that has an area of 0.25 or 0.75 before it. 

Using a GDC and the inverse normal, we find that Q , = 2.205 and 

Q,=2295 
IQR = 2.295 — 2.205 = 0.090 of an hour, i.e., 5.4 minutes. 

5% is the area under the normal curve in the tail to the right of . Thus, t 

is the number that has an area of 0.95 before it. So, to find ¢, we need to 

use the inverse normal. 

Using a GDC and the inverse normal, we find that t = 2.3597, that is 

2 hours and 22 minutes (to the nearest minute). 

(d 

Exercise 1 

1. The time the batteries of your GDC last is approximately normal with 

mean 50 hours and standard deviation of 7.5 hours. 

Find the probability that your newly equipped GDC will last: 

(a) atleast 50 hours (b) between 50 and 75 hours 

(c) less than 42.5 hours (d) between 42.5 and 57.5 hours 

(e) more than 65 hours (f) 47.5 hours 
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Probability distributions 

2. Find each probability. 

(a) P(x < 3.7), where X ~N(3, 3) 

(b) P(x > —3.7), where X ~ N(3, 3) 

3. A car manufacturer introduces a new model that has a fuel consumption 

of 11.4 litres per 100 km in urban areas. Tests show that this model has a 

standard deviation of 1.26 litres per 100 km. The distribution is assumed to 

be normal. 

A car is chosen at random from this model. 

(a) What is the probability that it will have consumption less than 

8.4 litres per 100 km? 

(b) What is the probability that the consumption is between 8.4 and 

14.4 litres per 100 km? 

4. The assembly times in a factory for a racing car toy follow a normal 

distribution with a mean of 55 minutes and a standard deviation of 

4 minutes. The factory closes at 5 p.m. every day. If one worker starts 

to assemble a racing car at 4 p.m., what is the probability that she will 

finish this job before the company closes for the day? Shade the area 

corresponding to your answer on a normal distribution sketch. 

5. A manufacturer produces apple juice. The filling machines are adjusted 

to pour 360 cc of juice into each 360 cc bottle. However, the actual 

amount of juice poured into each bottle is not exactly 360 cc; it varies 

from bottle to bottle. It has been observed that the net amount of juice 

in such a bottle has a normal distribution with a mean of 360 cc and a 

standard deviation of 0.45 cc. 

(a) What is the probability that a randomly selected bottle contains 

359.1 cc to 359.7 cc of juice? 

(b) What percentage of the juice bottles contain 360.6 cc to 362.1 cc of juice? 

6. The scores on a public schools” examination are normally distributed 

with a mean of 550 and a standard deviation of 100. 

(a) What is the probability that a randomly chosen student from this 

population scores below 400? 

(b) What is the probability that a student will score between 450 and 650? 

() What score should you have in order to be in the 90th percentile? 

(d) Find the IQR of this distribution. 

7. A company producing and packaging sugar for home consumption put 

labels on their sugar bags noting the mass to be 500 g. Their machines 

are known to fill the bags with masses that are normally distributed 

with a standard deviation of 5.7 g. A bag that contains less than 500 g is 

considered to be underweight. 

(a) The company decides to set their machines to fill the bags with a 

mean of 512 g. What fraction will be underweight? 

(b) Bags that have a mass more than 525 g are considered a loss to the 

company. What percent of the bags are considered a loss? 
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In a large school, heights of students who are 13 years old are normally 

distributed with a mean of 151 cm and a standard deviation of 8 cm. 

Find the probability that a randomly chosen student is: 

(a) shorter than 166 cm 

(b) within 6 cm of the mean. 

. The time it takes Kevin to get to school every day is normally distributed 

with a mean of 12 minutes and 2 minutes standard deviation. Estimate 

the number of days when he takes: 

(a) longer than 17 minutes 

(b) less than 10 minutes 

(c) between 9 and 13 minutes. 

There are 180 school days in Kevin's school year. 

The life span of a calculator manufactured by a major company has a 

normal distribution with a mean of 54 months and a standard deviation 

of 8 months. The company guarantees that any calculator that starts 

malfunctioning within 36 months of the purchase will be replaced by a 

new one. About what percentage of calculators made by this company 

are expected to be replaced? 

Consider the normal distribution with mean 56 and standard deviation 

2. Find the values of two numbers a and b in this distribution that are 

symmetric with respect to the mean and enclose an area of 0.90 between 

them as shown in Figure 12.28. 

Consider the normal distribution with mean 72 and standard deviation 

3. Find the values of two numbers a and b in this distribution that are 

symmetric with respect to the mean and enclose an area of 0.80 between 

them. 

Consider the normal distribution with mean 72 and standard deviation 

3. Find the values of two numbers a and b in this distribution that are 

symmetric with respect to the mean so that the interval [a, b] leaves an 

area of 0.025 in the two tails as shown in Figure 12.29. 

Wooden poles produced for electricity networks in rural areas have 

lengths that are normally distributed with mean of 6.966 m and standard 

deviation of 0.324 m. 

(a) The acceptable range is between 6.3 m and 7.5m. What percentage 

of the poles are: 

(i) too short (ii) too long? 

(b) In a randomly selected sample of 20 poles, find the probability of 

finding: 

(i) 2 poles that are considered too short 

(ii) 2 poles that are considered too long.   

Figure 12.28 Diagram for 
question 11 

0.0125 0.0125 

a b x 

Figure 12.29 Diagram for 
question 13 
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Probability distributions 

15. Bottles of mineral water sold by a company are advertised to contain 

1 litre of water. The company adjusts its filling process to fill the bottles 

with an average of 1012ml to ensure that there is a minimum of 1 litre. 

The process follows a normal distribution with standard deviation 

of 5ml. 

(a) Find the probability that a randomly chosen bottle contains more 

than 1010 ml. 

(b) Find the probability that a bottle contains less than the advertised 

volume. 

(c) In a shipment of 10000 bottles, what is the expected number of 

underfilled bottles. 

16. Cholesterol plays a major role in a person’s heart health. High blood 

cholesterol is a major risk factor of coronary heart disease and stroke. 

The level of cholesterol in the blood can be measured in milligrams per 

decilitre of blood (mg/dL). According to the World Health Organisation, 

in general, less than 200 mg/dL is a desirable level, 200-239 mg/dL is 

borderline high, and above 240 mg/dL is a high risk level and a person 

with this level has more than twice the risk of heart disease as a person 

with less than 200 mg/dL. 

In a certain country, it is known that the average cholesterol level of their 

adult population is 184 mg/dL with a standard deviation of 22 mg/dL. It 

can be modelled by a normal distribution. 

(a) What percent do you expect to be borderline high? 

(b) What percent do you consider are high risk? 

(c) Estimate the interquartile range of the cholesterol levels in this 

country. 

(d) Above what value are the highest 2% of adults” cholesterol levels in 

this country? 

17. A manufacturer of car tyres claims that its winter tyres can be described 

by a normal model with an average life of 52000 km and a standard 

deviation of 4000 km. 

(a) You buy a set of tyres from this manufacturer. Is it reasonable for 

you to hope they last more than 64 000 km? 

(b) What fraction of these tyres do you expect to last less than 

48 000 km? 

(c) What fraction of these tyres do you expect to last between 48 000 km 

and 56 000 km? 

(d) What is the IQR of the life of this type of tyre? 

(e) The company wants to guarantee a minimum life for these tyres. 

They will refund customers whose tyres last less than a specific 

distance. What should their minimum life guarantee be so that they 

do not end up refunding more than 2% of their customers? 
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18. A machine produces bearings with diameters that are normally 

distributed with mean 3.0005 cm and standard deviation 0.0010 cm. 

Specifications require the bearing diameters to lie in the interval 

3.000 £ 0.0020 cm. 

Those outside the interval are considered scrap and must be disposed of. 

What fraction of the production will be scrap? 

19. A soft-drink machine can be regulated so that it discharges an average 

216 cc per bottle. The amount of fill is normally distributed with 

standard deviation 9 cc. Give the maximum size of the bottles so that 

they will overflow only 1% of the time. 

20. A soft-drink machine can be regulated so that it discharges an average 

216 cc per bottle. The amount of fill is normally distributed with 

standard deviation 9 cc. The amount of drink discharged 95% of the time 

lies between a and b above and below the mean. Find a and b. 

21. The speeds of cars on a main highway are approximately normal with mean 

111.89 km h™! and standard deviation 17.9 km h~!. The speed limit on this 

highway is set to be 140 km h~'. Cars travelling slower than 90 km h~! are 

considered a hazard because they are too slow for the rest of cars. 

(a) What percent of cars travel within the acceptable limits? 

(b) Find the proportion of cars that travel at speeds exceeding 110 km h-!. 

Chapter 12 practice questions 

1. Residents of a small town have savings which are normally distributed 

with a mean of $3000 and a standard deviation of $500. 

(a) What percentage of townspeople have savings greater than $3200? 

(b) Two townspeople are chosen at random. What is the probability that 

both of them have savings between $2300 and $3300? 

(c) The percentage of townspeople with savings less than d dollars is 

74.22%. Find the value of d 

2. The mass, W, of bags of rice follows a normal distribution with mean 

1000 g and standard deviation 4 g. 

(a) Find the probability that a bag of rice chosen at random has a mass 

between 990 g and 1004 g. 

95% of the bags of rice have a mass less than k grams. 

(b) Find the value of k . 

For a bag of rice chosen at random, P(1000 — a < W < 1000 + a) = 0.9 

(c) Find the value of a. 

3. A fair coin is flipped eight times. Calculate the probability of obtaining: 

(a) exactly4heads  (b) exactly 3heads  (c) 3,4 or 5 heads 
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Probability distributions 

4. The lifespan of a particular species of insect is normally distributed with 

amean of 57 hours and a standard deviation of 4.4 hours. 

(a) Find the probability that the lifespan of an insect of this species is: 

(i) more than 55 hours 

(ii) between 55 and 60 hours. 

(b) 90% of the insects die after ¢ hours. Find the value of . 

5. Intelligence quotient (IQ) in a certain population is normally distributed 

with a mean of 100 and a standard deviation of 15. 

(a) What percentage of the population has an IQ between 90 and 125? 

(b) If two people are chosen at random from the population, what is the 

probability that both have an IQ greater than 125? 

6. The mass of packets of a breakfast cereal is normally distributed with a 

mean of 750 g and standard deviation of 25g. 

(a) Find the probability that a packet chosen at random has mass: 

(i) lessthan740g (ii) atleast780g (iii) between 740gand 780g 

(b) Two packets are chosen at random. What is the probability that both 

packets have a mass which is less than 740 g2 

(c) The mass of 70% of the packets is more than x grams. 

Find the value of x. 

7. In a village in Wales, the height of adults is normally distributed with a 

mean of 187.5cm and a standard deviation of 9.5 cm. 

(a) What percentage of adults in the village have a height greater than 

197 cm? 

(b) A standard doorway in the village is designed so that 99% of adults 

have a space of at least 17 cm over their heads when going through 

a doorway. Find the height of a standard doorway in the village. 

Give your answer to the nearestcm. 

8. Itis claimed that the masses of a population of lions are normally 

distributed with a mean mass of 310kg and a standard deviation of 30kg. 

(a) Calculate the probability that a lion selected at random will have a 

mass of 350 kg or more. 

(b) The probability that the mass of a lion lies between a and b is 0.95, 

where a and b are symmetric about the mean. Find the value of 

aand of b. 

9. Reaction times of human beings are normally distributed with a mean of 

0.76 seconds and a standard deviation of 0.06 seconds. 

(a) Calculate the probability that the reaction time of a person chosen at 

random is: 

(i) greater than 0.70 seconds 

(ii) between 0.70 and 0.79 seconds. 
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Three percent (3%) of the population have a reaction time less than ¢ 

seconds. 

(b) (i) Represent this information on a diagram, indicating the area 

representing 3%. 

(ii) Find ¢ 

A factory makes calculators. Over a long period, 2% of them are found 

to be faulty. A random sample of 100 calculators is tested. 

(a) Write down the expected number of faulty calculators in the sample. 

(b) Find the probability that three calculators are faulty. 

(c) Find the probability that more than one calculator is faulty. 

Ball bearings are used in engines in large quantities. A car manufacturer 

buys these bearings from a factory. They agree on the following terms. 

The car company chooses a sample of 50 ball bearings from the 

shipment. If they find more than 2 defective bearings, the shipment is 

rejected. It is a fact that the factory produces 4% defective bearings. 

(a) What is the probability that the sample is clear of defects? 

(b) What is the probability that the shipment is accepted? 

(c) What is the expected number of defective bearings in the sample of 502 

The table shows the probability distribution of a random variable X. 
  

X 0 1 2 5 

P(x) 2k 212 e Rk 
  

              

(a) Calculate the value of k. 

(b) Find E(X). 

It is estimated that 2.3% of the cherry tomatoes produced on a certain 

farm are considered to be small and cannot be sold for commercial 

purposes. The farmers have to separate such fruits and use them for 

domestic consumption instead. 

(a) 12 tomatoes are randomly selected from the produce. Calculate the 

probability that: 

(i) three are not fit to be sold (ii) at least 4 are not fit to be sold. 

(b) It is known that the sizes of such tomatoes are normally distributed 

with a mean of 3 cm and a standard deviation of 0.5 cm. Tomatoes 

that are categorised as large have to be larger than 2.5cm. What 

proportion of the produce is large? 

A factory makes metal bars. Their lengths are assumed to be normally 

distributed with a mean of 180 cm and a standard deviation of 5cm. 

(a) On the provided diagram, shade the region representing the 

probability that a metal bar, chosen at random, will have a length 

less than 175cm. 
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16. 

A metal bar is chosen at random. 

(b) (i) The probability that the length Length of metal bar 

of the metal bar is less than 

175cm is equal to the 

probability that the lengthis — 

greater than hcm. Write down the value of /1 . 

(ii) Find the probability that the length of the metal bar is greater 

than one standard deviation above the mean. 

The lifetime, L , of light bulbs 

made by a company follows 

anormal distribution. 

L is measured in hours. 

The normal distribution curve 4600 5200 5800 6400 7000 

of L is shown in the diagram. Hours 

  

(a) Write down the mean lifetime of the light bulbs. 

The standard deviation of the lifetime of the light bulbs is 850 hours. 

(b) Find the probability that 5000 < L < 6000, for a randomly chosen 

light bulb. 

The company states that 90% of the light bulbs have a lifetime of at least 

k hours. 

(c) Find the value of k. Give your answer correct to the nearest hundred. 

A speed camera on Peterson Road records the speed of each passing 

vehicle. The speeds are found to be normally distributed with a mean of 

67kmh~! and a standard deviation of 3.4kmh™1. 

(a) Sketch a diagram of this normal distribution and shade the region 

representing the probability that the speed of a vehicle is between 

60and 70kmh ™. 

A vehicle on Peterson Road is chosen at random. 

(b) Find the probability that the speed of this vehicle is: 

(i) more than 60kmh~! 

(ii) less than 70kmh~! 

(iii) between 60 and 70kmh~!. 

Tt is found that 19% of the vehicles are exceeding the speed limit of skmh~*. 

(c) Find the value of s, correct to the nearest integer. 

There is a fine of US$65 for exceeding the speed limit on Peterson Road. 

On a particular day the total value of fines issued was US$14,820. 

(d) (i) Calculate the number of fines that were issued on this day. 

(ii) Estimate the total number of vehicles that passed the speed 

camera on Peterson Road on this day.



 



Calculations involved 
in the following two 

examples are for 
demonstration only. 

You will not be asked 
to perform them on 

exams. The only tests 
you will be examined 

on are 2-sample 
‘means f-test and 

the chi-squared test. 
Additionally, your GDC 

will provide you with 
the necessary values 

you can use to interpret 
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the results! 

Statistical analysis 

Learning objectives 

By the end of this chapter, you should be familiar with... 

« null and alternative hypotheses, H, and H, 

« significance levels and p-values 

« expected and observed frequencies 

o the x? test for independence: contingency tables, degrees of freedom, 

critical values, and carrying out the test using technology 

o the y* goodness of fit test 

o the t-test for means of populations - one-tailed and two-tailed tests 

o the p-value to compare the means of two populations. 

In several countries, court trials are familiar cases where a choice between two 

opposing arguments must be made. The person charged of an offense must 

be judged as innocent or at fault. Initially, in these countries, the accused is 

assumed innocent. Only strong evidence to the contrary will form a basis for 

the innocence claim to be rejected and the guilty claim to be assumed instead. 

The burden of proof is on the prosecution to prove the guilty claim. 

Put differently, in court, there are two statements (hypotheses): 

H,: The defendant is innocent - this we call the null hypothesis. 

H, is assumed unless there is evidence beyond doubt that it is false. 

We cannot have evidence to prove a defendant innocent. We only fail to 

find evidence against the defendant. 

H,: The defendant is guilty - this we call the alternative hypothesis. 

H, is claimed true if we have evidence beyond doubt against the null 

hypothesis. 

Hypothesis testing in statistics 

Hypothesis testing is an area of inferential statistics. Several courses (e.g. biology 

and psychology) use hypothesis testing to perform the mathematics necessary to 

complete their Internal Assessment (IA) component. 

The hypothesis tests that we will look at here are the chi-squared test and the 

t-test (for difference of means.) However, so that you will more fully appreciate 

these tests, a short introduction into the general concepts and methodologies 

of hypothesis testing is given on the following pages. These concepts will not be 

examined directly. 

In an assembly plant for personal computers, the time technicians spend 

putting together systems is of extreme importance. Regular inspection of 

the time each process takes is a task that supervisors need to carry out. A 

supervisor believes that the average time it takes technicians to install a



graphics card has changed. Previously, it took on average 2 minutes (4 = 2) to 

complete this task with a standard deviation of o = 0.2. Now she believes that 

the average has increased, i.e., y > 2 

How might she decide, based on a sample of 100 observations, whether there is 

evidence that the mean is larger than 2 minutes? 

Let us assume we are helping her out. We begin by calculating the mean of this 

sample and find that it is ¥ = 2.2 minutes. 

Knowing something about the sampling process, we realise that, no matter how 

random our sample is, there will always be a chance for sampling error. 

The question we need to answer is: assuming that the mean of the population is 

2 minutes, how likely is it to have a sample with mean of 2.2 minutes or larger? 

How significant/surprising is the error of 0.2 minutes? 
  

The task is to calculate P(x > 2.2) Normal C.D 
pP=7.6199e-24       A GDC output is shown in Figure 13.1. P¥ > 2.2) ~ 7.6 X 10~ ~ 0 - — 

Figure 13.1 GDC output 
That is, the likelihood that a process with a mean of 2 minutes would produce 

a sample with a mean of 2.2 minutes is extremely small. We are confident that 

we have evidence from the collected data to show that the mean time cannot    
     

be 2 minutes. This means that the claim that 4 = 2 is rejected on the basis of 7.6 X 107 

collected evidence. 

What we just did here is a test of the hypothesis y = 2. 2 22 5 

In hypothesis-testing problems, we have two contradictory hypotheses under Figure 13.2 P(x>2.2) 

consideration. One hypothesis in the example above is that 4 = 2, and the other 

is > 2. If it were possible to collect data from the entire population, we would . ol g A statistical hypothesis 
know which of the two hypotheses was true. Usually this is not possible, or is a claim (assertion) 

very difficult and impractical in most cases. As a result, we must decide which about a population 
parameter. It is often a 
claim about the value of 
the parameter, in this 
case, the mean, y. 

hypothesis we think is true by using information from a well randomised sample. 

In every hypothesis testing problem, we will have a null hypothesis H, (in this 

case u = 2) and an alternative hypothesis H, (in this case 4 > 2). The testing is 

amethod for deciding which of the two hypotheses may be correct. We assume 

the null hypothesis, H,, is correct. After carrying out the test, this hypothesis 

will only be rejected in favour of the alternative, H,, if sample evidence is 

incompatible with H,. If we fail to provide evidence against H,, then the claim 

is that we fail to reject H. 

‘The null hypothesis, H, 
« states the assumption to be tested — for example, the mean time technicians take to complete the task is 2 minutes (Hy: 4 = 2) 
« begins with the assumption that the null hypothesis is true 
« refers to the existing situation 
« may or may not be rejected. 

The alternative hypothesis, H, 
« is the opposite of the null hypothesis 
« challenges the existing situation 
« is generally the hypothesis that is believed (or needed to be proven) to be true by the researcher. 
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T-Sample tTest 
u >8000 
t =3 

X 
sx 
n 

  

      

Figure 13.3 GDC output for 
solution to Example 13.1 
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In the example above, the null hypothesis is that the mean time technicians 

take to complete the task is 2 minutes (H,: 4 = 2). In fact this includes the 

case that ;1 < 2 too, because if the mean time is less than 2 minutes, there is no 

reason for the manager to complain. This is why, when we say Hy: 4 = 2 we 

actually mean Hy: p < 2. 

The alternative hypothesis is that the true mean time is larger than 2 minutes, 

Hy:p>2. 

A factory produces light bulbs that are known to last 8000 hours on average. 

A new type has been developed by engineers and is claimed to last more 

than 8000 hours. The management is concerned that the cost of the process 

of producing the new type is more expensive than the traditional method. 

They can justify shifting to the new process only if they have evidence that 

the new light bulbs do actually have a longer life than 8000 hours. A random 

sample of 25 new bulbs was tested and gave an average life of 8600 hours 

with standard deviation 1000 hours. Is this enough evidence to justify the 

shift to the new process? 

| 

Solution 

Since we are attempting to show that the population mean exceeds 8000 

hours, it seems reasonable to base our decision on the value of the sample 

mean. If X is much larger than (or significantly away from) 8000 hours, 

then we have compelling evidence that the mean m > 8000. We need to 

determine whether the sample mean of 8600 exceeds 8000 by an amount 

that would be considered unlikely to occur by chance. 

We first set up our hypotheses. 

Hy: 4 = 8000 

H,: u > 8000 

We can calculate the chance that a sample of mean 8600 or larger can happen 

by chance from a population of mean 8000. We call X the test statistic. 

Figure 13.3 shows the output of a GDC. 

As you can see, P(X > 8600) ~ 3.1029 X 107> 22 0.0031029, which is very 

close to zero. We can claim that there is a very small probability that a 

population whose mean is 8000 could ever yield a sample with 8600 by mere 

chance. We reject the null hypothesis in favour of the alternative. That is, 

we have enough evidence to reject the claim that the new light bulbs are the 

same as the old ones. 

You are not expected to do the calculations involved in Example 13.1. Your task is to interpret 
the results your GDC gives you.



The hypothesis testing procedure for the population 

[agiszelal 

  

In Example 13.1, how can we be confident about our decision that the new light 

bulbs are better than the old ones? 

We start with the null hypothesis (Hy), specify a population parameter, g, and 

suggest a value for that parameter, 8000 in this case. We usually write down a 

null hypothesis about a mean, for example, as 

Hy: p = po (Hy: 4 = 8000) 

This is a short way of indicating the two items we need most: the nature of the 

parameter we hope to learn about (the true mean) and a particular assumed 

value for that parameter (8000 in this case). We need the particular value so we 

can judge our observed statistic against it. 

The alternative hypothesis, H, (sometimes called H,), contains the value(s) 

of the parameter that we regard as reasonable in case the null hypothesis is 

rejected. In the light bulbs example the alternative is the life of the bulbs being 

more than 8000 hours. We also write it as 

Hy: > o (Hy: > 8000) In Example 13.1, we 
‘were interested in an 

What persuades us to believe that the light bulbs have a life more than 8000 alternative 
hours? Hy: pt > pig, which is 

called an upper tail test 

We should not expect to have a sample mean exactly equal to 8000 hours as But in other cases we 
. o could also be interested in 

observations vary from one sample to the other. We base our decision on how I 
i oy 

significantly surprising our sample result is under the assumption that the called a lower tail test, 

true mean is 8000 in this example. That is, do we consider 8200 hours to be a or Hy:p # i, which is 
surprising result? If not, is 8400 or 8600 hours surprising? e 

To answer these questions, we find P(x > 8200) = 0.164 

So, if the mean life of these bulbs is 8000 hours, the chance of randomly getting 

a sample mean of 8200 hours or above is about 16%. In other words, there is 

a good chance that a population with mean 8000 hours can possibly give a 

sample of average 8200 hours. 

How surprising is 84007 

To answer this question, we find P(¥ > 8400) = 0.0285 

Thus, if the true mean life is 8000 hours, the chance that we can get a sample 

with average 8400 hours or more is less than 2.9%. You may think that this 

result is significantly surprising and you conclude that the mean lifetime has to 

be larger than 8000 in order to produce such a sample by chance. Someone else 

may not think so. 

How surprising is 8600 hours? 

As we have seen above, P(x > 8600) = 0.0031 
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p-value 
It is important that 
you find a definition 
of the p-value that 
‘makes sense to you. It 
is also very important 
to remember that we 
begin by assuming the 
null hypothesis is true 
to find this probability. 
Here are a few versions 

of its definition. 

+ The p-value is 
the probability of 
obtaining results like 
those of our data (or 

more extreme) given 

the null hypothesis is 
true. In probability 
notation we can 
write: P(Obtaining 

results like ours or 
more extreme | Hy is 
True). 

We are asking, 
‘Assuming the null 
hypothesis is true, 
how rare is it to 
observe something as 
or more extreme than 
what I have found in 
my data?” 

We can also think 
of the p-value as the 
probability, assuming 
the null hypothesis is 
true, that the result 
we have seen is solely 
due to random error 
(or chance). 

No matter how we look 
atit, a small probability 
gives us evidence that 
the null hypothesis is 
not true and thus our 
alternative is true — 
which is usually what 
we are hoping to show. 
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In this case, the event of finding a random sample with a mean of 8600 hours 

or above from a population with mean of 8000 hours is extremely unlikely, and 

we find ourselves convinced that the population must have a higher mean than 

8000 hours in order to render a random sample with a mean of 8600 hours or 

more by mere chance. 

As you notice from the previous discussion, the fundamental step in our 

analysis is the question, ‘are the sample data unexpected, given the null 

hypothesis?’ The key calculation is to determine how likely the sample data we 

observed would be if the null hypothesis were the true model of the world. That 

is why we need a probability. We would like to find the probability of observing 

sample data like these given the null hypothesis. This probability is the value we 

base our decision on. This probability is called the p-value. 

A small p-value indicates that the sample data we see would be very unlikely 

had our null hypothesis been true. That is, we start with a model in mind, we 

collect the data, and then the model tells us that this data we have is unlikely 

to have happened. That is surprising. The model and data are not compatible 

and hence, we have to make a decision. Either the model, the null hypothesis, 

is true and we have been unlucky to get such a remarkably unexpected sample, 

or the null hypothesis is at fault - that is, we were not correct to use it as a basis 

for calculating our p-value. Given that the sample data is real, while the model 

(null hypothesis) is an assumption, we are tempted to reject the model. 

‘When the p-value is large (or just not small enough), what do we conclude? In 

that case, we have not found anything unlikely or surprising or unexpected. So, 

we have no reason to reject the null hypothesis. In this case, it does not mean 

that we proved the null hypothesis. It only means that it does not appear that the 

hypothesis is false. Formally, we say that we do not reject the null hypothesis. 

All we were able to establish is that the sample data we have at hand is consistent 

with the model. We did not and could not collect all the evidence to support 

the null hypothesis. Unfortunately, the decision to reject it is more appealing, 

usually as we have a contradicting example that proves it wrong! 

‘When performing the hypothesis test, we make our decision according to a 

decision rule (also called the critical region), which tells us when to reject 

the null hypothesis. We have a (100a)% error rate of making the incorrect 

decision of rejecting the null hypothesis when it is true. We call this the level of 

significance of the test a. 

How small must the p-value be? 

To answer this question, we need to investigate the ramifications of 

our decision. So, as we discussed earlier, our decision is to reject or 

not to reject the null hypothesis. Like any situation, where a decision 

has to be made, we are open to make a mistake. If we reject the null 

hypothesis based on sample data, it could well be that this data was 

so unrepresentative that we were misled to reject the hypothesis. If 

we fail to reject the hypothesis, it could be that the sample belongs to 

a population whose mean is close to 8000, for example 8200, but not



  

8000. To demonstrate this, see Figure 13.4. We receive a sample mean 

of 8150. The probability that a sample has mean 8150 or more when 

the population has a mean of 8000 is P(x > 8150) ~ 0.227 

Even though the sample belongs to a population whose mean 

is 8200, the chance of having a sample with this mean from a 

population having our hypothesised mean is 22.7%. This could well 

lead us to conclude that the sample is consistent with the model and 

we end up making the error of not rejecting the null hypothesis. 
8000 8200 

  

So, what types of errors may we end up committing? Figure 13.4 Area for type II 

When we perform a hypothesis test, we are faced with two types of error: eror 

« if the null hypothesis is true, but we end up rejecting it - a type I error 

« if the null hypothesis is false, but we do not reject it - a type II error. 

Table 13.1 helps us keep track of our decision. The truth 

So, in general, the decision of how small we want the p-value to be depends _H, True H, True 
on how high a probability of type I error is acceptable. In the example of 

the light bulbs, committing a type I error means that the life of the bulbs 

is in fact 8000 hours but we end up saying that it is higher. The cost of our 

decision would be to cause the company to spend more money to produce a 

new line which is no better than the old one. Management, of course, wants Table 13.1 Type [and type IT 

to minimise the chance of this happening. SIEOLS, 

     Do not 
reject Hy 

Ou
r 

de
ci

si
on

 

Reject H, 

Type II error in this example is to conclude that you don’t have evidence to say 

that the new light bulbs have a longer life, when they actually do. The consequence 

for this decision is to deprive the company of benefiting from the new innovation. 

When the p-value is small, it indicates that our sample data are unusual given 

H,. If our data are unusual enough, then we cannot assume that this could have 

occurred only by chance. Since the data were recorded, then something must 

be incorrect. All we can do is to reject the null hypothesis. 

Problem 
statement 

Figure 13.5 Steps for conducting a hypothesis test 

     
As discussed earlier, there is a large resemblance between trial verdicts and hypothesis tests, 
as summarised in the table. 

Hypothesis testing analogy to court verdicts 

  ‘The truth ‘The truth 
[l nnocent— Guily [ HoTrue  H, True 

Verdict Decision 
Do not Innocent - reject Hy 

Guilty Reject Hy      
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The a-level is also called 
the significance level 

or level of significance. 
When we rejecta 

hypothesis, we say that 
it was rejected at the 

K9% level of significance, 
wherek = 1,5, 10, or 

any other number. The 
p-valueis also called the 
observed significance. 

You will not be required 
to perform calculations 
manually, so learn how 
to use your GDC. Every 

GDC has its specific 
instructions. 

‘There are a few tests 
for comparing means 
of populations, but in 
this book we limit our 
discussion to only one 
type of 2-sample test: 
independent samples 
with equal variances, 

also known as pooled 
2-sample f-test. 

  
2-Sample tTest 
ul 
t 

  

  

    

Figure 13.6 GDC solution to 
Example 13.2 
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But how unusual is ‘unusual’? How small must the p-value be? 

‘We can define unusual events arbitrarily by setting a limit for our p-value. 

If our p-value falls below that point, we will reject H,. We call such results 

statistically significant. 

A statistically significant result in hypothesis testing can be interpreted as a significantly 
rare event that will convince us to reject Hy. 
‘The limit is called an alpha level (a-level). Common a-levels are 0.01, 0.05, and 0.10. 
A statistician has to consider the alpha level carefully based on the situation. For example, 
if you are testing a hypothesis about the safety of a brake system in cars, you may want the 
a-level extremely low. If you are testing whether students use the school bus or not, you 
might be content with & = 0.10. The level used mostly is @ = 0.05 

Using hypothesis testing for comparing means of two 

[elelelU]F=Vile]gH] 

  

In this chapter, we will be using the t-test of hypothesis for the mean or 

difference of means of two populations. There are a few situations and different 

forms of the t-test, but we will focus only on one situation explained in 

Example 13.2 and beyond. 

A comparison of the amount of nicotine that could be inhaled from cigarettes 

of the same brand differs between countries. There is some suspicion that 

local cigarette companies boosted their cigarettes’ nicotine content to 

maintain or increase present addictive levels. A study of 40 randomly chosen 

cigarettes was conducted to investigate this issue between two European 

countries. The recorded average level of nicotine content in cigarettes in both 

countries is given below: 

Country A: 0.85 mg/cigarette with a standard deviation of 0.2 mg/cigarette. 

Country B: 1.30 mg/cigarette with a standard deviation of 0.18 mg/cigarette. 

Does the nicotine content in the two countries differ? Test at the 5% level of 

significance. 

| 

Solution 

Here we are testing 

Hy:ps = ppagainst Hy:py # pg 

An alternative formulation of the hypotheses is: Hy:u, — pp = 0 against 

Hy:py —pp#0. 

This is a 2-sample #-test. 

Carry out the calculations using a GDC.



The p-value for this test is zero, indicating that we have compelling evidence 

against Hy, and thus we reject and conclude that there is evidence that the 

nicotine content for the same brand of cigarettes differs among the two 

countries. 

Some investment funds can be purchased directly from banks whereas 

others must be purchased through brokers, who charge a fee for the service. 

There is suspicion that investors can do better by buying directly. 

Researchers randomly sampled the annual returns from funds purchased 

directly and those purchased through brokers. The data given here are 

summaries of returns on investment after deducting all relevant fees: 

Direct: X, = 6.63,s; = 6.12 ; brokers: X, = 4.96, s, = 6.58 

Test, at the 5% level of significance, if the suspicion that investors can do 

better by buying directly is correct. 

| 

Solution 

We are testing the following hypotheses: 

Hy:py = pp against Hy:p, > g, 
Alternatively: Hy:p; — p, = 0 against H:pty — p, >0 

This is a 2-sample ¢-test with pooled variance. It is also an upper-tail test. 

The p-value of this test is 9.6%. That is, if we consider that buying direct 

or through brokers does not make a difference to return on investment 

(difference = 0), there is a 9.6% chance that we would get samples whose 

means are as far apart as our sample means. Thus, we do not have enough 

evidence against the null hypothesis and we do not reject it. 

An upper-tail test may as well be looked at as a lower-tail test. This happens if you 

change the order in which you write the hypothesis. That is, in Example 13.3, if we 

consider the purchase by brokers to be the first, then our hypotheses are as follows: 

Hy: ¢, = p,, against H,: 4, < i, and the output is given in the screenshot in 

Figure 13.8. Notice that the p-value is the same in both. 

Example 13.4 

A company that specialises in job-placement services is interested in finding 

out if salaries of recent MA graduates in marketing are less than salaries 

of finance graduates. Random samples of 25 each from both subjects were 

collected and the data is as follows. 

Marketing: Mean salary = US$60,423, standard deviation = US$16,193 

Finance: Mean salary = US$65,624, standard deviation = US$18,985 

Test at the 5% level of significance. 

In Example 13.2, we 
have a 2-tail test since 

Hy:pp#pp 

  
2-Sample tTest 
ul >u2 

= 

  

    

  

  

Figure 13.7 GDC solution to 
Example 133 

Note that we do not 
say we accept the null 
hypothesis. We only fail 
to reject it. 

  
2-Sample tTest 

1 <p2 
kY 5140089    

  

4.96 
=6.63       

Figure 13.8 Note that the 
p-value is the same 
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2-Sample tTest 

1 <p2 
B 0421666 

X1 =60 
X2 =65       

Figure 13.9 GDC solution to 
Example 13.4 

Critical value, 

t=—=1677 

0.05 

  

Critical/rejection Non-rejection 
region region 

Figure 13.10 Hypothesis 
testing using critical values 

‘The calculations 
involved are beyond the 
scope of the course, but 
we are demonstrating 

it here because the 
concept is required in 

the next section. 
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] 

Solution 

The hypotheses are: 

Ho: Minarketing = Hinance 38AINSt Hy 2 frarketing < Minance 

Next, we compute the p-value = 0.151. The screenshot shows the GDC output. 

Decision: Since 0.151 > 0.05, i.e., the p-value is larger than the level of 
significance, a, we fail to reject the null hypothesis. Thus, we do not have 

enough evidence to conclude that marketing graduates earn less than finance 

graduates. 

Hypothesis testing using critical values 

In Example 13.4 we used the p-value approach to run the test. However, that is 

not the only way to run such a test. 

‘We already know the level of significance, « = 5%, which can be used to set up 

what we call a critical region. 

Our Hj states that there is no difference between the means of the two 

populations. That is Hy: fmrketing ~ Hfinance = 0 

However, X marketing — X finance = 60423 — 65624 = —5201 

Our question now is: Is —5201 large enough to convince us that marketing 

graduates earn less? 

Using the p-value approach, we know that the answer is no because it may be 

that, by chance, we could get two samples whose means differ by that amount. 

The chance such a difference can happen is 15.1%, which is larger than the 

acceptable level of 5%. 

Alternatively, the situation to start with can be shown on a diagram 

(Figure 13.10). The t-value, which we call the critical number, is 

anumber on the t-distribution PDF that leaves an area equal to « 

below it in this case. (It can be to the right in an upper-tail test.) 

‘We mark the region to the left of this point as the rejection region, 

and if the #-value of the difference of means lies in that region, this 

would mean that the p-value is less than a, and hence we reject the 

null hypothesis. The ¢-value of the difference is given in the GDC 

output to be —1.042 and lies in the non-rejection region. Thus, we 

do not reject the null hypothesis. 

You might notice that the results of the tests using the p-value approach or 

the critical values approach do not contradict each other. In most cases, it is 

advisable that you use the p-value approach since you can read the results 

directly from your GDC and then draw your conclusion. The other advantage 

is that when you reject or do not reject a hypothesis, you know your exact 

observed significance. If you apply a critical value approach, you must be 

prepared to settle for a flat reject/do not reject decision.



A national magazine in the US claims that the average college student 
watches less television than the general public. The magazine collected 
data from a sample of 1200 people chosen at random from the non-college 

public. The average was 29.4 hours per week, with a standard deviation of 2.1 
hours. A random sample of 900 college students has a mean of 28.9 hours 
with a standard deviation of 1.8 hours. Is there enough evidence to support 
the claim at the 1% level of significance? 

e 

Solution 

To test the claim, we form the following hypotheses: 

Ho: peotiege = Hpubiic 3gaINSt Hy : phegiiege < fputiic 

Next, we run a 2-sample t-test with GDC output s hown in Figure 13.11. 

Since the p-value = 5.57 X 10~° < 0.01, we have evidence to reject the null 
hypothesis. That is the magazine’s claim is supported by our hypothesis 
testing at the 1% level of significance. 

Summary of hypothesis-testing terminology 
« Null hypothesis (Hp): A maintained hypothesis that is held to be true unless sufficient 

evidence to the contrary is obtained. Should contain ‘=’ in its statement. 
Alternative hypothesis (H,): A hypothesis against which the null hypothesis s tested and 
which will be held to be true if the null is held false. 

One-tailed alternative: An alternative hypothesis involving all possible values of a 
population parameter on either one side or the other of (that is, either greater than or less 
than) the value specified by a simple null hypothesis. Should contain either ‘<’ or > 
Two-tailed alternative: An alternative hypothesis involving all possible values of a 
population parameter other than the value specified by a simple null hypothesis. Should 
contain ‘%, 

Hypothesis test decisions: A decision rule is formulated, leading the investigator to either 
reject or fail to reject the null hypothesis on the basis of sample evidence. 
(Decisions or decision rules are often called the critical region of the test and tell you when 
to reject a null hypothesis.) 
Whenever a decision is made, there will be a possibility of an error: 
o Type I error: The rejection of a true null hypothesis. 
o Type Il error: The non-rejection of a false null hypothesis. 
Significance level: The probability of rejecting a null hypothesis that is true. This 
probability is sometimes expressed as a percentage, so a test of significance level a is 
referred to as a 100a%-level test. 

Example 13 

Atkins: Eat Right Not Less. 

This is what this method of low-carbohydrate low-sugar diet advertises. 
Scientists at a university selected a random sample of 32 subjects from their 
local population of obese adults. They randomly assigned 17 to the Atkins 
diet and 15 to a conventional diet. Does this experiment show; at the 5% 

level of significance, that the Atkins diet leads to a loss in mass of 5 more 

kilograms in a year than a conventional diet? 

Table 13.2 gives the mass loss (positive) or gain (negative) for each subject. 

  

  

2-Sample tTest 

  

    

Figure 13.11 GDC solution to 

Example 13.5 

When we are running 
the 2-sample t-test, 
in this book we. 
assume that the two 
populations in question 
are approximately 
normally distributed. If 
the populations are not 
normally distributed the 
t-test will not be valid. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

Atkins | Conventional 

17.3 11.7 

39.3 14.4 

26.5 =72 

10.3 1.9 

27.3 10.7 

10.2 —4.8 

0.5 =13 

—17.3 20.9 

14.3 23.5 

15.7 16 

14 18.2 

8.1 9.1 

14.4 20.1 

317 g 

19.4 0.6 

25.2 

—1.2       

Table 13.2 Data for Example 
13.6 
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25| -1       10,3    1 [ 
  

Figure 13.12 You will most 

probably need to add 5 to the 
list containing your second 
sample 
  

2-Sample tTest 
Data AT 

2 

      
1 

Eist(1)itdst1 
List(2):List3 
Freq(l):1 
Freg(2):1 
  

  

2-Sample tTest 

  

  

  

      
ul >p 
t =0.37557345 
p 5293831 
df =30 
X1 =15.0411765 
X2 =13.4133333 

2-0.35493831%5 
  

Figure 13.13 Running the 

usual 2-sample t-test 

The methods in 
Example 13.6 may 
not be part of your 

examination but could 
be useful for your 

internal assessment 
work. 
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Solution 

We assume that the mass loss in both cases is normally distributed. Note 

here that the hypotheses deal with a difference more than 5kg and not zero 

as in other examples. Also, the status quo would clearly include mass losses 

less than 5kg and not only 5kg. So, the hypotheses are: 

Ho:pa = e =<5 Ho:py —pc>5 

We can use a GDC, where we enter the data into cells, rather than using 

summary statistics as before, or we can use a spreadsheet. Both are shown 

here. However, with your GDC, most probably, you need to add 5 to the list 

containing your second sample as has been done here. Note that 

List3 = List2 + 5 

After adjusting your lists, you can run the usual 2-sample #-test. 

p-value = 0355 > 0.05 

We do not reject Hy. We do not have statistical evidence to reject the null 

hypothesis. We cannot claim that the Atkins leads to a greater loss in mass. 

A spreadsheet will give you the same results, as shown below. 

  

Atkins Conventional 

Mean 15.04117647 8.413333333 

Variance 180.7900735 114.1712381 

Observations 17 15 

149.7012837 

df 30 

t Stat 0.375573457 

t Critical one-tail 1.697260887 

P(T,<=t) two-tail 0.709876625 

t Critical two-tail 2.042272456 

1. In each case, test the hypothesis at the required level of significance. 

Assume that all the populations are normally distributed. 

@) Hornspp Hinpn >p, a=0.05 
Samples: X, = 412, s, = 128, n, = 150; X, = 405, s, = 54, n, = 150 

() Hozpy = Hysp#p, =005 
Samples: X, = 74,5, = 18, n; = 12;x, = 71,5, = 16, n, = 12 

(0) Hyipty — =0 Hyzpy —p, <0 a=0.10 
Samples: ¥, = 51.3, s} = 52, n, = 31; %, = 53.2, s} = 60, n, = 32 

 



2. In parts of southern Germany, rabbits are a major nuisance to farmers, 

frequently damaging crops, gardens, and landscaping. A local group 
arranges a test of two of the leading rabbit repellents. Fifty-six unfenced 

plots in areas having high concentrations of rabbits are used for the test. 
29 plots are chosen at random to receive repellent A, and the other 27 
receive repellent B. For each of the 56 plots, the time elapsed between 

application of the repellent and the appearance in the plot of the first 
rabbit is recorded. 

For repellent A, the mean time is 101 hours with a standard deviation 

of 15 hours. For repellent B, the mean time is 92 hours and standard 

deviation of 10 hours. Assume that the two populations of elapsed times 
have normal distributions. 

Test at the 2% significance level whether the mean elapsed times for 
repellents A and B are different. 

(a) Write down the hypotheses for the test 

(b) State two assumptions you make and the decision rule. 

(c) Carry out the test and write down your decision with reasons. 

3. A large department store conducts an inventory check regularly and 
calculates losses from theft. They would like to reduce these losses   

  

  

  

  

  

          

and are considering two methods. The first is to hire a security guard, Guard Cameras 

and the second is to install cameras. To help with the decision, they 355 486 

ran an experiment where in the first 6 months they hired a guard 284 303 
and the second 6 months they installed cameras. The monthly losses 401 270 

were recorded and are listed in Table 13.3. The management decided 398 386 
that since cameras are cheaper than hiring a guard, they would install 477 411 

cameras unless there was evidence to infer that the guard was better. 251 135 

What should they do? Use an a-level of 10%. Table 133 Data for question 3 

(a) Write down the hypotheses for the test 

(b) State two assumptions you make and the decision rule. 

(c) Carry out the test and write down your decision with reasons. 

4. Although cruises are typically associated with elderly people, it appears 
that there is an increase in the number of younger people choosing 

cruises as their vacation. To determine their marketing strategy, a cruise 
line company sampled passengers last summer and determined their 
ages. They then compared the results to another survey that was done 

three years ago. Results are listed below: 

Old survey: n = 125, average age = 59.8 years, 

standard deviation = 7.02 years. 

New survey: n = 159, average age = 57.4 years, 

standard deviation = 6.99 years. 

What can the company conclude? Use a 10% level of significance. 

(a) Write down the hypotheses for the test. 

(b) State two assumptions you make and the decision rule. 

(c) Carry out the test and write down your decision with reasons. 
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Goodness-of-fit (GOF) test and test 
for independence 

  

Goodness-of-fit 

Between 2000 and 2012, there was a belief among some teachers that the 

distribution of IB grades for maths HL/SL was as follows: 

25% of candidates earn grade 3 or below, distributed as 1%, 9%, and 15% for 1, 

2, and 3 respectively; 75% for grades of 4 and above such that 20% had a grade 

of 4, 25% a grade of 5, 20% a grade of 6 and only 10% a grade of 7. 

After a new syllabus was introduced in 2012, we wanted to check whether the 

distribution of grades was the same. After May 2016’ session, a random sample 

of scores of 1800 candidates was collected. The results are shown in Table 13.4. 

  

Grade 1 2 3 4 5 6 7 

Observed number 13 146 295 382 434 382 148 

  

                    

Table 13.4 Random sample of maths scores 

Does the observed data provide evidence of change in the distribution? 

To be able to answer the question, we need to compare the observed data to what 

we would have expected if the model were true. That is, we compute the number 

of students we would expect to see in each grade level if the null model were true. 

For example, in case of a score of 1, and if the 1% share were true, then we 

would expect 1800 X 1% = 1800 X 11 = 18 
9 

The 9% share for a score of 2 is 1800 X 9% = 1800 X 100~ 162 

Table 13.5 shows the expected number of candidates for each grade level from 

applying the model percentages to the 1800 included in our sample. 
  

Grade 1 2 3 4 5 6 7 

Expected number 18 162 270 360 450 360 180 

  

                    

Table 13.5 Expected number of candidates for each grade 

Of course, we should expect some variation. We should not expect the 

percentages for each grade level to match. After all, our sample is a random 

sample! However, are these deviations large enough to convince us that the 

number of students observed is different from those expected in each grade level? 

To address this question, we test the table’s goodness-of-fit to the proposed 

model. Here fit refers to the expected counts if we assume the belief is true. 

The hypotheses for the test are: 

H,: The observed distribution is the same as the expected distribution. 

H;: The observed distribution is not the same as the expected distribution.



The goodness-of-fit test examines the discrepancy between what we observe and 

what we expect and generates a measure of how significant that difference is. 

In other words, to come to a decision on whether the null model is reasonable, 

we look at the differences between the expected values from the model, f, and 

the counts we observe, f,. We denote the differences between the observed and 

expected counts, (fy — f,). Are these differences so large that they call the model 

into question, or could they have occurred from usual sampling variability? 

Adding these differences will create a problem as negative differences will 

cancel out the positive ones, so we square the differences. 

Hence, we will look at (f, — £)? for each cell. This way we can focus our 

attention on cells with large differences. 

Also, since samples of larger sizes will give results generally larger than small 

samples, we need to make these differences relative. So we divide every squared 
—fp 

difference by the relative frequency of each cell, i.e., (fof_fi) 

The test statistic used for this purpose is called the chi-squared (or chi-square) 

statistic. It is found by adding all the squared differences divided by their 

respective expected frequencies 

(o — £ 2 288 
K adl 

The decision will be to reject the null hypothesis if the chi-squared statistic is 

large. The critical value as always is determined by the level of significance and 

the number of degrees of freedom. The degrees of freedom for this test are n — 1, 

where 7 is the number of cells. 

‘The mathematics of the y2 distribution is beyond the IB syllabus and this book. It is worth 
‘mentioning that the chi-square distribution has only one parameter, called the degrees of 
freedom (df). The shape of a specific chi-square distribution depends on the number of 
degrees of freedom. The random variable y2 assumes non-negative values only. Hence, a chi- 
square distribution curve starts at the origin and lies entirely to the right of the vertical axis. 
‘The graph shows three chi-square distribution curves. They are for 5, 10, and 15 degrees of 
freedom, respectively. 

   
0 3 8 13 * 

‘The shape of a chi-square distribution curve is skewed for small degrees of freedom, and 
it changes drastically as the degrees of freedom increase. Eventually, for large degrees of 
freedom, the chi-square distribution curve looks like a normal distribution curve. The peak 
(or mode) of a chi-square distribution curve with 3 or more degrees of freedom is at df — 2. 
For instance, the peak of the chi-square distribution curve with df = 5 occurs at 3. The peak 
for the curve with df = 10 occurs at 8. Like all other continuous distribution curves, the total 
area under a chi-square distribution curve is 1.0. 

  

The reason for the 
square in deviations 
(fo — fu)2is similar to 
the reason why we have 

O —p? 
T 

D —p) 
than simply =— 

You are expected to 
use technology to find 
ap-value and the y> 
statistic. The critical 
value will always be 
provided. 

xis the third last letter 
in the Greek alphabet 
and is pronounced chai 
or chi with a soft ch’ . 
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\? GOF Test 

Expected 
df 

  

CNTRB 
Save Res 
GphColor:Blue 

  

X’ GOF Test 
\* =14.2306173 
B =0.02716349 

£ 6 
CNTRB:List6 

   

  

  

01 

0.05. 

      5 4 & § 1012 14 167 
2 

ol 
p=0.0271634937 
  

Figure 13.14 GDC output for 
chi squared test 
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To test a hypothesis using the chi-squared distribution: 

1. Find the expected values. These come from the null hypothesis model. 

The expected frequency f, for each cell is np, where 7 is the total number 

of observations and p is the proportion of the data you expect to be in 

this cell. For example, since we have 1800 students and the hypothesised 

proportion for a grade 7 is 10%, then our expected frequency is 1800 X 

0.10 = 180 as you see in Table 13.5. (The result need not be an integer.) 

2. Compute the differences (known as residuals): (f, — f,) 

3. Square the residuals: (f, — f,)? 
[ 

4. Compute the cell contribution to the calculated chi-squared value: 

(also known as components) 

  

S — £ 
e anéts f, 

       

  

5. Find the sum of the cell contributions: 

6. Find the number of degrees of freedom: n — 1, in this case. 

7. Test the hypothesis. This can be done by either calculating the p-value or by 

constructing a critical region. 

You can carry out these calculations using a GDC, or a spreadsheet. 

With p-value of 0.0272, we reject the null hypothesis. Thus, we can conclude 

that the distribution of grades after 2012 has changed. 

The critical number for df = 6 and 5% significance is 12.59. Since the test 

statistic is 14.231, which is to the right of the critical number, the conclusion is, 

as expected, the same as before - reject H, (Figure 13.15). 

Critical number = 12.59 

          

‘est statistic = 14.231 

Level of significance = 0.05 

    — 0 
Critical region 

Figure 13.15 Test statistics in the critical region - reject Hy 

The spreadsheet work is only meant for internal assessment work. 

= £F 
Grade G=h | G | T 

T 13 3 
2 146 T58024691 

4 148 3 [5.G8885889 

1800 e =Y | 2 14230617 

 



Example 

The population of the UK in 1996 had the following distribution. 
  

Age group 0-15 16-64 | 65andabove 
Percentage of population 20.7% 63.5% 15.8% 
  

  

A sample of 1800 randomly chosen UK citizens in 2016 gave the following. 
  

Age group 0-15 16-64 | 65andabove 
Number of persons 340 1136 324 
              

Did the population distribution change from 1996 to 20162 Test at the 5% 

level of significance. 

L 

Solution 

Hypotheses: 

Hy: The observed distribution of age in 2016 is the same as the expected 

distribution of 1996. 

H,: The observed distribution is not the same as the expected distribution. 

Expected frequencies: 

1800 X 0.207 = 372.6, 1800 X 0.635 = 1143, and 1800 X 0.158 = 284.4 

The GDC output is shown in Figure 13.16. 

Since the p-value of 0.0149 < 0.05, we reject H, and conclude that the evidence 

shows that the age distribution in 2016 is not the same as that in 1996. 

™ 

  

for independence: contingency table 

  

Often, we would like to know whether two variables, each with several levels, 

are related. In such cases a chi-squared test is used. It is called a test for 

independence. 

When we use the test, our hypotheses are in the following form: 

H,: The variables in question are independent - they are not related. 

H,: The variables in question are not independent - they are related. 

Example 13.8 

A researcher conjectures that seat belt usage, for drivers, is related to gender. 

She gathers data by interviewing a random sample of 216 car passengers and 

asking them about seat belt usage. The data has been recorded and organised 

in the table. Construct a chi-squared hypothesis test to determine if there 

is enough evidence to support the researcher’s conjecture. Use a 5% level of 

significance. 

Goodness of fit test — 
general considerations 
Data for goodness of fit 
tests are organised in 
tables or lists. The cells 
of the tables represent 
counts that correspond 
to the different categories 
into which we divide our 
data set. In the example 
above, every grade level 
represented a category. 
So, data for the test must 
be counts (frequencies). 
‘The subjects counted 
should be a random 
sample. 
‘There should be at 
least 5 observations in 

any individual cell. If 
this condition is not 
‘met, then you have to 
combine cells so that the 
condition is satisfied. 
‘The chi-squared 
distribution used has, in 
general (n — 1) degrees 
of freedom 

  
X° GOF Test 
X*  =8.40907496 

=0.01492768 

  

P 
df =2 
CNTRB:List6       

Figure 13.16 GDC output for 
Example 13.7 
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X Test 
Observed:Mat A 
Expected:Mat B 

  
  

    

  

  

Figure 13.17 Entering the data 

in GDC matrix form 

  
Inverse x* 

XInv=5.99146455       

Figure 13.18 GDC output for 
finding critical values 

  

Grade level 

Factor 9 (101112 

Grades  |35|3054|55 

Esteem 6050|3015 

Activities |40 | 50|26 |20 

  

  

  

                

Table 13.6 Table for Example 

138 

“This is known as a 
contingency table. 
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Seat belt use 

Gender Yes, all the time Most of the time Not at all 

Female 50 52 25 

Male 40 26 43             

] 

Solution 

Write down the hypotheses. 

H;: Seat belt usage is not related to gender. 

o This agrees with the definition of the null hypothesis that states there is no 

significant difference between two parameters (numbers about a population). 

« ‘Independent of” is often used in place of ‘not related to. 

H,: Seat belt usage is related to gender. 

o ‘Related to’ means that there is a relationship between seat belt usage and 

gender. If there is a relationship, one of the variables is dependent upon 
the other. 

« ‘Not independent of” is often used in place of ‘is related to. 

Like other tests, we either find the p-value or the test statistic, using a GDC. 

Unlike previous cases, the data should be entered into a GDC in matrix form. 

Regardless of the GDC used, the output will mainly give the value of the test 
statistic, the p-value, and the degrees of freedom. 

p-value approach: 

Since the p-value = 0.0392 < 0.05, we reject Hy and conclude that there is 
evidence to suggest that seat belt usage may be related to gender. 

Critical region approach: 

We are given the critical number 
(How to find it is beyond the scope 
of your syllabus - it is given here SAZ 

for demonstration only!) P 

Sincey> =6479>y> =591, 
statstic critical 

0 5.991 x we also reject Hy. 

In Example 13.9, we will carry out a test and show how the calculations are 

made. Again, you will not need to do the calculations manually. 

Example 13.9 

In a large school system, students in grades 9-12 were asked whether 
good grades, extracurricular activities, or esteem were most important to 

them. The students were divided in grade level groups. We are interested in 

whether there is a relationship between the preferred factor and grade level. 
Table 13.6 shows the results of a survey of 465 students chosen at random. 

Test at the 1% level of significance, whether grade level and preferred factor 
are independent.



s 

Solution 

H,: Grade level and preferred factor are not related. 

H;: Grade level and preferred factor are related. 

Run a chi-squared test and calculate the p-value. 

As mentioned earlier, the data should be entered into a GDC in matrix form. 

Decision: As the p-value = 3.5 X 10~° < 0.01, we reject Hy and can suggest 
that there is a connection between grade level and preferred factor among 

high school students. 

Calculations for the chi-squared test of independence. 

Recall that the chi-squared test compares the observed frequencies, f, with the 
2 

expected frequencies, f, for each cell using ot 

The collected data gives us the observed frequency f, for each cell. Here is how 

we can calculate the expected frequency f, for the cell. 

Grade level 

Factor 0] 10 | 11 | 12 | Totals 

Grades 35 | 30 | 54 | 55 174 

Esteem 60 | 50 | 30 | 15 155 

Activities | 40 | 50 | 26 | 20 136 

Totals 135 | 130 | 110 | 90 465 

  

  

  

  

                  
Table 13.7 Calculating expected frequencies 

Recall from Chapter 8, that if two events A and B are independent, then 

P(ANB) = P(A)P(B) 

This is the key to calculating the expected frequencies. Assuming independence 

in H,, every cell in the table is at the intersection of two levels, one from 

each. For example, the cell 35 in the grades row and 9 column is the observed 

frequency that a student in grade 9 cares more about grades. If grades were 

independent of grade level, then 

_ _17 135 P(Grades N 9) = P(Grades)P(9) = 265 465 

There are 174 among the whole group who say that grades are most important, 

and hence the probability of picking a grades student is LL:‘ 
65 

Similarly there are 135 students in grade 9 in the group, so the probability of 

choosing a student in grade 9 is i? 
465 

Now the expected frequency is np, and hence 

Soradesng = 465 - - - == = === =150.516 

  
x> Test 

Expected:Mat B 
Save Res:None 
GphColor:Blue 
Execute 

  

  
  
X* Test 

X: =50.6380751 
P =3.50128-09 
df =6 
  
  
B.-1 -2 .3 .4 
1750.516 48.645 41.161 33.677 
1 4543333 36666 30 
1139.483 38.021 32.172 26.322 

        

    50.51612903   

Figure 13.19 Entering the data 

in GDC matrix form 
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Calculating the 
expected frequency 

‘The estimated expected 
number of observations 
in each cell, under Hy, is 

RC 
fe=5 

where R s the row total, 
and Cis the column total. 
R=174,C= 135,and 
= 465 in Example 13.9. 
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Notice the first cell in the screen produced by a GDC in the screenshot 

in Figure 13.19. It is 50.516. This is the expected frequency for that cell. 

The calculation is done in a similar fashion for each of the other 11 cells. 

This means, to find the expected frequency of a certain cell, multiply the 

row total by the column total and divide that product by the total number of 

observations in the whole sample. This is the matrix B produced by a GDC. 

- fP 
Now, the chi-squared statistic is y> = 2=t 

e alds  f, 
— )2 

e 

  and is made up of the 

  

sum of all cells’ contributions   For example, to calculate the first cell’s 
e 

- 2 
contribution to the statistic we have {95~ 50516); ~4.77 

50.516 

Calculate the contribution from all the cells and add the resulting values to 

give y2 = 50.638 
ale 

The number of degrees of freedo m for this testis (r — 1)(c — 1) =2 X 3 =6, 

where  is the number of rows and c is the number of columns. The critical 

number is 12.59 in this case. This is the number in the upper tail of the chi- 

squared distribution with 6 degrees of freedom which marks the 5% area. 

Since 50.638 is to the right of 12.59, we reject the null hypothesis. 

Alternatively, P(y* = 50.638) = 3.5 - 10~ ~ 0, and we also reject the null 
hypothesis. 2 

As mentioned earlier, this discussion is meant to help you understand what the 

chi-squared test is about. All calculations are done with a GDC, and critical 

numbers will be provided when needed. 

1. 180 spectators at a swimming championship were asked which, of four 

swimming styles, was the one they preferred to watch. 

The results of their responses are shown in the table. 
  

  

  

  

  

Swimming style Male Female 
Freestyle 20 15 
Butterfly 20 30 
Backstroke 10 35 
Breaststroke 10 40           

A x? test was conducted at the 5% significance level. 

(a) Write down the null hypothesis for this test. 

(b) Write down the number of degrees of freedom. 

(c) Write down the value of )(:ak. 

The critical value, at the 5% significance level, is 7.815. 

(d) State, giving a reason, the conclusion to the test.



2. An agricultural cooperative uses three brands of fertiliser, A, B and C, 

on 120 different crops. The crop yields are classified as high, medium or 

low. The data collected are organised in the table. 

  

  

  

  

        

Fertiliser 
Total 

A B & 
High yield 10 3 12 30 
Medium yield 24 14 12 50 
Low yield 16 3 16 40 
Total 50 30 40 120         
The agricultural cooperative decides to conduct a chi-squared test at the 

1% significance level using the data. 

(a) State the null hypothesis, H, for the test. 

(b) Write down the number of degrees of freedom. (Hint: find the 

inverse chi-square.) 

(c) Write down the critical value for the test. 

(d) Show that the expected number of medium yield crops using 

fertiliser Cis 17, correct to the nearest integer. 

(e) Use your graphic display calculator to find for the data: 

(i) the y2 calculated value (ii) the p-value. 

(f) State the conclusion of the test. Give a reason for your decision. 

3. In an effort to develop new software that replaces an existing office 

package, a new company ran a survey for 5958 randomly chosen 

potential users. One of the questions was ‘How important is it for you 

that the new product has an email component similar to the one in the 

existing package?’ 

The options for the response were given on a scale of 1-4 as follows: 

1 - not at all important, 2 - somewhat important, 

3 - important, and 4 - extremely important. 

The distribution of the respondents according to their age group are 

given in the table. 
  

  

  

  

  

age <20 20<age<40 | 40<age <60 age > 60 
4 595 526 485 442 
3 427 459 447 381 
B 408 392 407 391 
1 143 154 148 153             
  

The company decides to conduct a chi-squared test at the 5% 

significance level using the data. 

(a) State the hypotheses for the test. 

(b) Find the expected frequency in the cell corresponding to response 3 

and 40 < age < 60 
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(c) Find the number of degrees of freedom for this test. 

(d) The critical value is 16.92. Write down the decision rule to reject the 

null hypothesis. 

(e) Write down the value of the test statistic x> and decide whether you 

reject H, giving your reasons. e 

(f) Write down the p-value and decide whether you reject H, giving 

your reasons. 

. The observed frequencies of an experiment with 300 trials and 5 cells is 

shown in the table. The model to be tested is: 

Hy:p, = 0.10, p, = 0.20, p, = 030, p, = 0.20, p, = 0.20 
  

Cell 1 2 3 4 5 
Frequency 24 64 84 72 56 
  

                

(a) Write down the alternative hypothesis. 

(b) Find the expected frequencies. 

(c) Test the goodness-of-fit of the data to the model at the 5% level of 

significance. 

. In a number of pharmaceutical studies, volunteers who take placebos 

(but are told they have taken a cold remedy) report the following side 

effects: 
  

  

  

  

Side effect Headache | Drowsiness | Stomach upset | No side effect 
Cold (Percentage) 5% 7% 1% 84% 
Anti-inflammatory | 19 23 14 194             

A random sample of 250 people were given a placebo (but thought 

they had taken an anti-inflammatory) and reported whether they had 

experienced each of the side effects. Their results in numbers are given 

in the third row of the table. 

(a) Write down the hypotheses of the test. 

(b) Find the expected frequencies. 

(c) Is there evidence, at the 5% level of significance, that the reported 

side-effects of the anti-inflammatory group differ from those with a 

cold remedy? 

. To determine whether a single dice is fair, the dice was rolled 600 times. 

The table shows the number of times each of the faces showed. 
  

Number i 2 3 4 5 6 

Frequency 102 107 101 84 92 114 

  

                  

(a) Write down the hypotheses for this test. 

(b) Find the expected frequencies. 

(c) Given that the critical value is 11.07, test whether the dice is fair at 

the 5% level of significance.



Chapter 13 practice questions 

1. The producer of a TV dancing show asked a group of 150 viewers their 

age and the type of Latin dance they preferred. The types of Latin dances 

in the show were Argentine tango, samba, rumba and cha-cha-cha. 

The data obtained are shown in the table. 

  

Dance 
  

Argentine tango | Samba | Rumba | Cha-cha-cha 
  

20 years old and younger 35 23 12 10 
              Older than 20 years old 20 17 18 15 
  

A x? test was carried out, at the 5% significance level. 

(a) Write down the null hypothesis for this test. 

(b) Write down the observed number of viewers who preferred rumba 

and were older than 20 years old. 

(c) Use your graphic display calculator to find the p-value for this test. 

The producer claims that the type of Latin dance a viewer preferred is 

independent of their age. 

(d) Decide whether this claim is justified. Give a reason for your 

decision. 

2. Four parties contested an election held two years ago. Conservatives 

captured 29% of the vote, liberals 41% of the vote, while the greens and 

the extreme right parties split the rest among themselves equally. A 

survey of 1500 voters this year yielded the following: 410 conservatives, 

590 liberals, 270 greens, and 230 went to the extreme right party. 

Has the voter support changed since the elections? Test at the 10% level 

of significance. 

(a) If the voter support has not changed, what is the expected number 

of voters for each party? 

(b) Write down the hypotheses for this test. 

(c) Perform the test in question. 

3. In a debate on voting, a survey was conducted. The survey asked people’s 

opinion on whether the minimum voting age should be reduced to 16 

years of age. The results are shown as follows. 

  

  

  

  

Age18-25 | Age26-40 | Agedl+ Total 

Oppose the reduction 12 20 48 80 

Favour the reduction 18 15 17 50 

Total 30 35 65 130             
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A y? test at the 1% significance level was conducted. The y? critical value 

of the test is 9.21 

(a) State: 

(i) Hy, the null hypothesis for the test 

(ii) H,, the alternative hypothesis for the test. 

(b) Write down the number of degrees of freedom. 

(c) Show that the expected frequency of those between the ages of 26 

and 40 who oppose the reduction in the voting age is 21.5, correct to 

three significant figures. 

(d) Find: 

(i) the y? statistic 

(ii) the associated p-value for the test. 

(e) Determine, giving a reason, whether H, should be rejected. 

It has been estimated that employee absenteeism costs US companies 

more than $100 billion per year. To understand the trend of absenteeism 

among its employees, a large corporation recorded the weekdays during 

which individuals in a random sample of 724 absentees were away over 

the past 6 months, as shown in the table. 

Do these data suggest that absenteeism is higher on some days of the 

week than on others? Test at the 10% level of significance. 

  

Dayofthe | Monday | Tuesday |Wednesday | Thursday | Friday 
week 
  

Number 174 124 142 136 148 

absent                 

Many restaurants use a device that allows credit card users to pay with 

their credit card at the table. The device also allows the user to specify an 

amount for a waiter tip. In an experiment to see how it works, a random 

sample of credit card users was drawn. Some paid with the device and 

some paid in cash. The percentage left as a tip was recorded and listed 

below. 

Can we infer that users of the device leave larger tips? Test at the 10% 

level of significance. 

  

Cash 103 | 152 [ 13.0 [ 9.9 [12.1 [ 13.4 | 122|149 | 13.2 | 12.0 
  

Device |13.6| 157|129 (132 [ 12.9 [ 13.4 [ 12.1 [ 13.9 [ 15.7 | 154 | 17.4                             

(a) What type of test is this? Give two assumptions you are making. 

(b) Write down your hypotheses for the test. 

(c) Draw your conclusion and give a reason for it.



6. The manager of a travel agency surveyed 1200 travellers. She wanted to 

find out whether there was a relationship between a traveller’s age and 

their preferred destination. The travellers were asked to complete the 

survey shown. 

My age is: 

  

25 or younger 26-40 41-60 61 or older 
  

        

My preferred destination is: 

  

New York Tokyo Melbourne Dubai Marrakech 
                

A x? test was carried out, at the 5% significance level, on the data 

collected. 

(a) Write down the null hypothesis. 

(b) Find the number of degrees of freedom. 

The critical value of this y? test is 21.026 

(c) Use this information to write down the values of the y? statistic for 

which the null hypothesis is rejected. 

From the travellers taking part in the survey, 285 were 61 years or older 

and 420 preferred Tokyo. 

(d) Calculate the expected number of travellers who preferred Tokyo 

and were 61 years or older. 

7. A survey was conducted among a random sample of people about their 

favourite TV show. People were classified by gender and by category of 

favourite TV show (sports, documentary, news and reality TV). 

The results are shown in the contingency table. 
  

Sports | Documentary | News | Reality TV | Total 
  

  

  

Male 20 24 52} 11 87 

Female 18 30 20 25 93 

Total 38 54 52 36 180                 
(a) Find the expected number of females whose favourite TV shows are 

documentaries. 

A x? test at the 5% significance level is used to determine whether TV 

show category is independent of gender. 

(b) Write down the p-value for the test. 

(c) State the conclusion of the test. Give a reason for your answer. 
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8. A psychologist examined whether the content of TV shows influenced 

the ability of viewers to recall brand names of items featured in 

commercials. The researcher randomly assigned volunteers to watch 

one of two programs, each containing the same nine commercials. One 

of the programs had violent content and the other had neutral content. 

After the show ended, the subjects were asked to recall the brands of 

products that were advertised. Results are listed below. 

Violent: mean = 3.18, standard deviation = 1.86, n = 108 

Neutral: mean = 4.16, standard deviation = 1.75, n = 108 

Do these results indicate that viewer memory for commercials may differ 

depending on program content? Test at the 10% level of significance. 
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Deciding which variable 
is the explanatory or 

independent variable is 
largely up to us. Does 
the number of hours a 

student studies explain 

their test grade, or does 
the test grade explain the 

‘number of hours spent 
studying? The second 

statement seems rather 
silly. In experiments, the 

explanatory variable is 
often the variable that 

is directly manipulated, 
and then we observe 

aresponse in the 

response variable. 
If both variables are 

observed (neither is 
directly manipulated 

or controlled), then 

it is mostly about the 
question we want to ask 

or the model we want 
to create: does one 

variable explain the 
other? Do we want a 

model for @ in terms of b 

or bin terms of a? 
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Learning objectives 

By the end of this chapter, you should be familiar with... 

o the key features of a scatter diagram and estimating a best-fit line by eye 

o the difference between causation and correlation 

o calculating (using your GDC) and interpreting Pearson’s product- 

moment correlation coefficient for linear associations (r) 

o calculating (using your GDC) and interpreting Spearman’s rank-order 

correlation coefficient r, 

o the limitations of and differences between Pearson’s r and Spearman’s r; 

+ how to find, use, and interpret least-square regression models and 

piecewise linear models. 

‘We are often interested in whether one variable produces a change in another, 

and, if so, how much? For example: 

« Do students who study more than others get better test grades? 

« Do heavier cars have worse fuel economy? 

« Do plants that are fertilised more grow bigger or faster? 

All of these questions involve investigating the relationship between two 

variables, which is called bivariate statistics. We will start by examining 

data graphically, and then examine two quantitative methods to measure the 

relationship between two variables. 

m Scatter diagrams 

Suppose we are interested in whether students who spend more time studying 

for a test get better scores on that test. We collect data on a class of 10 

mathematics students and obtain the data shown in Table 14.1. 
  

Student Tim | Joon | Jim |Kevin | Steve | Niki | Henry | Anton | Cindy | Lukas 

Hours 4 4.5 6 3.5 3 a 25 6.5 7 6.5 

Grade 65 80 83 61 a5 79 85 79 92 95 

  

  

                          

Table 14.1 Mathematics students’ data 

Since we are analysing whether more studying appears to produce higher test 

grades, we say 

« ‘hours’ is the explanatory or independent variable 

« ‘grade is the response or dependent variable 

« the students whose time and grades are recorded are the subjects of this 

study/experiment. 

A response variable measures an outcome of a study. An explanatory variable explains the 
changes in the response variable. 
‘The response variable is traditionally known as the dependent variable; the explanatory variable 
is traditionally known as the independent variable.



To begin examining the relationship between hours spent studying and test 

grades, we draw a scatter diagram, where we plot each data point. 

  

100 

90 

2 80 
£ 
& 

70 

60 

Two variables measured 

0 on the same subjects 
B 6 are associated if 

ot specific values of one 
Figure 14.1 Scatter diagram variable tend to occur 

in connection with 

It appears that, in general, as the number of hours spent studying increases, so Pxfiwlaf \{31065 of the 
other variable. 

does the grade. Therefore, we say that the two variables are associated. 

When we examine a scatter diagram, we look for form, direction, strength, and 

unusual features such as outliers or clusters. 

Form refers to the shape of the graph. This is often the first step to determining 

a likely model. In general we will start by deciding if the form is linear or 

non-linear. 

    

Figure 14.2 Linear forms 
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Figure 14.3 Non-linear forms 
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e%e semesmnerm seane   
Figure 14.6 Two examples of 
zero association 
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Bivariate analysis 

You will see that many sources refer to correlation instead of association when describing 
direction and strength. We will use correlation primarily when discussing correlation 
coefficients, which are quantitative measures of specific types of association. 

Direction tells us how the response variable changes in relation to the 

explanatory variable. If the response variable increases along with the explanatory 

variable, then the association is positive (Figure 14.4). If the response variable 

decreases while the explanatory variable increases, then the association is 

negative (Figure 14.5). Graphically, this is analogous to the slope (gradient). 

If the response variable does not change as the explanatory variable changes, or 

if the response variable changes in ways that appear random, then there is zero 

or no association (Figure 14.6). 

Strength refers to how tightly the data appears to fit the form. 

  

      
  

d Strong negative € Moderate negative f Weak negative 

Figure 14.7 Strong, moderate, and weak associations 

In Figure 14.7, the best-fitting linear model for each data set is also shown. 

As you can see, weak associations are widely scattered around the best-fit line, 

while strong associations show data tightly clustered around the best-fit line. 

Notice that both positive and negative associations can be strong and both 

can be weak. 

Unusual features 

‘We want to make note of any unusual features we see. Outliers are data points that 

do not fit the pattern or form of the other data points, as shown in Figure 14.8.



  

Outlfer 

A : 

2k Outl 3 &° Outlier 
$ s 

S ees smumn -   

Figure 14.8 Outliers are a departure from the predominant pattern 

You may also see clusters, gaps, or other patterns in the data that should be 

investigated, as shown in Figure 14.9. 

  

    
a A cluster of outliers b Two different directions ¢ This cluster fits the overall 

direction and form, but why 
the gap? 

Figure 14.9 Clusters, gaps and other patterns 

In general, unusual features in your data are always worth investigating. What 

caused the unusual feature? Is it a problem with the way the data was generated 

or collected? Is there an error in entering the data? Is there something in the 

phenomena you are investigating that is creating the feature? 

Example 14 

Describe the type of association in each scatter diagram. 
o 
I‘ . 

e cemme smene 0o mesme 

  

   
(a) (b) () 
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. 
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Solution 

(a) Moderate negative linear association. 

(b) Nonlinear form, possibly sinusoidal. 

(c) No association. 

(d) Moderate positive linear association. 

(e) Perfect positive linear association. 

(f) No association. 

(g) Strong negative linear association. 

(h) Strong positive non-linear association. 

(i) Very strong negative linear association. 

Estimating the line of best fit 

Consider our example from earlier, the class of mathematics students 

(Figure 14.10). 

  

  

X, 

| XXXXX . Theassociation appears approximately linear, positive, and strong. 

% As a student in this class, we might ask questions such as: 

)~<X |« IfIstudy for 4 hours, what grade can I predict? 

03 4 56 7 « IfI study for another hour, how much is my grade likely to increase? 
Hours 

Figure 14,10 Mathematics To answer both of these questions, we would like to have a model of the 

students’ scatter diagram relationship between hours and grade. In fact, we can obtain a reasonable 

model with very little effort by estimating a line of best fit by eye. Here is the 

procedure: 

1. Calculate the mean of the x values, X, and the mean of the y values, j. 

2. Plot the mean point (X, y) on the scatter diagram. 

3. Draw a line through the mean point that fits the linear pattern. Aim to have 

approximately as many points above the line as below the line, but more 

important is that the points appear to be balanced above and below the line. 
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In this process we are very much relying on our visual sense to place the line. 

Why should the line go through the mean point (%, 7)? Intuitively, remember 

than our line of best fit is trying to describe the average behaviour, so it makes 

sense that the line should go through the mean point (¥, j). 

Example 14.2 

The table shows some student test grade data. 
  

Student | Tim |Joon | Jim | Kevin | Steve | Niki | Henry | Anton | Cindy | Lukas 

Hours (x) | 4 4.5 6 5ol B 5 bis] 6.5 7 6.5 

Grade (y) | 65 | 80 | 83 61 ol ) 85 ) 92 95 

  

  

                        
  

(a) Draw a scatter diagram. Then draw the line of best fit by eye. 

(b) Use your best-fit line to predict the score of a student who studies 

for 4 hours. 

(c) Use your best-fit line to find the equation of a linear model. 

(d) Interpret your linear model to estimate how much a student’s grade will 

improve for an additional hour of study. 

] 

Solution 

(a) Draw the scatter diagram. 

Then calculate the coordinates of the mean point: 

e e 515 515 
= (%) = (5.15,77.4) 

Zy,——774 =774 

Plot the mean point on the scatter diagram and chose a line of best fit by 

eye. Here is one possible line: 

100 

95 

90 

85 

80 

i 

70 

65 

60 

55 

50 

Gr
ad
e 

  

2 3 456 7 8 

Hours 

Notice that although the line does not have the same number of data 

points above and below the line, it appears to be balanced.



Caution: Do not use 

existing data points to 
make predictions unless 

they happen to fall 

exactly on the best-fit 
line! Instead, use the 

best-fit line. For example, 
we see that Tim earned 

agrade of 65 with 4 
hours of study. However, 
since Tim is not exactly 

on the best-fit line, 
he does not represent 

the average behaviour. 
Instead we predict that 

astudent who studies 4 
hours would, on average, 

receive a grade of 67. 
Likewise, do not use 

data points to estimate 

the slope of the best fit 

line, unless they happen 
to fall exactly on the 

best-fit line. 
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(b) To predict the grade of a student who studies for 4 hours, we simply read 

off the graph. The best-fit line appears to pass through the point (4, 67), 

so we predict that a student who studies for 4 hours would likely earn, 

on average, a grade of 67. 

(c To find the equation of our best-fit line, we will need to estimate the 

gradient of the best-fit line. To do this, we should pick two points on 

the best-fit line on the left and right sides of our data. On the left side, 

our best-fit line appears to pass through (2, 50), so that is an easy point 

to choose. On the right side, our best-fit line appears to pass through 

approximately (7.2, 95). Therefore, the gradient is 

DY) e O ) 

S 07 
Using the point (2, 50), we can find the linear model: 

  ~ 8.7 

y—50=87(x—2)=y=87x+326 

(d) In this context, the gradient of the linear model tells us the change in 

grade for each additional hour of study. Therefore, we predict that a 

student’s grade will increase by 8.7 for each additional hour of study. 

Association and correlation are not causation 

It is important to remember than no matter how 

strong an association appears to be, changes 

in the explanatory variable do not necessarily 

cause changes in the response variable. It could 

be that the two variables are entirely unrelated. 

For example, consider the scatter diagram 

shown in Figure 14.11 (the axis labels are 

  

deliberately omitted). 

Tt is perfectly correct to say that there is a ¥ 

strong, positive, linear correlation. However, do 0 500 1000 1500 

changes in the x variable cause changes Figure 14.11 The data shows a 
  strong, positive, linear correlation 

in the y variable? No matter how strong 

the correlation appears to be, the data alone cannot prove that changes in x 

cause changes in y. To establish a causal relationship, we would need to design 

an experiment to manipulate the explanatory variable and look for changes in 

the response variable. In fact, it's not hard to find strong correlations between 

variables that have nothing to do with each other. For example, Figure 14.11 

shows US consumption of milk vs European space launch revenue: the x 

variable is revenue from commercial space launches in Europe (in US$ 

millions); the y variable is per capita consumption of 1% skimmed milk in 

the USA (in US gallons). Clearly, increases in space launch revenue are not 

causing people to drink more milk in the USA, despite a strong correlation 

between the variables.



Exercise 14.1 

1. Which point should every best-fit line pass through? 

2. What four features should you look for when describing a scatter 

diagram? 

3. In a 2008 study, researchers from Cornell University found that autism 

prevalence rates for school-aged children in California, Oregon 

and Washington in 2005 were positively related to the amount of 

precipitation these states received. 

(a) Identify the explanatory variable and response variable from this 

statement. 

(b) Does this mean that rainfall causes autism? Explain. 

4. Describe each scatter diagram. 

  

  

  
  

e .fl-..‘ 

. 

\\ 

(a) (c) 

B -"‘.'. ° 1 < 

(£) 

  

    
  

(8) (h) @ 

5. For each set of data, draw a scatter diagram, create a best-fit line by eye, 

and find the equation of your line. 
  

@7 TxT1w]21]290]40]50]60 

y 163|130 | 109 | 67 | 74 | 26 
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®) [x J10]12]12]22]28]39]50]60]70]80]90 100 

y [24.1166] 65 [15.4|27.2]318[41.2]222]449]31.1[ 424619 
  

              

  
(©) 10 | 20 | 30 | 40 | 50 | 60 

0 [27| 9 |60 |85 |95 

" 

                    

Lena is interested in whether the number of pages in a book determines 

how long it takes her to read it. She keeps track of the number of hours 

it takes her to read a book, and the number of pages in the book. The 

table shows the data for the last six books she read. 
  

Pages | 150 | 330 | 600 | 450 | 200 | 250 

Hours | 5 | 13 | 19| 14 | 9 9 

  

                  

(a) Identify the explanatory and response variables in this context. 

(b) Generate a scatter diagram and describe the relationship between 

the number of pages and the time required to finish a book. 

(c) Create a best-fit line by eye and find the equation of your line for the 

number of hours ¢ in terms of the number of pages n. 

(d) Interpret the gradient and #-intercept in context. 

(e) Predict the number of hours it would take Lena to read a 

500-page book. 

  

  

  

  

  

  

  

  

  

  

  

  

William is doing a study Student | Mass (kg) | Rate (keal/day) 

about students in his class 
1 36.1 995 

concerning the mass of a 5 i i 

random sample of 12 of his . 
school mates against their g ) % 

metabolic rates. Metabolic £ 2 g 

rate is the rate at which the 5 506 1502 

body consumes energy. 6 42 1256 

The table shows the data 7 40.3 1189 

he collected. 8 331 913 

(a) Identify the explanatory 2 224 I 

variable. Draw a scatter 10 P 1 

diagram of the data. i i 1347           

(b) Find the mean mass and the mean metabolic rate. 

(c) Draw a line of best fit on your diagram. 

(d) Describe the strength of the relationship and interpret the gradient 

of the line. 

(e) Liz has a mass of 40 kg. What metabolic rate should she expect to see? 

(f) Kevin has a mass of 70 kg. Can you use the model to predict his 

metabolic rate?



8. A sample of 15 fish was weighed. The weight, W, was plotted against 

length, L, as shown. 

  

0 
0 20 40 60 80 100 

L (cm) 

Exactly two of the following statements about the plot could be correct. 

Identify the two correct statements. 

A The value of , the correlation coefficient, is approximately 0.871. 

There is an exact linear relation between W and L. 

The line of best fit of W on L has equation W = 0.012L + 0.008 

There is negative correlation between the length and weight. 

The value of r, the correlation coefficient, is approximately 0.998 

The line of best fit of W on L has equation W = 63.5L + 16.5 M
m
O
 

o
W
 

9. The manager of a factory is curious about how production costs increase 

with production levels. She records the number of items produced and 

the production costs for 12 straight months. The table shows her data. 
  

Number of items 
(thousands) 

Production cost (£000) | 37 | 54 | 63 | 42 |84 | 91 (33|49 |79 |98 |32 |71 

18 (36 | 45|22 (69|72 (13|33 |59|79|10|53 

  

                              
(a) Identify the explanatory and response variable in this context. 

(b) Generate a scatter diagram for production cost versus number of 

items. 

(c) Describe the association between production cost and the number 

of items produced. 

(d 

(e) Draw a line of best fit by eye on your diagram. 

Calculate the coordinates of the mean point. 

(f) Use your line of best fit to predict the production cost when 70 000 

items are produced. 

(g) Find the gradient of your line of best fit and interpret in context. 

(h) Estimate the y-intercept of your line of best fit and interpret in 

context. Give a reason why we should be cautious about this value. 

(i) The manager would like to predict production costs when 100 000 

items are produced. Give a reason why she should be cautious about 

this prediction. 

Think back to 

extrapolation from 

Chapter 6. 

471



‘wx**(»\«*   
b 

Figure 14.12 Which diagram 

shows a stronger correlation? 
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10. When cars are driven, their tyres heat up. How does the driving speed 

relate to the temperature of the tyre? The table shows tyre temperature 

for a specific tyre model at the given speeds. 
  

Speed (kmh™!) 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 

Temperature (°C) 45 | 52 | 64 | 66 | 91 | 86 | 98 | 105 

  

                      

(a) Identify the explanatory and response variables. 

(b) Generate a scatter diagram for speed versus temperature and 

describe the association you see. 

(c) Calculate the coordinates of the mean point. 

(d) Draw a line of best fit by eye on your diagram. 

(e) Use your best-fit line to predict the temperature when driving at 

60kmh~1. 

(f) Find the gradient of your best-fit line and interpret in context. 

(g) Estimate the y-intercept of your best-fit line and interpret in context. 

Give a reason why we should be cautious about this value. 

(h) Give a reason why we should not use your best-fit line to predict the 

tyre temperature when driving at 150 kmh~!. 

Measures of correlation 

So far, we have used our visual sense to describe the association we can see in a 

scatter diagram. Can we quantify that association? In this section, we will look 

at two methods for doing so: Pearson’s product-moment correlation coefficient 

(r) and Spearman’s rank correlation coefficient (r,). 

  

coefficient (r) 

Consider the two scatter diagrams in Figure 14.12. 

‘Which diagram shows a stronger correlation, diagram a or diagram b? 

In fact, both diagrams show the same data. Sometimes, looks can 

be deceiving! 

For this reason, we should try to quantify the strength and direction of an 

association. This is what Pearson’s product-moment correlation coefficient aims 

to do. By convention, we refer to this statistic simply as r. 

In this course, we will rely on technology to find the value of r. Our goal 

is to be able to interpret and use r. Consult your GDC manual to learn 

how to find r.



Facts about r 

Perfect negative rank-order 

‘The value of ris always in the interval —1 < r < +1 
‘The sign of  tells us the direction of the correlation: positive or negative or zero. 
‘The size of  tells us the strength of the linear correlation. 

  

Perfect positive rank-order 
correlation No correlation correlation 

r=-1 r=+1 
I ! | k + 1 

-1 0 1 
Strong negative Weak negative ~ Weak positive Strong positive 

When r = +1, there is a perfect positive linear correlation; all the points fall on a line with positive slope. 
When r = 0, there is zero correlation. 
When r = —1, there is a perfect negative linear correlation; all the points fall on a line with negative slope. 
7 has 1o units, and is not a percentage. 

  

There are no strict rules about what intervals of r indicate strong, moderate or 

weak correlations. Some authors claim 171 > 0.5 indicates a strong correlation, 

while others want |r| > 0.87. In reality, the interpretation of r depends on 

context: even a very low value of r may indicate a useful correlation in some 

contexts. Since in this course we are using only one explanatory variable, it 

is usually the case that 7 is not close to 1: in most (interesting) real-world 

situations there is more than one explanatory variable at work. 

Here are some examples of r: 

   

Remember, Pearson's 
correlation coefficient 
rapplies only to linear 
relationships; that is, it 
measures the strength of 
alinear correlation, when 

it exists. 

  

Perfect positive correlation Strong positive correlation Moderate positive correlation 

    

x 
= - xx : ):x" %%" Wiy W x 

»* 
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x 

ar=1 b r=090 ¢ r=050 d r=020 
Weak positive correlation 
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Perfect negative correlation Strong negative correlation Moderate negative correlation Weak negative correlation 
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ir=0 jr=0 
No correlation 

Figure 14.13 Examples of r 
No correlation 
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M 
ar=075 

Strong positive correlation? 

x 
5% 

& 3 
S * 
!"” 

x 
¥   

b r=-0.02 

No correlation? 

Figure 14.14 Some ways that r 

can mislead 

  

  

20.60:   

  20.45. 
20.30. 

  

  
20.15.   

          
20.00. 

  
  
  

  

    

Figure 14.15 Scatter diagram 

for Example 143 (a) 
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It’s always important to draw a scatter diagram. Do not rely on r to find 

an association, since there are several ways that r can show that there is a 

correlation when there is not, or that there is no linear correlation when a non- 

linear association exists. Figure 14.14 shows two examples. 

In Figure 14.14a, there seems to be a negative association for most of the data, 

but a dramatic outlier fools r into indicating a positive linear correlation. 

In Figure 14.14b, a non-linear pattern does not have a linear correlation, but 

there is clearly some sort of association between x and y. 

Example 14.3 

In an experiment, a metal bar is heated and its length is measured. The table 

shows measurements taken during the experiment. 
  

Heat (°C) 40 45 50 55 60 65 70 75 80 

Length (mm) [ 20 |20.12|20.20 | 20.21 | 20.25 | 20.25 | 20.34 | 20.47 | 20.61 

  

                        

(a) Create a scatter diagram for this data. 

(b) Describe the association, calculating and interpreting r if appropriate. 

L 

Solution 

(a) The scatter diagram is shown in Figure 14.15. 

(b) The association appears to be strong and positive. Since the association 

appears to be approximately linear, it is appropriate to proceed with 

calculating r. A GDC gives r = 0.955, which we interpret as a strong, 

positive linear correlation. 

Sometimes the data we obtain has unusual features such as an outlier. 

Depending on the context, we may decide to analyse the data without the outlier. 

Example 14.4 

A student is interested in whether the mass of a vehicle (kg) affects the fuel 

use (L per 100 km). The table contains data on 15 small cars. 
  

  

      

  

Mass (kg) 1120 | 1170 | 1180 | 1180 | 1220 | 1250 | 1400 | 1400 

Fuel consumption 
203 | 21.8 | 234 a1 244 | 226 | 11.3 | 265 (L/100 km) 

Mass (kg) 1460 | 1480 | 1510 | 1560 | 1740 | 1840 | 1960 

Fuel consumption 
(L/100 km) 305 | 27.7 29 321 | 338 | 358 | 381                     

(a) Create a scatter diagram for this data. 

(b) Describe the association, calculating and interpreting r if appropriate.



Solution 

(a) 

(b) The second scatter diagram suggests a 

  
There is a clear outlier at (1400, 11.3). This 

vehicle is much more efficient than the others, 

for its mass. In fact, that data point represents 

a fuel-electric hybrid car. So, in this case, it’s 

appropriate to remove that data point from our 

Fu
el
_u
se
 

  

  
  
  

  
  

      

  

  
observation and focus only on the conventional 

fuel-powered vehicles. The new scatter diagram 

is shown below. 
  

strong, positive, and approximately 

linear association, so we will calculate r. 

A GDC shows that, with the outlier 

removed, r = 0.980, confirming a very   Fu
sl
 
e 

  

    

  

        L]     00 1300 1500 1700 1500 
bass   

strong, positive correlation. 

Remember that r only has meaning for linear associations. If a non-linear 

association exists, r will not indicate the strength of the non-linear association 

and is therefore not useful. 

Example 14 

A student in a physics class collects data on the height of an object at 

different times after it is dropped from a height of 35 metres. The data are 

given in Table 14.2. 

(a) Create a scatter diagram for this data. 

(b) Describe the association, calculating and interpreting r if appropriate. 

  
  

      

  

  

  

  

Solution 

(a) 5o oo ‘ (b) The scatter diagram looks to 

5 2 ‘ ‘ "‘ 4 have a strong, negative, and non- 

g j: [N linear association. We know that 

10 [ [ falling objects can be modelled 

a ‘ | with quadratic functions and     

  

      
  
0:070:4°0:8'1.2 1.6 2.0 2.4       

Tine the scatter diagram suggests 

that a quadratic model could 

be appropriate. Since the data 

appears to have a non-linear 

association, it is not useful to 

calculate r. 

  

  

  

  

  

  

  

  

  

  

  

      

Time | Height 

000 | 3483 
025 | 3462 
050 | 3411 
075 | 3258 
100 | 3021 
125 | 27.25 
150 | 2385 
175 | 2027 
200 | 1552 
225 | 101 
250 | 438     

Table 14.2 Data for 
Example 14.5 
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M h: ponthall|[Chanas Spearman’s rank correlation coefficient 
urchase | value (%) 

B o o Mobile phones often lose their resale value quickly after they are purchased. 

5 % Data on the change in value for one particular model are given in Table 14.3. 

4 —47 How strong is the association between the age of the mobile phone and 

6 sg depreciation? Draw a scatter diagram to check for form before calculating 

3 py Pearson’s r. The scatter diagram is shown in Figure 14.16. 

10 =7 0% 
4 8 1216 20 24 

12 -71 —10% 

14 -77 —20% 
16 —80 o 
18 -8 g % 
20 —83 g ~50% 
2 —85 2 

2 
24 —87 5 7% 

—80% 
Table 14.3 Mobile phone 
valueloss S0 

—100% 

T Months since purchase 
e P Figure 14.16 Mobile phone value loss scatter diagram 

rank 
The association appears to be strong, negative, and non-linear. Since Pearson’s 

L . r measures the strength of a linear correlation, it will likely under-estimate the 

12 2 strength of this association. 
11 3 
10 1 So how can we quantify the strength and direction of the association? Suppose 

9 5 we want to measure whether value consistently decreases as the age of the 

3 5 phone increases. 

7 6 Consider this: if it is true that the value decreases consistently as time 

6 8 progresses, then we could rank the loss in value data and the ranks should be in 

5 9 strictly descending order. We will do the same with the month data to generate 
4 10 the rank order shown in Table 14.4. 

3 1 ‘We observe that the rank-order is almost perfect. We can now quantify the 

2 12 association using Spearman’ rank correlation coefficient, r,. Using a GDC, 

1 13 we find that 7, = —0.99. The interpretation for Spearmans , is the same as 
Table 14.4 Rank order Pearson's . 

Perfect negative rank-order Perfect positive rank-order 
correlation No correlation correlation 

P r=+1 
I | | I t i 

—~ 0 
Strong negative Weak negative Weak positive Strong positive 
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Figure 14.17 Interpration of Spearmans r. 

Therefore, we conclude that there is a nearly perfect negative rank-order 

correlation between the age of this mobile phone and its loss in value.



Differences between Pearson’s r and Spearman’s r 

Even though the calculations for Pearson’s r and Spearman’s r, are identical, 

there are two differences to keep in mind. Both of these have to do with the 

fact that, for Spearman’s r,, we convert the data set into ranks before calculating 

the correlation. 

Linear and monotonic functions 

As you have seen, both Pearson’s r and Spearman’s r attempt to measure the 

direction and strength of a correlation. However, while Pearson’s r measures 

the strength of a linear correlation, Spearman’s is measuring the strength 

of a rank-order correlation. Spearman’s , measures whether the response 

variable consistently increases or decreases as the explanatory variable 

increases. This is called monotonicity. Monotonic functions only increase 

or decrease, as illustrated in Figure 14.18. Non-monotonic functions are 

shown in Figure 14.19. 

  

Increasing 

  

  

Decreasing 

              
  

Figure 14.18 Monotonic functions 

N R 
Figure 14.19 Non-monotonic functions 

Most GDCs do not 
include an option for 
calculating Spearman's 
r,. Don't worry! The 
calculation for . is 
exactly the same as 
Pearson’s r. Therefore, 

use your GDCSs tool 
for finding rafter you 
enter the rank order 

data. Make sure that you 
interpret the resulting r 
value as Spearmans r, 
not Pearson's r. 
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Effect of outliers 

Recall that Pearson’s r is sensitive to outliers. As you saw in Figure 14.14, the 

direction of Pearson’s r can change completely when there are dramatic outliers. 

However, for Spearman’s r,, since we convert the data set into ranks before we 

calculate r,, the effect of outliers is much reduced. 

For example, consider the data shown in Figure 14.20. 

The value of Pearson’s r is 0.77, indicating a strong positive correlation. From 

the scatter diagram, we see that is not the case. If we rank the data and calculate 

Spearman’s r,, we obtain r; = —0.48. Spearman’s r; is a much better indicator 

of the direction and strength we can see in the scatter diagram. Of course, with 

a dramatic outlier like this, we should investigate the cause of that outlier and 

Figure 14.20 Dramatic outlier then decide what to do: remove the outlier or collect more or different data? 

  

Facts about r, 
‘The value of r is always in the interval —1 < r < +1 
‘The sign of r, tells us the direction of the rank-order correlation: positive or negative 
or zero. 
‘The size of  tells us the strength of the rank-order correlation. 
Ifr, = +1, there is a perfect positive rank-order correlation. 

o If. 0, there is zero correlation. 

1f ry = —1, there is a perfect negative rank-order correlation. 

r; has no units, and is not a percentage. 

1, is a measure of monotonicity. 

   

‘When ranking data to calculate Spearman’s r,, we are not allowed to have tied 

ranks. But what do we do if there are tied ranks? We simply average the rank 

position for the tied data values. 

Table 14.5 shows how much time a group of students spent studying for a 

mathematics test and their grades. 
  

Student | Tim |Joon | Jim | Kevin | Steve | Niki | Henry | Anton | Cindy | Lukas | Julie 
  

Hours (x) | 4 4.5 6 85 Bis 5 55 6.5 7 6.5 6.5 
  

Grade (y) | 65 | 80 | 83 61 55 78 85 79 92 95 81                             

  

Table 14.5 How much time students spent studying and their grad 

To calculate the rank order for this data set, we notice that there are two 

students (Kevin, Steve) who spent 3.5 hours studying and three students 

(Anton, Lukas, and Julie) who spent 6.5 hours studying. 
  

Student Tim |Joon | Jim | Kevin | Steve | Niki | Henry | Anton | Cindy | Lukas| Julie 
  

Hoursrank | 9 8 2 10 10 7 6 2 1 2 2 
  

Grade rank 9 6 4 10 11 8 3 7 2 1 5                             

Table 14.6 Rank order for the data set 

Kevin and Steve are tied for rank 10, while Anton, Lukas, and Julie are tied for 

rank 2 (Table 14.6). Therefore, Anton, Lukas, and Julie are effectively occupying 

ranks 2, 3, and 4; the next rank (Joon) is rank 5. We assign Anton, Lukas, and 

2+3+4_ 
3 3. Julie a rank equal to the mean rank they are occupying: Rank = 
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Likewise, Kevin and Steve are taking up ranks 10 and 11, so we will assign the 

  

  

  

mean rank they are occupying as well: Rank = 0411 _ 145 Our new rank 

order is shown in Table 14.7. 

Student Tim | Joon | Jim | Kevin | Steve | Niki | Henry | Anton | Cindy | Lukas | Julie 
Hours rank | 9 8 5 105 | 105 | 7 6 B 1 B 8 

Grade rank 9 6 4 10 11 8 3 7 2 1 2                             

Table 14.7 New rank order 

We can then calculate Spearman’s r; as usual. 

1. Explain the differences between Spearman’s 7, and Pearson’s r. 

2. Assign each scatter diagram to one of the following r values: 

  

    

      

r=0.90,r=0.74,r = 0.51,r = —0.03, 

r= —0.40,r= —0.58,r = —0.95,r = —0.99 
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3. Six metal plates are immersed in an acid bath. After some time, they are 

removed and the mass is measured to determine the mass that was lost. 

Table 14.8 gives data from this experiment. 

(a) Generate a scatter diagram and calculate the value of r. 

(b) Describe the association between mass lost and hours. 

  

  

  

  

  

  

    

Hours | Mass lost (%) 

150 0.761 

200 1.44 

200 1.15 

300 1.65 

450 2.56 

500 2.44       

Table 14.8 Data for question 3 
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4. The table shows the cost in AUD of seven paperback books chosen at 

random, together with the number of pages in each book. 
  

Book 1 2 5 4 5} 6 & 
  

Number of pages (x) 50 | 120 | 200 | 330 | 400 | 450 | 630 

Cost (y AUD) 6.00 | 5.40 | 7.20 | 4.60 | 7.60 | 5.80 | 5.20 

  

                    

(a) Plot these pairs of values on a scatter diagram. 

(b) Write down the linear correlation coefficient, r, for the data. 

(c) Stephen wishes to sell a paperback book that has 350 pages in it. 

He plans to draw a line of best fit to determine the price. 

State whether or not this is an appropriate method in this case 

and justify your answer. 

& Does the acceleration ability of a car affect fuel consumption? 

Here are data from 15 cars. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    

o 0-60 mph | Fuel consumption 
time (s) (miles gal-!) 

Mazda MX-5 Miata Club 6.7 34 

Honda Civic Si 7.3 34 

Fiat 124 Spider Lusso 7l 31 

Mini Cooper § 7.0 30 

Subaru BRZ Premium 7.2 30 

Toyota 86 72 30 

Volkswagen GTI Autobahn 6.6 29 

Ford Fiesta ST 75 29 

Fiat 500 Abarth 8.0 28 

Porsche 718 Boxster (base) 44 26 

Subaru Impreza WRX Premium 6.0 26 

Audi TT 2.0T (AT) 63 26 

Ford Focus ST 6.6 26 

BMW M235i 52 25 

Ford Mustang Premium (2.3T, AT) 6.4 25         

(a) Generate a scatter diagram for this data and find the value of r. 

(b) Describe the relationship. 

(c) Rank the data. Hence, find the value of r, and interpret in context. 

(d) Comment on the difference between r and r,. Is r or r, a more 

appropriate measure of the strength of the association? Explain.



6. Here is the same data from question 5, but with fuel consumption in 

litres per 100 km, which is more frequently used outside the USA to 

measure fuel consumption. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          

- 0-60 mph | Fuel consumption 
time(s) | (L per 100km) 

Mazda MX-5 Miata Club 67 692 
Honda Civic Si 7.3 692 
Fiat 124 Spider Lusso 7.1 7.59 
Mini Cooper 7.0 7.84 
Subaru BRZ Premium 72 7.84 
Toyota 86 2 7.84 
Volkswagen GTI Autobahn 6.6 8.11 
Ford Fiesta ST 7.3 8.11 
Fiat 500 Abarth 8.0 8.40 
Porsche 718 Boxster (base) 44 9.05 
Subaru Impreza WRX Premium 6.0 9.05 

Audi TT 2.0T (AT) 63 9.05 
Ford Focus ST 66 9.05 
BMW M235i 5.2 9.41 
Ford Mustang Premium (2.3T, AT) 64 9.41 
  

(a) Generate a scatter plot and calculate the value of r. 

(b) Describe the association and compare to question 5. 

(c) Convert this data into ranked data. 

(d) Find and interpret the value of r,, then compare to question 5. 

7. Fast food is often considered unhealthy because of high contents of fat 

and sodium. Are items that are high in fat also high in sodium? Here is 

some data on some popular menu items from fast-food restaurants. 
  

Fat (g) 21 [ 29 | 34 | 34 |38 | a1 | w4 
Sodium (mg) | 900 | 1510 | 1320 | 830 | 1200 | 960 | 1210 
  

                    
(a) Generate a scatter diagram and calculate the value of r. 

(b) Describe the association between fat and sodium for these menu items. 

8. Fast food is often considered unhealthy because of high contents of fat 

and calories. Are items that are high in fat also high in calories? The table 

shows data on some popular menu items from fast-food restaurants. 
  

Fat (g) 21 [ 20 [34 ]34 [ 3841 [ ma 

Calories (keal) | 410 | 580 | 570 | 560 | 660 | 680 | 670 
  

                    
(a) Generate a scatter diagram and calculate the value of r. 

(b) Describe the association between fat and calories for these menu items. 
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9. Ian is doing a science experiment where he controls three explanatory 

variables (a, b, and c) and one response variable (S). After collecting the 

data and calculating Pearson’s r, he obtains the following statistics: 
  

Variable | a b c 

r 0.86 | 0.32 | 0.55 

  

            

(a) Can Ian conclude that a is the strongest explanatory variable? 

(b) Do changes in a cause changes in §? 

10. An anemometer measures wind speed by the rotation of a set of small 

cups called vanes. Anemometers may be calibrated by using a wind 

tunnel and measuring the rotational speed of the vanes. One such 

calibration generated the data shown in the table. 
  

Wind speed (ms~!) 1 [12]14]16]18] 2 
Rotations per minute (RPM) | 29 | 42 | 65 | 91 [ 110|121 
  

                  

(a) Generate a scatter diagram and calculate the value of r. 

(b) Describe the association between wind speed and RPM. 

(c) Give a reason why a linear model may not be the best for this situation. 

11. Many universities calculate a measure of academic performance called 

a grade point average (GPA). Do students who work more hours in 

off-campus jobs have worse GPAs? Data from ten randomly sampled 

students at a certain university are shown in the table. 
  

GPA 3.14|2.75|3.68 | 3.22 | 245 | 2.8 SI|12223)(1s5 4] F2i0; 

Hours 25 | 30 | 11 | 18 | 22 | 40 | 15 | 29 | 10 0 

  

                          

(a) Generate a scatter diagram for this data. 

(b) Calculate the value of r, and interpret in context. 

(c) Calculate Pearson’s . Give a reason why r and r, are not significantly 

different. 

12. The specific weight of water varies with temperature according to the 

data shown in the table. 
  

Temperature (°C) 0o | o1 1 4 10 | 15 | 20 
  

                  Specific weight (kN m~3) | 9.805 |9.8052 | 9.8057 | 9.8064 | 9.804 | 9.798 | 9.789 
  

(a) Generate a scatter diagram for this data. 

(b) Calculate the value of r, and interpret in context. 

(c) Give a reason why r, is not the best measure of association 

for this data.



Linear regression 

So far we have found linear best-fit models by eye, using the mean point. Is 

there a more rigorous method? There is. In this course we use GDCs to find the 

linear models; we will focus on correct use and interpretation. The process of 

fitting a model to data is called regression. 

    quares regression line (LSRL 

  

  
Example 14 

In Zambia, a staple of the diet is ground maize, known as mealie meal. 

In one market, bags of mealie meal are priced as shown in the table. 

Prices are given in Zambian kwacha (ZMW). 
  

Mass (kg) 5 [10]25] 50 
Price (ZMW) | 20 | 34 | 79 | 140 
  

              

(a) Explain why it is appropriate to use a linear model for this data. 

(b) Find the best-fit linear model for this data to predict the price given the 

mass. Use P to represent the price in ZMW and m to represent the mass 

in kg. 

(c) Interpret the gradient and P-intercept of your model in context. 

(d) Use your model to predict the price of a 50 kg bag. Does your model 

over-predict or under-predict the actual price? Give a reason why this 

may be the case. 

(e) Write down a reasonable domain for your model and give a reason for 

your choice. 

Solution 
  

(a) To decide whether a linear model 60 

is appropriate, start by examining a 120 
. 

scatter diagram. A s 
404 | 

  

      

  

We see that the data appears to have 

a strong, positive, linear association. R AT 

To three significant figures, Pearson’s = 

r=0.999 

A linear model is appropriate. 

  

  

                

(b) Use a GDC to find the least-squares regression line. To three significant 

figures, the best-fitting linear model is P = 2.67m + 8.14 

‘There are two main 

methods for finding a 
best-fit linear model. 

In this course, we will 

use the least-squares 
regression line. This is the 
default in most GDCs, 

but you may also see a 
median-median line - we 

‘will not use this method 

in this course. 

You may also see two 

different options for the 

least-squares regression 

line: y = mx + band 

y=a+tbx 

Mathematically, they 
are identical, but be 

careful to interpret them 
correctly: in the first, m 
represents the gradient 
and b represents the 
yintercept. In the 
second, a represents 
the y intercept and b 
represents the gradient. 

Whyis it called least- 
squares regression? The 
mathematical method 
for finding the least- 
squares line of best fit 
relies on minimising 
squared distances 
from each point to the 
regression line, hence, 
least-squares. 
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‘The least-squares 

regression line for y 
against x will be identical 
to the regression line for 
xagainst y ifand only if 

InESi! 
In other words, the 
difference between 

the two models is 
small when the linear 

correlation is strong, so 
predictions of x from y 
are more reliable. For 

moderate and weak 

correlations, however, 
the difference between 

the models can be 

significant, therefore 
predictions of x from y 

are unreliable. 

Refer to Chapter 6 for 

more detail about the 
dangers of extrapolation. 

For more information 
about piecewise models, 

refer to Chapter 6. 
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(c) The gradient of 2.67 suggests that, on average, the price for each 
additional kg of mealie meal is 2.67 ZMW. The P-intercept of 8.14 
suggests that an empty bag of mealie meal costs 8.14 ZMW. This is a 
fixed cost representing distribution, packaging, and other costs. 

(d) According to our model, the price of a 50 kg bag of mealie meal would 
be P = 2.67(50) + 8.14 = 142 ZMW (3 s.f.). This is a very slight over- 

prediction, which suggests that the 50 kg bag is a relatively good price 

compared to the other bags. This price is probably set to encourage 
consumers to purchase in greater volume. 

(e) We can be confident predicting prices for bags with mass 5 < m =< 50 
since any prediction in that interval would be an interpolation. 
‘Therefore, the domain for our model should be 5 < m < 50 

A prediction based on a mass outside that interval would be an 
extrapolation and is therefore unreliable. 

What can go wrong? 

‘When using linear regression models - or any other model - we need to be 

careful to avoid a few common pitfalls. 

Don'’t try to predict x from y using the model (especially if the correlation 
is not strong). Once we have a linear model, it’s tempting to use the model in 

reverse. For example, in the model above, we could try to predict the mass of a 

bag priced at 50 ZMW. What's the problem? Algebraically, we can certainly solve 
the equation to express x in terms of y. However, because of the process used 

to find the least-squares regression line, if we swap x and y and re-calculate the 

regression on our GDC, we will get a model that is not algebraically equivalent 
to the previous model. Therefore, your least-squares regression line should only 

be used in one direction: to predict a value of the response variable (y) given a 
value of the explanatory variable (x). If you are asked to predict x from y using a 

model for y in terms of x, make sure you proceed with extreme caution. 

Don’t extrapolate. Extrapolating assumes that the pattern you've observed will 

continue. You may have good reason to believe that is the case, but it is always 
risky, even when the linear correlation is very strong. 

The model is only as good as the strength of the correlation. Just because you 

can make a model, doesn’t mean you should. You need to examine the scatter 
diagram and make sure a linear model is appropriate. Once you decide that the 

form is approximately linear, you may proceed to calculating the least-squares 

regression line. However, remember that the predictive power of your least- 
squares regression line is only as good as the strength of your correlation. If the 

linear correlation is weak to begin with, then you can’t expect your model to 

make accurate predictions. 

Piecewise linear models 

Sometimes we have data that very clearly has two linear trends visible. In this 

case, we can construct a piecewise linear model by partitioning the data set into 

two or more subsets.



Example 14.7 

A research vessel is mapping the floor of the sea in a certain area. To do this, 

the boat travels directly out from the shore and measures the depth of the 

water continuously. The table shows a sample of the data collected. 
  

Distance from shore (km) | 0.2 | 0.4 |06 |08 | 1 |12 | 14|16 |18 | 2 

Depth (m) 2ol F2ia 230 22 R2:s) S I W Eeel 5 

  

                          

(a) Explain why a piecewise linear model is appropriate to model depth as a 

function of distance from shore. 

(b) Generate a piecewise linear model, using d for distance from shore and 

h for depth. 

(c) Interpret the gradients in your piecewise model. 

(d) Use your model to predict the depth 500 m from the shore and 1.5 km 

from the shore. 

O 

  

          

Solution 

(a) To determine if a piecewise linear model is appropriate, examine the 6.0 

data using a scatter diagram (see Figure 14.21). It appears that there 5 +* 2 

are two linear forms; a piecewise linear model appears appropriate. g 5o *® 

Furthermore, it appears that the breakpoint between the linear models I se7ot 
should be at a distance of 1.0 km. B 

(b) To generate the two pieces, we partition the data into two parts, before Distance 

and after the breakpoint we have chosen visually. Note that the data Figure 14.21 Scatter diagram 
point (1, 2.2) appears to fit in both parts, so we will include it in both for Example 147 (a) 

least-squares regression line calculations. 

Distance from shore (km) [ 0.2 [ 0.4 [ 0.6 [08 [ 1 [12] 14 [ 16] 18] 2 
Depth (m) 2 [19]23]23]22]28]33] 4 [46]51 

  

  

                    

  

  

Then, enter the data as two separate data sets into a GDC and calculate 

a least-squares regression line for each. The GDC shows that the best-fit   

  

  

      

model for the first part of the data is d = 0.400) + 1.90, and the best-fit % 
model for the second part of the data is d = 2.94h — 0.747 a0 
Now, we combine these two into a piecewise model: B 

0.400h + 1.90, 0<h<10 o 

{2.94h - 0747, 10<h<=20 R R 
Graphically, our model appears to fit the data quite well, as shown in Figure 14.22 GDC screen for 
Figure 14.22. solution to Example 14.7 (b) 

(c) The two pieces of the model suggest that the depth of the ocean is 

increasing at a rate of 0.4 mkm ™! for the first km, then the rate increases 

t02.94mkm . 

To use the model to make predictions, proceed as with any piecewise model. 

For 500 m from the shore: i = 0.5 = d = 0.4(0.5) + 1.9 = 2.1 m deep. 

For 1.5 km from the shore: h = 1.5 = d = 2.94(1.5) — 0.747 = 3.66 m 

deep. 

(d 
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Hours | Mass lost (%) 

150 0.761 

200 144 
200 115 

300 1.65 
450 256 
500 244         

Table 14.9 Data for question 1 
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Exercise 14.3 

1. Six metal plates are immersed in an acid bath. After some time, they are 

removed, and the mass measured to determine the mass that was lost. 

Table 14.9 gives data from this experiment. 

(a) Find the equation of the least-squares regression line for mass lost, 

L, in terms of hours immersed, h. Interpret your model in context. 

(b) For each additional 100 hours a metal plate was in this acid bath, k 

percent of the mass was lost. Find the value of k. 

(c) Use your least-squares regression line to predict the mass loss of a 

metal plate immersed for 400 hours. 

(d) Is it appropriate to use your model to predict the number of hours a 

metal plate with 1.3% mass loss was immersed? Explain. 

2. Does the acceleration ability of a car affect fuel efficiency? 

Here are data from 15 cars. 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

@ 0-60 mph | Fuel consumption 
time (s) (miles gal~) 

Mazda MX-5 Miata Club 6.7 34 

Honda Civic Si 75 34 

Fiat 124 Spider Lusso 7.1 31 

Mini Cooper § 7.0 30 

Subaru BRZ Premium 7.2 30 

Toyota 86 72 30 

Volkswagen GTI Autobahn 6.6 29 

Ford Fiesta ST 7.3 29 

Fiat 500 Abarth 8.0 28 

Porsche 718 Boxster (base) 44 26 

Subaru Impreza WRX Premium 6.0 26 

Audi TT 2.0T (AT) 63 26 

Ford Focus ST 6.6 26 

BMW M235i 52 25 

Ford Mustang Premium (2.3T, AT) 6.4 25     
(a) Find the equation of the least-squares regression line for fuel 

consumption, E, in terms of acceleration time, t. Interpret your 

model in context. 

(b) Use your least-squares regression line to predict the fuel 

consumption of a car with a 0-60 mph time of 5.7 s. Give a reason 

why this prediction may not be reliable. 

(¢) Isitappropriate to use your model to predict the efficiency of a car 

with a 0-60 time of 9 seconds? Explain.



3. Do bigger aeroplanes use more fuel? The table contains data on the 

number of passenger seats and fuel consumption of aeroplanes currently 

in widespread use. 
  

  

    

  

  

Seats 405 | 296 | 288 | 258 | 240 | 230 | 193 | 188 | 148 

Fuel consumption | | 140 | 135 | 94 | 100 | 05 | 87 | 62 | 79 (Lmin~!) 

Seats 142 [ 131 | 122 | 115 | 112 | 103 | 102 | 78 

Fuel consumption 
56 | 46 | 54 | 70 | 51 | 40 | 51 | 48                     (Lmin~') 
  

(a) Generate a scatter diagram and describe the association between the 

number of seats and fuel consumption. 

(b) Find the equation of the least-squares regression line for fuel 

consumption, F, in terms of the number of seats, n. Interpret your 

model in context. 

(c) Use your model to predict the fuel consumption of an aeroplane 

with 350 seats. 

(d) Give a reason why a linear model may not be the most appropriate 

model for this data. 

4. A computer-based workout app ranks its workouts according to the 

training stress score. Another training website calculates a separate 

relative effort value for each workout that is uploaded to the site. Are 

training stress score and relative effort related? The table shows a sample 

of one cyclist’s last 12 workouts. 
  

Training stress score | 82 | 96 (48 [ 79 | 79 | 79 | 88 | 112 | 82 | 74 | 74 | 96 
  

                            Relative effort 59 70|37 |60 |58 |51 67|79 |48 |44 |46 |84 
  

(a) Draw a scatter diagram and describe the association between 

training stress score and relative effort. 

(b) Find the equation of the least-squares regression line for relative 

effort, E, in terms of the training stress score, S. Interpret your 

model in context. 

(c) Use your model to predict the relative effort for a workout with a 

training stress score of 60. 

(d) Write down a valid domain for your model. 

(e) If you removed the possible outlier at (48, 37), how would your 

answers to (d) and (c) change? 

(f) Remove the outlier at (48,37) and recalculate the least-squares 

regression line. Did the model change significantly? 
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Changein | Change in 
NEA (kcal) | mass (kg) 

—94 42 
=57 % 

29 37 
135 27 

143 32 
151 3.6 

245 24 

355 13 

392 38 
473 1.7 

486 16 

535 22 
571 1 

580 04 
620 23 
690 11       

Table 14.10 Data for question 5 

  

  

  

  

  

  

  

  

  

  

  

Production 

Defects rate (units 

per hour) 
20 400 

30 450 

10 350 

20 375 

30 400 

25 400 

30 450 

20 300 

10 300 

40 300         

Table 14.11 Data for question 6 
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5% It is well known that many people who eat more don’t gain weight as 

quickly as others do. Could non-exercise activity (fidgeting, maintaining 

posture, etc.) explain the difference? In a 1999 study, researchers 

deliberately overfed 16 non-obese volunteers and measured the change 

in their calorie expenditure through non-exercise activity (NEA) as 

well as their weight gain after 8 weeks. The data collected are shown 

in Table 14.10. 

(a) Generate a scatter diagram and describe the association between 

change in non-exercise activity and change in mass. 

(b) Find the equation of the least-squares regression line for change 

in mass, M, in terms of the change in non-exercise activity, N. 

Interpret your model in context. 

(c) Use your model to predict the change in mass for an individual with 

a change in non-exercise activity of 200. 

(d) Explain what a negative value for change in non-exercise activity 

means in this context. 

(e) Write down a valid domain for your model. 

(f) Making a prediction for change in mass given a change in non- 

exercise activity of 1100 is an extrapolation. Give another reason 

why it is particularly nonsensical in this context. 

A company believes that its workers make more mistakes when 

they work faster. To test this theory, they collect data on the 

production rate and the number of mistakes at that rate. The data 

are given in Table 14.11. 

(a) Identify the explanatory and response variable in this context. 

(b) Generate a scatter diagram and describe the association between 

defects and production rate. 

(c) Find the equation of the least-squares regression line for defects, D, 

in terms of the production rate, P. Interpret your model in context. 

(d) Find the value of r and interpret in context. 

(e) Would you advise this company to lower production rates in order 

to reduce defects? 

(f) Remove the outlier from the data and re-do parts (b)-(e). 

(g) Is it OK to remove this outlier in this case? Explain.



7. To track the number of Monthly active users 

active users for a website, it is 

w & 3 common to count the number 

of users who have logged in at 

least once in a given month. 

This count is called monthly 

active users. The number of 

N 
oW

 
o 

2 
8 

3 
@ 3 

Us
er
s 

(m
il

li
on

s)
 

» S 8 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

monthly active users for one oy Temperature | Butterfat 

social media service is shown 50 (°C) (%) 

in the scatter diagram. 0 3 4.87 
, i S S (a) Describe the association 3 5.09 

. . Year 
shown in the scatter diagram. 4 4.97 

(b) A piecewise linear model may be appropriate. Give the domain for 5 452 
each piece of a piecewise linear model, using years since 2010 (y) as 7 4.83 

the explanatory variable. 8 4.85 

13 4.77 

8. A dairy farmer would like to investigate whether temperature has an 13 148 

effect on the butterfat content of the milk his dairy cows produce. Over 135 423 

the course of a year, he records the butterfat content of the milk they 135 485 

produce and the air temperature. His data are shown in Table 14.12. ” e 

(a) Identify the explanatory and response variable in this context. 145 474 

(b) Generate a scatter diagram and describe the association between 15 4.45 

temperature and butterfat content. 155 47 

(c) Find the equation of the least-squares regression line for butterfat, F, 16 4.65 

in terms of the temperature, T. Interpret your model in context. 16.5 4.45 

(d) Find the value of r and interpret. 18 4.63 

(e) If the farmer wants to increase the butterfat content of the cows’ 18 4.65 

milk, would investing in a climate-controlled barn for the cows be a 18.5 4.65 

good choice? Explain your answer. 18.5 4.59 
  

Table 14.12 Data for question 8 

Chapter 14 practice questions 

1. What is wrong with each statement? 

(a) The value of Pearson’s correlation coefficient for the time it takes 

an athlete to run 5 km and the time it takes them cycle 30 km 

isr=1.21 

(b) The fuel consumption of cars decreases linearly with the mass of the 

car with Pearson’s r = 0.78 

(c) Among mammals, those with greater average body mass have 

longer life expectancy; the rank correlation coefficient is r, = —0.85 

(d) For a set of (, y) data, the least-squares regression line is 

y =25—3.52x with r = 0.64 
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2. For each situation, would you expect the rank correlation coefficient r; 

to be close to +1, 0, or —12 

(a) The number of hours an IB Diploma student studies and the amount 

they spend on lunch each week. 

(b) The tax on cigarettes and the number of cartons sold. 

(c) The age of children and their mass. 

(d) The speed of a motor vehicle and the distance required to brake 

to a stop. 

(e) The amount spent on snack food and the average number of years 

of education in various countries. 

(f) The outside temperature and money spent on heating. 

3. The intensity of radiation, I, from a certain source is measured at 

regular intervals. The measurements are given in the table. 
  

Time (min) 02 04 06 08 1.0 

0] 0508 | 0212 | —0.051 | —0.387 | —0.444 
  

                

(a) Show that the relationship between In(l) and t is approximately 

linear. 

(b) Hence find the least-squares regression line for In(I) in terms of . 

4. The time it takes for a runner to complete a marathon can be based 

on the time it takes to run 5 km according to the table. 
  

5km time (min) 1517 |19 |21 | 23 |25 |27 | 29 
  

                    Marathon time (min) | 144 | 163 | 182 | 201 | 220 | 238 | 256 | 274 
  

(a) Generate a scatter diagram, find the value of r, and describe 

the relationship between 5 km time and marathon time. 

(b) Find the least-squares regression line for marathon time (M) 

based on 5 km time (T). Interpret the gradient and intercept 

in context. 

(c) Use your least-squares regression model to predict the marathon 

time for a runner with a 5 km time of 20 minutes. 

(d) The length of a marathon is 42.195 km. If runners ran at the same 

pace for marathons as they do for 5km, the gradient of the least- 

squares model would be k. 

(i) Find the value of k. 

(ii) Find the percentage difference between k and the gradient 

from part (b). 

(iii) Explain the meaning of the percentage difference in context.



5. The width and length of several leaves from the same tree are measured. 

Data is given in the table. 
  

  

  

  

  

  

  

  

‘Width (mm) | Length (mm) 

44 102 

43 99 

45 103 

48 111 

52 119 

43 100 

46 106 

50 114         

(a) Generate a scatter diagram, find the value of , and describe the 

relationship between width and length for these leaves. 

(b) Find the least-squares regression line for length (L) based on width 

(W). Interpret the gradient and intercept in context. 

(c) Write down a suitable domain for your model. 

(d) Use your least-squares regression model to predict the length of a 

leaf with a width of 47 mm. 

(e) Give a reason why we should not use the model to predict the length 

of a leaf that is 60 mm wide. 

6. Some researchers drove a compact car at various speeds around a 

racetrack to see if fuel consumption relates to speed. Their data are 

shown in the table. 
  

Speed (kmh-1) 50 | 60 | 70 | 80 | 90 | 100 | 110 | 120 
  

Fuel consumption 
(L per 100 km) 9.6 | 89 | 83 8 8.1 |87 |98 |104                       

(a) Generate a scatter diagram for this data and describe the 

association. 

(b) Give a reason why a linear model should not be used for this data. 

(c) Give a reason why Spearman’s r, would not be a good measure of the 

strength and direction of the association. 

7. Ina 2017 study, researchers used data from US national health 

surveys from 1997 to 2009, involving 333 247 participants, and 

found that light and moderate consumption of alcohol correlated 

with fewer deaths from cardiovascular disease. Does this mean 

that drinking alcohol is beneficial? 
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8. Do faster aeroplanes use more fuel? The table contains data on the 

average speed and fuel consumption of different aeroplanes on mid- 

range journeys. 
  

Speed (km h~') 836 | 802 | 779 | 741 | 762 | 770 | 765 | 723 | 687 
  

Fuel consumption 
(L min-1) 224|140 | 138 | 94 | 100 | 95 | 87 | 62 | 79       

Speed (km h-1) 670 | 665 | 609 | 679 | 625 | 580 | 607 | 605 
  

Fuel consumption 
(L min-Y) 56 | 46 | 54 | 70 | 51 | 40 | 51 | 48                       

(a) Generate a scatter diagram and describe the association between 

speed and fuel consumption. 

(b) Is Pearson’s r or Spearman’s r, a better measure of strength and 

direction for this association? Give a reason for your answer, then 

calculate and interpret. 

9. Is the flying speed of animals related to their overall body length? 

A sample of data for some flying species is given in the table. 
  

  

  

  

  

  

  

  

  

  

  

Animal Length (cm) | Speed (cms~!) 

Fruit fly 02 190 

Horse fly 13 660 

Hummingbird 8.1 1120 

Dragonfly 85 1000 

Bat 11 690 

Common swift (bird) 17 2550 

Flying fish 34 1560 

Pintail duck 56 2280 

Swan 120 1880 

Pelican 160 2280           

(a) Generate a scatter diagram of this data and describe it. 

(b) Are there any outliers in the data? Assuming the data are correct, 

is it appropriate to remove them? 

(c) Calculate the value of Pearson’s r and interpret in context. 

(d) Rank the data, then calculate the value of Spearman’s r, and interpret 

in context. 

(e) Is one measure of association, r or r,, more appropriate for this data? 

Give a reason for your answer. 
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10. The atmospheric concentration of carbon dioxide (CO,) in parts per 

million (ppm) in the month of June at the Mauna Loa observatory in 

Hawaii, USA, is given in the table. 
  

Year 1960 | 1970 | 1980 | 1990 | 2000 | 2010 | 2017 | 2018 
  

CO, concentration 
320 | 328 | 341 | 356 | 372 | 392 | 409 | 411 

(ppm)                       

(a) Generate a scatter diagram of this data and describe it. 

(b) Calculate the value of Pearson’s r and interpret in context. 

(c) When constructing models, we often modify dates to be years since 

a certain date. 

(i) Modify the date value to be years since 1960. 

(ii) Recalculate the value of Pearson’s r and interpret in context. 

Has it changed? 

(iii) Find a least-squares regression line for CO, concentration C 

based on y, years since 1960. Interpret the slope and intercept 

in context. 

(iv) Write down an appropriate domain for your model in context. 

v) Use your model to predict the CO, concentration in the ok P 
year 2005. 

(vi) Give a reason why this model should not be used to predict the 

CO, concentration in the year 2050. 

11. In 1881, the Russian chemist D. Mendeleev investigated the solubility 

of sodium nitrate (NaNO;) at different water temperatures. His data are 

shown in the table. 

  

Temperature (°C) 00|40 | 10 | 15 | 21 | 29 | 36 | 51 | 68 
  

                    Solubility (g per 100ml) | 66.7 | 71.0 | 76.3 | 80.6 | 85.7 | 92.9 | 99.4 | 114 | 125     

(a) Generate a scatter diagram of this data and describe it. 

(b) Calculate the value of Pearson’s r and interpret in context. 

(c) Find a least-squares regression line to predict solubility S based on 

temperature T and interpret in context. 

(d) Use your least-squares regression line to predict the solubility of 

NaNO; at 25°C. 

(e) Give a reason why your least-squares regression line should not be 

used to predict solubility of NaNO, at 95°C. 

(f) A certain solution has a NaNO, concentration of 100 g per 100 ml. 

Predict the temperature of this solution, or give a reason why 

you cannot. 
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Time(s) | Velocity 
(cms™) 

0 0 

0.1 =913 

0.2 —189 

0.3 —316 

0.4 —425 

0.5 —500 

0.6 72 

0.7 —740 

0.8 —836 

0.9 —940 

1 —1020     

Table 14.13 Data for question 12 
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12. In physics class, a student dropped an object and measured its velocity 

every 0.1 seconds for 1 second. Her data are shown in Table 14.13. 

(a) Generate a scatter diagram of this data and describe it. 

(b) Calculate the value of Pearson’s r and interpret in context. 

(c) Find a least-squares regression line to predict velocity v(t) based on 

time £. 

(d) Interpret the slope and intercept of your least-squares regression 

line, with appropriate units. 

(e) Use your least-squares regression line to predict the velocity of this 

objectat 0.15s. 

(f) The rate of change in velocity (acceleration) due to gravity on 

Earth should be 981 cm s =2 at the surface of the Earth. Does this 

experiment agree with that theoretical value? Explain.



Internal assessment 

Internal assessment (IA) is an important component of the Applications 

and Interpretation SL course and contributes 20% to your final grade. It is a 

significant part of the overall assessment for the course and should be taken 

seriously. It should also be pointed out that your work in completing the 

IA component differs in important ways from the written exams (external 

assessment) for the course. 

« Unlike written examinations, you do not perform IA work under strict time 

constraints. 

« You have some freedom to decide which mathematical topic you wish to 

explore. 

« Your IA work involves writing about mathematics, not just using 

mathematical procedures. 

« Regular discussion with, and feedback from, your teacher will be essential. 

« You should endeavour to explore a topic in which you have a genuine 

personal interest. 

¢ You will be rewarded for evidence of creativity, curiosity, and independent 

thinking. 

athematical explorati 

To satisfy the IA component, you are required to complete a piece of written 

work on a mathematical topic that you choose in consultation with your 

teacher. This piece of written work is formally referred to as the mathematical 

exploration. It will be referred to simply as the ‘exploration’ throughout this 

chapter. Your primary objective is to explore a mathematical topic in which 

you are genuinely interested and that is at an appropriate level for the course. 

A fundamental aspect of your exploration must be the use of mathematics in a 

manner that clearly demonstrates your knowledge and understanding of the 

relevant mathematics. Your teacher may provide you with a list of ideas (or 

‘stimuli’) to help you in the process of finding a suitable topic. 

It is your responsibility to determine whether or not you are sufficiently ) . 
. . . . s > S See the list of 200 ideas 
interested in a particular topic - and it is your teacher’s responsibility to e 

determine if an exploration of the topic can be conducted at a mathematical You may find a suitable 

level that is suitable for the course. Your teacher will help you determine if an l‘f"[’" - ‘:‘“1 list °'fi(hj 
ist may help you find or 

exploration of a certain topic can potentially address the five assessment criteria develu;) yuupr:an s 
satisfactorily. Your exploration should be approximately 12 to 20 pages long for a mathematical topic 

with double line spacing. to explore. 
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Internal assessment criteria 

Your exploration will be assessed by your teacher according to the following 

five criteria. 

A Presentation 

This criterion assesses the organisation and coherence of the exploration. 

A well-organised exploration has an introduction, a rationale (which includes a 

brief explanation of why the topic was chosen), a description of the aim of the 

exploration, and a conclusion. 

B Mathematical communication 

This criterion assesses to what extent you are able to: 

« use appropriate mathematical language (notation, symbols, terminology) 

o clearly define key terms, variables, and parameters 

« use multiple forms of mathematical representation, such as formulae, 

diagrams, tables, charts, graphs, and models 

« apply a deductive approach in general, and present any proofs in a logical 

manner. 

C Personal engagement 

This criterion assesses the extent to which you engage with the exploration and 

present it in such a way that clearly shows your own personal approach. Personal 

engagement may be recognised in several different ways. These may include - 

but are not limited to - thinking independently and/or creatively, addressing 

personal interest, presenting mathematical ideas in your own words and diagrams, 

developing your own ideas and testing them, and creating your own examples 

to illustrate important results. 

D Reflection 

This criterion assesses how well you review, analyse, and evaluate the 

exploration. Although reflection may be seen in the conclusion to the 

exploration, you should also give evidence of reflective thought throughout the 

exploration. Reflection can be demonstrated by consideration of limitations 

and/or extensions, commenting on what you've learned, or comparing different 

mathematical methods and approaches. 

E Use of mathematics 

This criterion assesses to what extent and how well you use mathematics in 

your exploration. The mathematical working in your exploration needs to 

be sufficiently sophisticated and rigorous. The chosen topic should involve 

mathematics in the Applications and Interpretation SL syllabus or at a 

similar level. Sophistication and rigour can include understanding and use 

of challenging mathematical concepts, looking at a problem from different 

perspectives, mathematical arguments expressed clearly in a logical manner, or 

seeing underlying structures to link different areas of mathematics.



Your exploration will earn a score out of a total of 20 possible marks. The five 

criteria do not contribute equally to the overall score for your exploration. For 

example, criterion E (Use of mathematics) is 30% of the overall score, whereas 

crtieria C (Personal engagement) and D (Reflection) contribute 15% each. 

It is very important that you familiarise yourself with the assessment criteria 

for the Applications and Interpretation SL exploration and refer to them while 

you are writing your exploration. The achievement levels for each criteria and 

associated descriptors are as follows: 

  

A Presentation 
  

The exploration does not reach the standard described by the descriptors below. 
  

The exploration has some coherence or some organisation. 
  

‘The exploration has some coherence and shows some organisation. 
  

‘The exploration is coherent and well organised. 
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‘The exploration is coherent, well organised, and concise. 
  

  

B Mathematical communication 
  

0 | The exploration does not reach the standard described by the descriptors below. 
  

The exploration contains some relevant mathematical communication that is 
partially appropriate. 
  

2 | The exploration contains some relevant appropriate mathematical communication. 
  

3 | The mathematical communication is relevant, appropriate, and is mostly consistent. 
  

The mathematical communication is relevant, appropriate, and consistent 
throughout. 
  

  

C Personal engagement 
  

  

  

  

  

  

0 | The exploration does not reach the standard described by the descriptors below. 

1 | There is evidence of some personal engagement. 
2 | There is evidence of significant personal engagement. 

3 | There is evidence of outstanding personal engagement. 

D Reflection 
  

0 | The exploration does not reach the standard described by the descriptors below. 
  

There is evidence of limited reflection. 
  

  

1 

2 | There is evidence of meaningful reflection. 
3 There is substantial evidence of critical reflection. 
  

  

E Use of mathematics 
  

0 | The exploration does not reach the standard described by the descriptors below. 
  

1 | Some relevant mathematics is used. 
  

2 | Some relevant mathematics is used. Limited understanding is demonstrated. 
  

3 | Relevant mathematics commensurate with the level of the course is used. 
Limited understanding is demonstrated.       
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Your teacher will provide 
oral and/or written 

advice on a draft of your 
exploration pertaining to 

how it can be improved. 
Your teacher will also 

write thorough and 
descriptive comments 

on the final version 

of your exploration to 

assist IB moderators in 
confirming the criteria 
scores theyve awarded. 

  

Failure to 
properly cite any text, 

diagrams, images, 
‘mathematical working, 

or ideas that are not 
‘your own may result in 
your exploration being 

reviewed for malpractice, 
which could have serious 

consequences. 

If you are uncertain 
about the formatting 
and style of citations 

and a bibliography (not 
the same thing), then 

you should consult with 
teacher(s) at your school 

who have expertise 

in this area - such as 
an English teacher or 

librarian. A bibliography 
is required but it does 

not replace the need for 

appropriate citations 
(inline or footnotes) at 

the pertinent location in 

the exploration. 
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4 | Relevant mathematics commensurate with the level of the course is used. 
The mathematics explored is correct. Some knowledge and understanding are 
demonstrated. 
  

5 | Relevant mathematics commensurate with the level of the course is used. 
The mathematics explored is correct. Good knowledge and understanding 
are demonstrated. 
  

6 | Relevant mathematics commensurate with the level of the course is used. 
The mathematics explored is correct. Thorough knowledge and understanding 
are demonstrated.         

Guidance 

Conducting an in-depth individual exploration into the mathematics of a 

particular topic can be an interesting and very rewarding experience. It is 

important to take all stages of your work on the exploration seriously - not 

only because it is worth 20% of your final grade for the course but also because 

of the opportunity to pursue your own personal interests without the pressure 

of examination conditions. The exploration should not be approached as simply 

an extended homework assignment. The task of writing the exploration will 

require you to analyse, think, write, edit, and use mathematics in a readable and 

focused manner. Hopefully, it will also be enjoyable, thought-provoking, and 

satisfying, and it should give you the opportunity to gain a deeper appreciation 

for the beauty, power, and usefulness of mathematics. 

Although it is required that your exploration is completely your own work, you 

should consult with your teacher on a regular basis. You are allowed to work 

collaboratively with fellow students, but this should be limited to the following: 

selecting a topic, finding resources, understanding relevant mathematical 

knowledge and skills, and receiving peer feedback on your writing. While you are 

encouraged to talk through your ideas with others, it is not appropriate for you to 

work with others on your exploration. Your teacher should provide support and 

advice during the planning and writing stages of your exploration. Both you and 

your teacher will need to verify the authenticity of your exploration. 

Any text, diagrams, images, mathematical working, or ideas that are not your 

own must be cited where they appear in your exploration. Otherwise, all of the 

work connected with your exploration must be your own. Your exploration 

must provide the reader with the exact sources of quotations, ideas, and points 

of view with a complete and accurate bibliography. There are a number of 

acceptable bibliographic styles. Whichever style you choose, it must include 

all relevant source information and be applied consistently. Group work is not 

allowed. Also, if you are writing an extended essay for mathematics, you are not 

allowed to submit the same or similar piece of work for the exploration - and 

you should not write about the same mathematical topic for both. 

In organising a successful exploration, consider the following suggestions: 

1. Select a topic in which you are genuinely interested. Include a brief 

explanation in the early part of your exploration about why you 

chose your topic - including why you find it interesting.



. Consult with your teacher to confirm that the topic is at the appropriate 

level of mathematics - namely, that it is at the same or similar level of the 

mathematics in the SL syllabus. 

Find as much information about the topic as possible. Although information 

found on websites can be very helpful, try to also find information in books, 

journals, textbooks, and other printed material. 

. Although there is no requirement that you present your exploration to your 

classmates, it should be written so that they can follow it without trouble. 

Your exploration needs to be logically organised and use appropriate 

mathematical terminology and notation. 

. The most important aspects of your exploration should be about 

mathematical communication and using mathematics. Although other 

aspects of your topic - for example, historical, personal, cultural - can be 

discussed, be careful to keep focus on the mathematical features. 

. Two of the assessment criteria — Personal engagement and Reflection - are 

about what you think about the topic you are exploring. Don't hesitate to 

pose your own relevant and insightful questions as part of your exploration 

- and then to address these questions using mathematics at a suitably 

sophisticated level along with sufficient written commentary. 

. Although your teacher will expect and require you to work independently, 

you are allowed to consult with your teacher — and your teacher is allowed to 

give you advice and feedback to a certain extent while you are working on 

your exploration. It is especially important to check with your teacher that 

any mathematics in your exploration is correct. Your teacher will not give 

mathematical answers or corrections but can indicate where any errors have 

been made or where improvement is needed. 
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Warning: Although you 
will need to conduct 

some research, your 
exploration is not a 

research paper where 
you simply report 

what you've learned 
about a mathematical 

topic. You must discuss 
your thoughts about 
the mathematics and 

you must apply the 
‘mathematics in a way 

that clearly demonstrates 
your knowledge and 
understanding of the 

‘mathematics. 

Keep in mind that 
you should write 

your exploration so 
that a student in your 

Applications and 
Interpretation SL class 

can understand it. That 
is, your audience is your 

Sfellow students. 
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Mathematical exploration - SL student checklist 

= Is your exploration written entirely by yourself? 

Have you avoided simply replicating work and 

ideas from sources you found? 

= Have you strived to apply your personal interest, 

develop your own ideas, and use critical thinking 

skills during your exploration? 

= Did you refer to the five assessment criteria while 

writing your exploration? 

= Does your exploration focus on good mathematical 

communication - and does it read like an article 

from a mathematical journal? 

= Does your exploration have a clearly identified 

introduction and conclusion? 

= Have you provided appropriate citation for any ideas, 

mathematical working, images, graphs, etc. that are not 

your own at the point they appear in your exploration? 

= Not including the bibliography;, is your exploration 

12 to 20 pages? 

= Are graphs, tables, and diagrams sufficiently described 

and labelled? 

= To the best of your knowledge, have you used 

mathematics that is at the same level, or similar, 

to that studied in Applications and Interpretation SL? 

= Have you attempted to discuss mathematical ideas, and 

use mathematics, with a sufficient level of sophistication 

and rigour? 

= Are formulae, graphs, tables, and diagrams in the main 

body of text? (Preferably no full-page graphs, and no 

separate appendices.) 

= Have you used technology - such as a GDC, spreadsheet, 

mathematics software, drawing and word-processing 

software - to enhance mathematical communication? 

= Have you used appropriate mathematical language 

(notation, symbols, terminology) and defined key terms? 

= Is the mathematics in your exploration performed 

precisely and accurately? 

= Has calculator/computer notation and terminology 

been used? (y = x2, not y = x2; , not <pi>; 

~, not ‘approximately equal to’; |x], not abs(x); etc) 

= Have you included reflective and explanatory comments 

about the topic being explored throughout your 

exploration? 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No 

[ Yes [] No



Finding, developing, and choosing a topic for your exploration 

It is fair to say that the most important stage of completing your exploration 

is determining the mathematical topic you are going to investigate, write 

about, and apply. Your exploration is much more likely to be successful - 

and gratifying - if it focuses on a mathematical topic in which you have a 

genuine interest, is at a suitable level for the Applications and Interpretation 

SL course, and for which you are confident that you can discuss and use the 

relevant mathematics in a manner that demonstrates thorough knowledge and 

understanding. There is no single approach for determining an exploration 

topic that is guaranteed to be successful for all students. Your teacher will 

provide helpful advice and support. Your teacher may supply you with a short 

list of some broad stimuli to start the process of finding a much narrower topic. 

Many teachers have found that starting with a sufficiently narrow topic is often 

  

more successful than starting with a very broad topic that requires a significant Avoid choosing a topic 
effort to reduce to the extent that it can be explored in less than 20 pages thatis too broad and/or 

too complicated. 
(double spaced). 

In the eBook for this textbook you will find a list of 200 mathematical topics. 

Some of the topics in the list are broad but many are already quite narrow 

in scope. It is possible that some of these 200 topics could be the focus of an 

exploration, while others will require you to investigate further to develop 

anarrower focus to explore. Do not restrict yourself to the topics in the list. 

This list is only the tip of the iceberg with regard to potential topics for your 

exploration. Reading through this list may stimulate you to think of some 

other topic(s) that you may find interesting to explore. Many of the items in 

the list may be unfamiliar to you. A quick search on the internet should give 

you a better idea what each is about and help you determine if you're interested 

enough to investigate further - and to see if it might be a suitable topic for your 

exploration. 
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Theory of knowledge 

Theory of knowledge 

At the start of his wonderful book Nature’s Numbers, the mathematician 

Tan Stewart writes: 

“‘We live in a universe of patterns. Every night the stars move in circles 

across the sky. The seasons cycle at yearly intervals. No two snowflakes 

are ever exactly the same, but they all have sixfold symmetry. Tigers and 

zebras are covered in patterns of stripes, leopards and hyenas are covered 

in patterns of spots. Intricate trains of waves march across the oceans; 

very similar trains of sand dunes march across the desert. Coloured arcs 

of light adorn the sky in the form of rainbows, and a bright circular halo 

sometimes surrounds the moon on winter nights. Spherical drops of water 

fall from clouds. 

‘We could add to Stewarts list. Wallpaper is patterned (there are surprisingly 

only 17 different distinct groups of possible patterns); buildings often exhibit 

mirror symmetry and their structure is carefully proportioned; the digital 

traces on memory sticks or hard drives are patterned in a way that makes them 

suitable for storing data; mechanical devices such as clocks and engines depend 

on symmetry and patterning for their smooth movement; the day is divided 

into equal parts that are represented using angles or digits; music possesses 

horizontal and vertical symmetries — and human behaviour is patterned. 

It is no accident that the world is full of patterns. Symmetry in a building is 

not only easy on the eye but it ensures that the design is simple. Pattern is 

a labour-saving strategy. The same plan can be used for each window, or the 

plan for one side of a building can be used in reverse for the other side. 

These informational shortcuts can be found both in the man-made world 

and in nature. The same blueprint for generating twig patterns can be used 

for bigger branches, or one plan can be used for all the petals in a flower. 

Tt is a sort of design efficiency. The wealth of patterns in the world is a series 

of cost-effective solutions to problems - and that is why these patterns are 

worth studying. 

Mathematics is one way in which human beings formally study patterns. 

‘While the natural sciences study patterns by going out into the world, 

collecting examples and analysing them, mathematics studies patterns in 

the abstract. Mathematics in its purest form is not fieldwork or experiment. 

Its raw materials are abstract structures specified by symbols, and 

mathematicians arrive at conclusions through their manipulation. In this sense, 

mathematics is a little ‘other-wordly’ - a characteristic that makes it interesting 

from a theory of knowledge (ToK) perspective. It means that in some sense, 

mathematics is more like an art than a science. There is in this suggestion more 

than a hint of a deep reliance on creativity and imagination. A comparison with 

the arts and the sciences is instructive and reveals the truly special place that 

mathematics occupies in human knowledge.



In this chapter, we will investigate mathematics using the basic structure of the 

knowledge framework: Perspectives, methods and tools, and the link to the 

individual. 

Under ‘Perspectives, we will look at the orientation of mathematics within the 

academy. There are a number of key questions to be answered here: 

o What is mathematics about? 

« How should we think of mathematics: as a human construction or 

something in the world? 

o Why is mathematics useful? 

Under ‘Methods and Tools’ we will discuss exactly what mathematicians do — 

how they arrive at mathematical knowledge and what counts as facts and truth 

in mathematics. This is where we unpack the key conceptual building blocks of 

mathematical thought. 

The final section deals with mathematics and the individual. What is the link 

between mathematics and supposedly subjective phenomena such as beauty? 

How reliable are our mathematical intuitions? Is mathematics a personal 

journey or is it something that we collaborate on? 

On the way, we will have fun with infinite numbers, self-similar patterns and . 
What role does 

security codes. While it might be removed from the physical world, the world mathematics play 
of mathematics is just as fascinating, if not more so. Enjoy! in your life? 

Perspectives 

Mathematics and number 

As a first definition, let’s say that mathematics is the formal study of patterns. 

In this section we will see how far this basic idea takes us. 

Imagine a simple pattern in the world - a set of similar objects, for example, 

a field of animals. Let’s say that the animals are of the same kind - they are 

cows. To recognise that a group of different things all belong to the same 

kind is already remarkable. It means ignoring all the things that mark out 

individual animals and focusing only on what they have in common. 

Grouping a set of things together by common characteristics is a powerful 

technique in the sciences. If such a classification is effective, it might yield 

understanding, generalisations and predictions. We call groups that have these 

properties natural kinds - it is something that might be expected to happen in 

biology. But mathematics goes one step further. Suppose that we make a mark 

‘T on a clay tablet for every cow in the field. We end up with a mark ‘TIIIIIIT. 

What we have done now is to abstract away everything about the animals in 

the field: the fact that they are animals, that they are cows, that they are eating 

grass. What is left is their number. 
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So, the simplest pattern that we can deal with abstractly is number. In a 

somewhat magical way, the inscriptions of the tablet represent the cows in the 

field. They are a convenient stand-in for the real world. If we want to find out 

what happens when we remove ‘III" cows from the field, we can either move 

them physically or simply separate the ‘cow’ symbols: ‘IIIIIT  IIT. Manipulating 

the symbols is clearly easier to perform. Mathematics manipulates 

representations rather than the real world because it is easier. 

‘We do not know if something like this story is accurate at the beginning of the 

long history of mathematics. But we do know that imprints on a Sumerian clay 

tablet led eventually to the astounding sophistication of the proof of Fermat’s 

last theorem and to modern algebra, analysis, and geometry. Mathematics has 

been shaped by the job it is expected to perform and through countless quirks 

of culture. Improvised methods designed to deliver a temporary solution to an 

unforeseen problem become permanent. If they work well, they get passed on 

and take on a life of their own. Less good solutions eventually fall into disuse 

in a sort of Darwinian selection of competing ideas. We could call histories like 

this cultural evolution. 

But has the counting of cows in a field really got anything to do with modern 

mathematics? Let’s examine the example more closely. We add an T’ on the 

tablet for each cow in the field, subject to two strict rules: no cow should be 

‘counted” more than once and all the cows in the field are counted. Although 

these rules are quite natural to us, they are mathematically sophisticated. 

Mathematically, we are establishing a mapping between the marks on the tablet 

and the cows in the field that is a one-to-one correspondence. This means 

a mapping links a mark to a unique cow (injective) and that all cows in the 

field are linked (surjective). While these early users of mathematics might 

not have understood it quite in these terms, they nonetheless needed to use 

these properties when counting. But there is something else at work here. The 

compound symbol ‘IIIIIIIT stands for the whole field of cows. It is a property of 

the whole set. It expresses the size of the set or its cardinality. The counting of 

cows in a field has a lot to do with the deep nature of mathematics itself. 

Indeed, there are three more ideas illustrated by this simple example. The first is 

the power of numbers to create ordering: I II III IIII is such an ordering. This 

is called the ordinal property of number. Second, it illustrates the special place 

of sets and mappings in mathematics. We focused on the set of cows and the set 

of marks on the tablet. Third, we counted the first set by establishing a one-to- 

one correspondence with the second. This is a technique that works with any 

sets, including those that have infinitely many members. Mathematics is truly 

about sets and the mappings between them. 

By representing the real world by marks bearing a special relation to their 

targets, human beings initiated perhaps the most extraordinary technical 

advance in their history: the invention of symbolic representation. 

Manipulating symbols is easier than manipulating objects in the world. 

Moreover, symbols allow this information to be communicated over distance



and time. But the most powerful feature of symbols is that they can be used to 

represent states of affairs that are not physically present. Symbols can represent 

past worlds, possible worlds, and desired future worlds. Symbols allow us 

to tell stories, write histories, and make plans. Symbols that do not actually 

correspond with the world are called counterfactuals. They describe ‘what if 

situations. What if the Allies had lost World War I1? What if we add sulfuric 

acid to copper? What if we wake up one morning to discover that we have been 

transformed into a giant insect? What if parallel lines could actually meet? 

What if there was a solution to the equation x> = —12 The power of symbolic 

representation is that it allows us to build abstract worlds - virtual realities 

where the ‘what if” conditions are true. 

There is a sense in which the world of mathematics is one such virtual universe, 

containing all manner of exciting and weird things. Mathematicians discuss 

11-dimensional hypercubes, infinite sets of numbers, infinite numbers, surfaces 

that turn you from being right-handed to left-handed as you traverse them, 

spaces where the angles of a triangle add up to more than 180 degrees, spaces 

where parallel lines diverge, systems where the order of the operation matters 

(where A * B is not the same as B * A), vectors in infinite-dimensional space, 

series that go on forever, and geometric figures that are self-similar called 

fractals (where you can take a small piece of the original figure then enlarge 

it and it looks identical - truly identical - to the original). And all this started 

with the making of a simple mark on a clay tablet. 

Mathematics uses symbols to describe these amazing structures in the basic 

language of sets and the mappings between them. Because symbols are abstract 

and not limited to representing things in the world, mathematicians can use 

their imaginations to create a virtual reality following its own rule system 

unhindered by what the world is really like, a counterfactual world. In this 

world, mathematicians can explore the patterns they encounter. 

Yet mathematics is remarkably useful in this world. From building bridges to 

controlling strategy in football, mathematics lies at the heart of the modern I symbolic representation 

world. If mathematics really is so other-worldy, how come it has so much to is the most significant 
. technical advance in 

say about this one? history, what would you 

This is an important question that motivates much of what follows. prineslighed 

Purpose: mathematics for its own sake 

ToK uses the map metaphor; knowledge is taken to be like a map that is used 

for a particular purpose, such as solving a particular problem or answering a 

question. The map is a simplified picture of the world and its simplicity is its 

strength. It ensures that we get the job done with the least cognitive cost. If 

this is right, then it is natural to ask about the purpose of this particular map. 

What problems does it solve or what questions does it answer? There seem to 

be two categories: those questions that occur strictly within the virtual reality 

of mathematics itself (mathematics for its own sake) and those that occur in 
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the world outside (mathematics as a tool). These categories broadly correspond 

to two subdivisions of mathematics that are often two different departments 

within a university: pure mathematics and applied mathematics. 

Let’s start with pure mathematics. A typical example of a problem in this 

category is how to solve a particular type of equation. 

An example of a problem in pure mathematics might be how to solve the 

equation 

(1) ¥—22—x+2=0 

The task is to find a value for x that satisfies the equation. In books like this, 

there are many such equations and, in this context, they often have simple 

integer solutions. An initial strategy might be to try a value for x to see if it fits. 

If we try x = 0, then equation (1) gives us: 

0°—2:02—0+2=0,ie.2=0 

which is clearly not true. So, we can say that x = 0 is not a solution to the 

equation. 

But if we try x = 1, then equation (1) gives us: 

P-2-12-1+2=0 

In other words, 1 —2 — 1 + 2 = 0 is true. So, x = 1 is a solution to the 

equation. 

The trick now, as you know; is to factor out (x — 1) from equation (1) to give: 

2) x—Dx2—x-2)=0 

‘We can now try to find values of x that make the second bracket in (2) equal 

to 0. This can be done either by trying out hopeful values of x (2 seems to be a 

good bet, for example) or using the quadratic formula. We end up with x = 2 

orx=—1 

The equation therefore has three solutions: x = lorx = —lorx =2 

The history of these problems illustrates the great attraction of pure 

mathematics. Certainly, these problems were of interest from the 7th century 

in what is now the Middle East - the home of algebra. The great 11th century 

Persian mathematician and poet Omar Khayyam wrote a treatise about similar 

so-called cubic equations and realised they could have more than one solution. 

By the 16th century, cubic equations were of public interest. In Italy, contests 

were held to showcase the ability of mathematicians to solve cubic equations, 

often with a great deal of money at stake. One such contest took place in 

1635 between Antonio Fior and Niccolo Tartaglia. Fior was a student of 

Scipione del Ferro, who had found a method for solving equations of the type 

x* + ax = b, which is known as the ‘unknowns and cubes problem’ (where a 

and b are given numbers).



Del Ferro kept his method secret until just before his death when he passed 

the method on to his student. Fior began to boast that he knew how to solve 

cubics. Tartaglia also announced that he had been able to solve a number of 

cubic equations successfully. Fior immediately challenged Tartaglia to a contest. 

Each was to give the other a set of 30 problems and put up a sum of money. 

The person who had solved the most after 30 days would take all the money. 

Tartaglia had produced a method to solve a different type of cubic 

x* + ax? = b. Fior was confident that his ability to solve cubic equations would 

defeat Tartaglia and submitted 30 problems of the ‘unknowns and cubes’ type, 

but Tartaglia submitted a variety of different problems. Although Tartaglia 

could not initially solve the ‘unknowns and cubes’ type of equation, he worked 

hard and discovered a method to solve this type of problem. He then managed 

to solve all of Fior’s problems in less than two hours. In the meantime, Fior had 

made little progress with Tartaglia’s problems and it was obvious who was the 

winner. Tartaglia did not take Fior’s money though; the honour of winning was 

enough. 

Tartaglia represents the essence of the pure mathematician: someone who is What other knowledge 

intrigued by puzzles and has a deep desire to solve them. It is the problem itself is worth pursuing for its 
that is the motivation, not possible real-world applications. own sake? 

A modern example is the solution of Fermat’s conjecture by Andrew Wiles. 

The French mathematician Pierre de Fermat wrote the conjecture in 1627 

as a short observation in his copy of The Arithmetics of Diophantus. 

The conjecture is that the equation 

A"+ Br=Cn 

where A, B, C are positive integers and # > 2 has no solution. Despite a large 
number of attempts to prove it, the conjecture remained unproved for 358 years 

until Wiles published his successful proof in 1995. The proof is way beyond 

the scope of this book, but there have been a number of interesting books and 

TV programmes made about it, including Simon Singh Fermat’s Last Theorem 

(1997) and the BBC Horizon programme Fermat’s Last Theorem (1996). 

As mathematician Roger Penrose remarked, ‘QED: how to solve the greatest 

mathematical puzzle of your age. Lock self in room. Emerge 7 years later’. 

[RUlgele} M agF- il tical models 

Unlike pure mathematics, which is about the solution of exclusively 

mathematical puzzles, applied mathematics is about solving real-world 

problems. The mathematics it produces can be just as interesting from an 

insider’s viewpoint as the problems of pure mathematics (and often the two are 

inseparable), but a piece of applied mathematics is judged by whether it can be 

usefully applied in the world. 

507



508 

Theory of knowledge 

Here is an example of applied mathematics at work. This is a problem that 

could have been posed in this book or, indeed (and this is the point), in a 

physics course. 

A stone is dropped down a 30 m well. How long will it take the stone to reach the 

bottom of the well, neglecting the effect of air resistance? 

The typical way to solve this type of problem is to use what we call a 

mathematical model. The essence of mathematical modelling is to produce a 

description of the problem where the main physical features become variables 

in an equation which is then solved and translated back into the real world. 

To model the situation above: 

‘We know that the acceleration due to gravity is 9.8 ms2, and we also know that 

the distance travelled s is given by the equation: 

s= —Zl-utz, where a = acceleration and ¢ = time 

So we substitute the known values into the equation and get: 

30 = L(9.8)2 
2 

Rearranging the equation gives us: 

60 
98 = 2.47 seconds (3 s.f.) 

  

There are a number of points to make about the process here that are typical of 

mathematical models. 

(1) The model neglects factors that are known to operate in the real-world 

situation. There are two big assumptions made: that the stone will not 

experience air resistance, which will act as a significant drag force, and that 

the acceleration due to gravity is constant. 

(2) The model appeals to a law of nature. In this case, the law of acceleration 

due to gravity. 

(3) The model uses values for constants that are established empirically. 

In this case, the acceleration due to gravity at the Earth’s surface. 

‘We know that neither of the assumptions in (1) is true. The effect of air 

resistance can be highly significant. We know that if you have the misfortune to 

fall from an airplane above 100 m or so, the height does not matter - the speed 

of impact with the ground will be the same, around 150 km h!, because of the 

effect of air resistance (of course, it matters how you fall). The changing 

strength of gravitational force is a less important factor for normal wells.



But if we are dealing with a well that is 4000 km deep, then this factor 

would be significant. The point is that the model is actually fictional (it even 

breaks a major law of physics). It could never be true in the sense of exactly 

corresponding to reality. However, it is a sort of idealisation that we accept 

because the model provides an approximation to the behaviour of the stone 

(although not such a good one for deeper wells) and more importantly it gives 

us understanding of the system. If we were to make the modelling assumptions 

more realistic, the mathematics in the model would become too complicated 

to solve easily. Points (2) and (3) show us that the actual content of the model 

depends on something outside mathematics - namely some well-established 

results in physics. The mathematics is only a tool, albeit an important one. 

A model is a mathematical map - a simplified picture of reality that is useful. 

Another beautiful example is the Lotka-Volterra model of prey-predator 

population dynamics in biology. This model was proposed by Alfred Lotka in 

1925 and independently by Vito Volterra in 1926. 

The model assumes a closed environment where there are only two species, 

prey and predator, and no other factors. The rate of growth of prey is assumed 

to be a constant proportion A of the population. The rate at which predators 

eat prey is B, which is assumed to be a constant proportion of the product of 

predators and prey. The death rate of predators, C, is assumed to be a constant 

proportion of the population, and there is a rate of generation of new predators, 

D, dependent on the product of prey and predators. 

These modelling assumptions give rise to a pair of coupled differential 

equations: 

(1)%:Ax*3xy 

2 dy7 Cy + D ()E*‘}’ . 

A modern computer package gives the following evolution of prey and 

predators over time: 
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Figure 1 Evolution of prey and predator populations over time 
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Figure 2 A phase space diagram. Number of prey (in units of 1000) 
on the x-axis, number of predators on the y-axis 

It is interesting to look at a phase space diagram that represents each point 

(x, y) as a combination of numbers of prey and predators. Here the evolution of 

the system over time appears as a closed loop around the stationary point 

(%, %), which is an ‘attractor’ of the dynamical system. (You could try to prove 

that this is a stationary point - it is not hard.) The position of an orbit around 

the attractor depends on the initial numbers of prey and predator. Notice that 

starting the model with too great a population of prey could end up with an 

extinction of predators (Figure 2) because the very high prey numbers leads to 

overpopulation of predators for whom there is not enough prey left to eat. 

The system itself is a nice example of circular causality. 

As with the previous example, the modelling assumptions ensure that the 

mathematics of the model remains tractable, but the cost is that the model 

is not realistic. It is assumed that the prey do not die from natural causes or 

that the predators do not come into existence except through the provision of 

food. There is no competition between either prey or predators. Nonetheless, 

the model provides some important and powerful insights about the nature 

of population dynamics. As the model becomes more sophisticated and more 

factors are taken into consideration, not only does the mathematics become 

rapidly more difficult, but we lose sight of clear trends in the model (such as 

orbits around stationary points in phase space). We gain accuracy but lose 

understanding. This is a characteristic of both models and maps. A map that 

is as detailed as the territory it depicts is no use to anyone. It is precisely the 

simplification (literally what makes it false) that makes it useful. Virginia Woolf 

said about art, ‘Art is not a copy of the world; one of the damn things is enough, 

and the same could be said about models. 

The distinction between pure and applied mathematics becomes blurred in 

the hands of someone like the great Carl Friedrich Gauss (1777-1855). He was 

perhaps happiest in the realm of number theory, which he called the ‘queen



of mathematics, and the idea that queens stay in their rarified towers and do 

not dirty their hands in the ways of the world was perhaps not so far from his 

thinking. He found great satisfaction in working with patterns and sequences 

of numbers. It is the same Gauss who, as a young man, enabled astronomers to 

rediscover the minor planet Ceres after they had lost it in the glare of the sun, 

by calculating its orbit from the scant data that had been collected on its initial 

discovery in 1801 and then predicting where in the sky it would be found more 

than a year later. This feat immediately brought Gauss to the attention of the 

scientific community. His skills as a number theorist presented him with the 

opportunity of solving a very real scientific problem. 

‘Who would have guessed that recent work in prime number theory would 

give rise to a system of encoding data that is used by banks all over the world? 

The system is called ‘dual key cryptography’. The key to the code is a very large 

number that is the product of two primes. The bank holds one of the primes 

and the client’s computer the other. The key can be made public because in 

order for it to work it has to be split up into its component prime factors. This 

task is virtually impossible for large numbers. For example, present computer 

programs would take longer than the 13.8 billion years since the big bang to 

find the two prime factors of the number: 

25195 908 475 657 893 494 027 183 240 048 398 571 429 282 126 204 032 

027 777 137 836 043 662 020 707 595 556 264 018 525 880 784 406 918 290 

641 249 515 082 189 298 559 149 176 184 502 808 489 120 072 844 992 687 

392 807 287 776 735 971 418 347 270 261 896 375 014 971 824 691 165 077 

613 379 859 095 700 097 330 459 748 808 428 401 797 429 100 642 458 691 

817 195 118 746 121 515 172 654 632 282 216 869 987 549 182 422 433 637 

259 085 141 865 462 043 576 798 423 387 184 774 447 920 739 934 236 584 

823 824 281 198 163 815 010 674 810 451 660 377 306 056 201 619 676 256 

133 844 143 603 833 904 414 952 634 432 190 114 657 544 454 178 424 020 

924 616 515 723 350 778 707 749 817 125 772 467 962 926 386 356 373 289 

912 154 831 438 167 899 885 040 445 364 023 527 381 951 378 636 564 391 

212010 397 122 822 120 720 357 

But this number is indeed of the form of the product of two large primes. 

If you know one of them, it takes an ordinary computer a fraction of a second 

to do the division and find the other. 

Just as pure research in the natural sciences produced results that could also 

be used for technological or engineering applications, so in mathematics, 
problems motivated purely from within the most abstract recesses of the e outhikelan 

i R : . example of a model 
subject (pure mathematics) give rise to very useful techniques for solving that does not represent 

problems with strong applications in the world outside of mathematics. the world well but is 
7 

Mathematicians often practise their art as art for its own sake. They are s 
motivated by the internal beauty and elegance of their subject. Nevertheless, What othes eramples are there of pure rescarch 
it often happens that pure mathematics created for no other purpose than that end up having 

solving internal mathematical problems turns out to have some extraordinary ;Jmm;mt practical 
enefit? 

and very practical applications. 
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Constructivist view of mathematics 

Having thought a little about what the purpose of mathematics could be, let's 

move on to the question of whether it is best thought of as an invention or as 

something out there in the world. 

Broadly speaking, the constructivist views mathematics as a human invention. 

The vision we had of mathematics as a vast virtual reality limited only by 

the imagination and the rules that are installed there is a constructivist view. 

However, we are then bound to ask why mathematics has so many useful 

applications in the real world. Why is mathematics important when it comes 

to building bridges, doing science and medicine, economics and even playing 

basketball? Chess is also a game invented by humans, but it does not have very 

much use in the outside world. Constructivism cannot account for the success 

of mathematics in the outside world. 

On this view, mathematics is what might be called a social fact. A social fact 

is true by virtue of the role that it plays in our social lives. Social facts do have 

real causal power in the world. That a particular piece of paper is money is a 

social fact that does make things happen. That piece of paper acquires its status 

ultimately from a whole set of social agreements. In the end, social facts are 

produced by language acts — performances that change the social world. 

A language act would be a registry officer saying ‘I pronounce you married’ 

The use of language in a performative manner creates social facts. Social facts 

are no less real or definite than those about the natural world. The statement 

‘John is married’ is definitely either true or false. One is reminded of the story 

about the little boy who, when asked by his grandmother what day it will be 

tomorrow, replies, ‘Let’s wait and see’ Social facts do not require us to wait and 

see. They rely on social agreements, not on empirical evidence. 

The mathematician Reuben Hersh argues for a type of constructivism that 

he calls Humanism. For Hersh, numbers and other mathematical objects are 

social facts. Hersh defends this view on the Edge website: 

‘[Mathematics] ... is neither physical nor mental, it’s social. It’s part of culture, 

it’s part of history, it’s like law, like religion, like money, like all those very real 

things, which are real only as part of collective human consciousness. Being part 

of society and culture, it’s both internal and external: internal to society and 

culture as a whole, external to the individual, who has to learn it from books and 

in school. That's what math is. 

Hersh called his theory of mathematics humanism because it’s saying that 

mathematics is something human. ‘There’s no math without people. Many people 

think that ellipses and numbers and so on are there whether or not any people 

know about them; I think that’s a confusion. 

Hersh points out that we do use numbers to describe physical reality and that 

this seems to contradict the idea that numbers are a social construction.



It is important to note here that we use numbers in two distinct ways: as nouns 

and as adjectives. When we say nine apples, nine is an adjective. 

If it's an objective fact that there are nine apples on the table, thats just as objective 

as the fact that the apples are red, or that they’re ripe or anything else about them; 

that’s a fact. The problem occurs when we make a subconscious switch to ‘nine’ 

as an abstract noun in the sort of problems we deal with in Mathematics class. 

Hersh thinks that this is not really the same nine. They are connected, but the 

number nine is an abstract object as part of a number system. It is a result of our 

mathematics game - our deduction from axioms. It is a human creation. 

Hersh sees a political and pedagogical dimension to his thinking about 

mathematics. He thinks that a humanistic vision of mathematics chimes in with 

more progressive politics. How can politics enter mathematics? As soon as we 

think of mathematics as a social construction then the exact arrangements by 

which this comes about - the institutions that build and maintain it - become 

important. These arrangements are political. Particularly interesting for us here 

is how a different view of mathematics can bring about changes in teaching and 

learning. 

‘Humanism sees mathematics as part of human culture and human history. 

It hard to come to rigorous conclusions about this kind of thing, but I feel it’s 

almost obvious that Platonism and Formalism are anti-educational, and interfere 

with understanding, and Humanism at least doesn’t hurt and could be beneficial. 

Formalism is connected with rote, the traditional method, which is still common 

in many parts of the world. Here’s an algorithm; practise it for a while; now 

here’s another one. That’s certainly what makes a lot of people hate mathematics 

(...) There are various kinds of Platonists. Some are good teachers, some are 

bad. But the Platonist idea, that, as my friend Phil Davis puts it, Pi is in the sky, 

helps to make mathematics intimidating and remote. It can be an excuse for a 

pupil’s failure to learn, or for a teacher’s saying “some people just don’t get it”. 

The humanistic philosophy brings mathematics down to earth, makes it accessible 

psychologically, and increases the likelihood that someone can learn it, because it’s 

Jjust one of the things that people do. 

There is a possibility that the arguments explored in this section might cast 

light on an aspect of mathematics learning that has seemed puzzling - why it 

is that mathematical ability is seen to be closely correlated with a certain type 

of intelligence. There is a widespread view that mathematics polarises society 

into two distinct groups: those who can do it and those who cannot. Those 

who cannot do it often feel the stigma of failure and that there is an exclusive 

club whose membership they have been denied. Those who can do it often 

find themselves labelled as ‘nerds’ or as people who are, in some sense, socially 

deficient. Is Hersh correct in attributing this to a formalistic or Platonic view? 

Is he right to suggest that if mathematics is just a meaningless set of formal 

exercises, then it will not be valued by society? If we deny that mathematics 
What are the strengths 

is out there to be discovered, it takes the stigma away from the particular ST £ 

individual who does not make the discovery. It is interesting to speculate on of mathematical 

how consequences in the classroom flow from a humanist view of mathematics. L A 
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Platonic view of mathematics 

One way to explain why mathematics applies so well to things like bridges 

and planets is simply to take mathematics as being out there in the world, 

independent of human beings. As with other things in the natural world, 

it is our task to discover it (literally to ‘lift the cover’). This is called the 

Platonic view because the philosopher Plato (427-347 Bc) took the view that 

mathematical objects belonged to the real world, underlying the world of 

appearances in which we lived. Mathematical objects such as perfect circles 

and numbers existed in this real world; circles on Earth were mere inferior 

shadows. Many mathematicians have at least some sympathy with this view. 

They talk about mathematical objects as though they had an existence 

independent of us and that we are accountable to mathematical truths in the 

same way as we are accountable to physical facts about the universe. They feel 

that there really is a mathematical world out there and that they are trying to 

discover truths about it, much like natural science discovers truth about the 

physical world. 

This view is itself not entirely without problems. In ToK we might want to ask: 

‘If mathematics is out there in the world, where is it?” We do not see circles, 

triangles, V2, i, e, and other mathematical objects obviously floating around 

in the world. We have to do a great deal of work to find them through inference 

and abstraction. 

‘While this might be true, there is some evidence that mathematics is hidden 

not too far below the surface of our reality. Take prime numbers as an example. 

The Platonist might want to try to find them somewhere in nature. One place 

where she might start is in Tennessee. In the summer of 2016, the forests 

were alive with a cicada that exploits a property of prime numbers for its own 

survival. These cicadas have a curious life cycle. They stay in the ground for 13 

years. Then they emerge and enjoy a relatively brief period courting and mating 

before laying eggs in the ground and dying. There is another species of cicada 

that has the same cycle and no fewer than 12 types that have a cycle of 17 years. 

There are, to add to the puzzle, none that have cycles of 12, 14, 15, 16 or 18 

years. The clue is that 13 and 17 are prime numbers. There is a predator wasp 

that has evolved to have a similar life cycle. But if a predator had a life cycle of 

6 years, the prey and the predator would only meet every 6 X 17 = 112 years. 

Whereas, if the cicada had a life cycle of 12 years, the prey and predator would 

meet every cicada cycle. Nature has discovered prime numbers through the 

cicada life cycles by evolutionary trial and error. 

The relationship of nature to geometry was explored by the Scottish biologist 

D’Arcy Wentworth Thompson in his magnificent book of 1917, On Growth 

and Form. He explored the formation of shells and the wings of dragonflies, 

and examined the skeletons of dinosaurs through the eyes of a civil engineer 

constructing bridges and wondered about the formation of bee cells and the 

arrangement of sunflower seeds.
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Many spirals in nature are formed, like the one in Figure 3, from the sequence: 

  

Figure3 Spirals in nature 

1,1,2,3,5,8,13,21,34, ... Do you think that the 
sais . . . - thematics teaching 

This is called the Fibonacci sequence after the Italian mathematician Leonardo — hflm . you have experienced 
Pisano Bigolio (1170-1250), known as Fibonacci. The Fibonacci sequence is reflects a Platonist or 

related to the golden number ¢. The interested reader is referred to the many constructivist view of 
. mathematics? 

excellent sources on the internet. 

The methods and tools of mathematics 

The language concepts of mathematics 

Knowledge in mathematics is like a map representing some aspect of the world. 

Like other areas of knowledge, it possesses a specialised vocabulary naming 

important concepts to build this map. Unlike some areas, this vocabulary 

is very precisely defined. This makes sense. If the world of mathematics is 

populated by some rather esoteric objects that are literally like nothing on 

Earth, then it is very important that these objects are precisely specified. 

The other chapters in this book are all about establishing and using this 

very special vocabulary and becoming fluent in the methods that connect 

mathematical concepts into meaningful mathematical sentences. We will not 

spend too much time on these matters here, but there are a few aspects to 

highlight. 

Since mathematical objects are abstract and we cannot point to them, we have 

to represent them with symbols. But the symbol and the idea are different 

things - there is a danger that we confuse them. Take representations of 

%, %, %, 0.3333... all represent the same number 

despite appearing to be quite different. (Perhaps the infinite number of ways of 

fractions. The symbols 
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representing fractions is one of the reasons why some students have so much 

difficulty with them.) Some symbols such as %, sin"!(1.2) or log(~2) have no 

meaning at all. More worrying is that an expression such as ‘the smallest real 

number larger than 1’ doesn't actually mean anything either. This is because 

there is no smallest real number larger than 1. (Think carefully about this.) 

In a similar vein, the fact that there are different conventions for writing 

mathematics does not mean that the mathematics is different. Some 

conventions represent the number 1—32) by the decimal 0.3, others by 0,3. 

Either way, the mathematics is the same and these do not really count as 

different mathematical cultures. Carl Friedrich Gauss, one of the greatest 

mathematicians of all time, said ‘non notations, sed notions’ - not notations 

but notions. 

Algeb 

A staple method used in mathematics is the substitution of letters for numbers. 

In fact, mathematicians use letters for many sorts of mathematical objects, not 

just numbers. The reason is that they want to make generalised statements. 

By using a letter, they do not have to commit to making a statement about a 

specific number, but instead can make one about all numbers of a particular 

kind at once. This is a very powerful tool. 

This is illustrated by a worked example. Imagine we want to prove that if we 

add an odd number to another odd number we get an even number. We hope 

to show that this is true for any choice of odd numbers. We could proceed by 

trying out different pairs of odd numbers and checking that the result is even: 

1+3=4even 

5+ 7=12even 

13 + 9 =22 even 

131 + 257 = 388 even 

You can see that this method will not serve as a proof because we would have 

to check every possible pair of odd numbers and, since this set is infinite, we 

would never finish. What we need is to define a general odd number without 

committing to a particular one. For example, we can define ‘odd’ by being ‘one 

more than an even number’, 

If k is an even number, then we can write k = 2j for some whole number j. 

If m is an odd number, then we can write m = 2j + 1 for some whole number j. 

All we have to do now is to add two of these general odd numbers together. 

So, we want to take two odd numbers, let’s say m = 2j + land n = 2i + 1 

where j and i are whole numbers. There is a subtlety here because we use 

different letters j and i for the whole numbers in the expressions above because 

we want to allow m and n the possibility of being different odd numbers.



If we used the same letter, say j, in the expressions for 7 and n then we would 

be making our odd numbers equal and we would only have proved that if we 

add together two equal odd numbers, then the result is even. 

Now we have to use some symbolic rules. 

mAn=2j+1)+@Qi+1) 

We can remove the brackets and rearrange to give: 

mA =24 2i+2 

Finally, we can use the fact that 2 is a common factor of all terms in the 

expression to place it outside a bracket. 

mt+n=20j+i+1) 

But j, i and 1 are all whole numbers so j + i + 1 is also a whole number. 

Technically, this comes from the fact that the whole numbers are closed under 

the operation of addition because they form an important structure called a 

group. Let’s call this whole number p. 

So, we have that m + n = 2p. But this is precisely the definition of an even 

number that we started with. An even number is 2 times a whole number. 

This proves that any two odd numbers added together gives an even number. 

The big chain of reasoning above is called a proof. It is immensely powerful 

because it covers an infinite number of situations. There is an infinite number 

of possible pairs of odd numbers to which the result applies. This is the power 

and beauty of using letters for numbers — a practice that was developed in 

Baghdad and Damascus about 1000 years ago. In one sense, mathematicians 

have a god-like ability when it comes to dealing with infinite sets. 

Proof is the central concept in mathematics because it guarantees mathematical 

truth. When something is proved, we can say that it is true. 

This type of truth is independent of place and time. In contrast to the science 

of the day, the mathematical truths of Pythagoras are just as true today as they 

were then - indeed his famous theorem is still taught today as can be seen in 

this book. But the science of the time has long been rejected. There were four 

chemical elements in the 4th century Bc, and Aristotle thought that the heart 

was the organ for thinking. Actually, we do not have to go far back in time to 

find textbooks in the natural sciences that contain statements that we would 

dispute today. The truths of the natural sciences are always subject to revision, 

but mathematical truths are eternal. 

But there is something even more striking about mathematical truths — 

that is, mathematical statements that have been proved. A statement such as 

‘odd + odd = even’ has such power that we can say that it is certain. This is not 

just a matter of confidence - we are not talking about psychological certainty here. 
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It is certain because it cannot be otherwise. The negation of a mathematical 

truth (like ‘odd + odd = odd’) is to utter a self-contradiction or absurdity. 

Let’s reflect on the power of this statement. This means that there is no possible 

world in which ‘odd + odd = odd’ (given the standard meanings of these 

terms). A story that makes this statement is describing a world that is self- 

contradictory — that is, an absurd and unintelligible world. Such a story is 

just not credible. But this means that mathematics is really radically different 

from other areas of knowledge, including the natural sciences. It is not a 

contradiction to say that the moon is composed of green cheese. There could be 

universes where this is true, but it just happens not to be in ours. Mathematics 

deals in what we call necessary truths, while the sciences deal mainly in 

contingent truth. 

This is something that students of ToK should think about carefully. What is 

it about mathematical truth that makes it immune to revision and provides 

the basis for certainty and makes the negation of a mathematical truth a 

contradiction? 

Recall that the constructivist sees mathematics as a big abstract game played by 

human beings according to invented rules. The hero of The Glass Bead Game, 

a novel by the German writer Hermann Hesse, must learn music, mathematics, 

and cultural history to play the game. On this view, mathematics is just like the 

glass bead game. There are parallels we can draw between a game like chess 

and mathematical proof. First, chess is played on a special board with pieces 

that can move in a particular way. The pieces must be set up on the board in a 

particular fashion before the game can begin. The same is true of mathematical 

proof. It starts with a collection of statements in mathematical language called 

axioms. They themselves cannot be proved. They are simply taken as self- 

evidently true and form the starting point for mathematical reasoning. 

Once the game is set up, we can start playing. A move in chess means 

transforming the position of the pieces on the board by applying one of the 

game’s rules that govern movement. Typically in chess, a move involves the 

movement of only one piece. (Can you think of an exception?) If the state of the 

pieces before the move was legitimate and the move was made according to the 

rules of the game, then the state of the pieces after the move is also legitimate. 

The same is true of a mathematical proof. One applies the rules (these are rules 

of algebra typically) to a line in the proof to get the next line. The whole proof is 

a chain of such moves. 

Finally, the chess game ends. Either one of the players has achieved checkmate, 

or a stalemate (a draw) has been agreed. Similarly, a mathematical proof has an 

end. This is a point where the proof arrives at the required result at the end of 

the chain of reasoning. This result is called a theorem. 

Once a proof of a mathematical statement is produced, we have a logical duty to 

believe the result, however unlikely. This is illustrated with a famous example.



Many people do not believe that 1 = 0.99999999... 

(The three dots indicate that the 95 continue indefinitely). 

The proof is straightforward. 

Let x =0.9999999... 

Then 10x = 9.9999999... 

Subtract both equations 10x — x = 9.99999999... — 0.9999999... 

This implies 9x=9 

Giving x = 1 as required. 

0.999999... really does look very different to 1 but if the proof works then we 

are forced to believe that they are the same. 

REIS 

A set is a collection of elements that can themselves be sets. They can be 

combined in various ways to produce new sets. The concepts of a set and 

membership of a set are primitive. This means that they cannot be explained 

in terms of more simple ideas. These seem to be rather modest beginnings on 

which to build the complexities of modern mathematics. Nevertheless, in the 

20th century there were a number of projects that were designed to do just that: 

reduce the whole of mathematics to set theory. The most important work here 

was by Quine, von Neumann and Zermelo, and Bertrand Russell and Alfred 

North Whitehead in the three volumes of their Principia Mathematica of 1910~ 

1913. Starting out with the notion of the empty set and the idea that no set can 

be a member of itself, we can construct the whole number system. 

Mappings between sets 

Once we have established sets in our mathematical universe, we want to do 

something useful with them. One of the most important ideas in the whole 

of mathematics is that of a mapping. A mapping is a rule that associates 

every member of a set with a member of a second set. This is what we were 

doing when we started this chapter by counting cows. We set up a one-to-one 

correspondence between a set of numbers and a set of cows. 

Infinite sets 

Consider the function f(x) = 2x defined over the natural numbers. 

Clearly it sets up a one-to-one correspondence between the set of natural 

numbers and the set of even numbers (check this yourself). So, this means 

that there are as many even numbers as there are natural numbers. 

Are you happy with every 
stage of this proof? 

519



What is it about the 
difference between 

the methods of the 

natural sciences and 
mathematics that 

accounts for the radical 
difference in types of 
knowledge produced? 

520 

Theory of knowledge 

This is rather strange because we would think intuitively that there were more 

natural numbers than even numbers - they are after all the result of taking 

away an infinite number of odd numbers from the original set. But we are 

saying that the set that is left over has as many members as the original set. This 

strangeness is characteristic of infinite sets (indeed it can be used to define what 

we mean by infinite). Infinite sets can be put in a one-to-one correspondence 

with a proper subset of themselves. 

But the story doesn'’t stop here. Using sets and mappings we can show that there 

are many different types of infinity. The set of natural numbers contains the 

smallest type of infinity, usually denoted by N, which we call ‘aleph nought. 

In the 19th century, the German mathematician Georg Cantor showed by an 

ingenious argument that the number of numbers between 0 and 1 is a bigger 

type of infinity than aleph nought. 

It turns out that there is an infinity of different types of infinity — a whole 

hierarchy of infinities, in fact — and this probably does not surprise you 

anymore, there are more infinities than finite cardinal numbers. 

The methods and concepts of mathematics, therefore, are quite unlike 

anything to be found in the sciences, although they do seem to bear a strong 

resemblance to the arts in terms of the setting of the rules of the game and the 

use of the imagination. This is something we will explore in the next section. 

Mathematics and the knower 

English poet John Keats said, “Beauty is truth, truth beauty - that is all / Ye know 

on earth, and all ye need to know.” 

In this section we will see how mathematics impinges on our personal thinking 

about the world. One of the more surprising aspects of mathematics is the two- 

way link to the arts and beauty. 

eauty by the numbers 

There is a long-held view that we find certain things beautiful because of their 

special proportions or some other intrinsic mathematical feature. This is the 

thinking that has inspired architects since the times of ancient Egypt and 

generations of painters, sculptors, musicians, and writers. Mathematics seems 

to endow beauty with a certain eternal objectivity. Things are beautiful because 

of the mathematical relationships between their parts. Moreover, this is a very 

public beauty because it can be dissected and discussed.



Let’s take the example of the builders of the Parthenon. They were deeply 

interested in symmetry and proportion. In particular, they were interested in 

how to divide a line so that the proportion of the shorter part to the longer part 

is the same as that of the longer part to the whole. You can check that you get 

the quadratic equation x2 + x — 1 = 0. One solution to this equation is the 
=I+45 

1d tio x =———— = 0.61803398875... = ¢. 
goleeniaio X 2 @ See if you can spot the 
This proportion features significantly in the design of the Parthenon and many connection between 

other buildings of the period. Since it is also related to the Fibonacci sequence, ;;hc goldensatioand g ibonacci sequence. 
you will find ¢ turning up anywhere where there are spirals. It is used quite Hint: write down a. 

self-consciously in painting (Piet Mondrian, for example) and in music difference equation 
for generating the 

(particularly the music of Debussy). There are those who go as far as saying that e 

it is present in the proportions of the perfect human figure and that we have a 

predisposition towards this ratio. 

  

Figure 4 Composition with Red, Blue and Yellow (1926) Piet Mondrian. 

‘The proportions of some of the rectangles in this painting is ¢ 

eauty in numbers 

Keats also put it the other way around: the beautiful is the true. Could we 

allow ourselves to be guided to truth in mathematics because of the beauty of 

the equations? This is a position taken by surprisingly many mathematicians. 

They look for beauty and elegance as an indicator of truth. Many mathematical 

physicists were guided in the 20th century by considerations of beauty and 

elegance. 

Einstein suggested that the most incomprehensible thing about the universe 

was that it was comprehensible. From a ToK point of view, the most 

incomprehensible thing about the universe is that it is comprehensible in 

the language of mathematics. Galileo wrote, Philosophy is written in this 

grand book, the universe... It is written in the language of mathematics, and its 

characters are triangles, circles and other geometric figures...” 

Perhaps what is more puzzling is not just that we can describe the universe 

in mathematical terms, but that the mathematics we need to do this is mostly 

simple, elegant, and even beautiful. 
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To illustrate this, let’s look at some of the famous equations of physics. Most 

people will be familiar with Einstein’s field equations and Maxwell’s equations. 

EINSTEIN'S FIELD EQUATION 

L e e 
P G LR MR 

  

Figure 5 Einsteins field equation 

1. V-D=p, 

2. V.-B=0 

3, VxE=-98 
at 

aD 4. VxH=22 47 
ot 

Figure 6 Maxwells equations 

It is perplexing that the whole crazy complex universe can be described by such 

simple, elegant, and even beautiful equations. It seems that our mathematics fits 

the universe rather well. It is difficult to believe that mathematics is just a mind 

game that we humans have invented. 

But the argument from simplicity and beauty goes further. Symmetry in the 

underlying algebra led mathematical physicists to propose the existence of new 

fundamental particles, which were subsequently discovered. In some cases, 

beauty and elegance of the mathematical description have even been used as 

evidence of truth. The physicist Paul Dirac said, Tt seems that if one is working 

from the point of view of getting beauty in one’ equations, and if one has really a 

sound insight, one is on a sure line of progress’. 

Dirac’s own equation for the electron must rate as one of the most profoundly 

beautiful of all. Its beauty lies in the extraordinary neatness of the underlying 

mathematics - it all seems to fit so perfectly together: 

Figure 7 Dirac’s equation of the electron 

The physicist and mathematician Palle Jorgensen wrote: 

‘[Dirac] ... liked to use his equation for the electron as an example stressing 

that he was led to it by paying attention to the beauty of the math, more 

than to the physics experiments. 

It was because of the structure of the mathematics, in particular that there were 

two symmetrical parts to the equation — one representing a negatively charged 

particle (the electron) and the other a similar particle but with a positive charge 

— that scientists were led to the discovery of the positron. It seems fair to say 

that the mathematics did really come first here.



We will leave the last word on this subject to Dirac himself, writing in Scientific 

American in 1963: 

I think there is a moral to this story, namely that it is more important to 

have beauty in one’s equations than to have them fit experiment. 

By any standards this is an extraordinary statement for a mathematical 

physicist to make. 

  

Mathematics and personal i io 

  

Sometimes our intuition can let us down badly when it comes to making 

judgments of probability. Here is an example to illustrate how we might have to 

correct our intuition by careful mathematical reasoning. 

Consider the following case. There is a rare genetic disease among the 

population. Very few people have the disease. As a precaution, a test has been 

developed to detect whether particular individuals have the disease. Although 

the test is quite good, it is not perfect — it is only 99% accurate. Person X 

takes the test and it shows positive. The question for your mathematical 

intuition is: ‘What is the probability that X actually has the disease?’ 

(You should recognise this as being a problem of conditional probability.) 

Think about this for a moment before we continue. 

Many of the students (and teachers) we have worked with in the past give the 

same answer: the probability that X actually has the disease given a positive test 

result is about 99%. Did you say the same? If you did, then your mathematical 

intuition let you down - very badly. 

Let’s put some numbers into the problem to illustrate this. For the sake of 

simplicity, assume that the country in which the test takes place has a 

population of 10 million. We are told that the disease is very rare. Assume that 

only 100 people in the whole country have the disease. We are told that the test 

is 99% accurate so, of the 100 cases of the disease the test would show positive 

in 99 cases and negative in one. So far so good. 

Now consider the 9999 900 people who don't have the disease. In 99% 

of these cases the test does its job and records a negative result. In 1% of the 

cases however it gets it wrong and produces a positive result. 1% of 9999 900 

is 99 999. So, of the whole population tested there would be a total of 

99999 + 99 = 100 098 positive results. But of these only 99 have the disease. 

Therefore, the probability of having the disease given a positive result is 

—103?)98 = 0.0989% or about 1 in 1000. This is quite a big difference from the 

990 in 1000 that we expected intuitively. That is out by a whopping 99 000%. 

What went wrong with 
intuition here? 
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Mathematics and personal qualities 

There are undoubtedly special qualities well-suited to doing mathematics. 

There are a host of great mathematicians from Archimedes, Euclid, Hypatia, 

through to Andrew Wiles, Grigori Perelman, and Maryam Mirzakhani, 

who contributed significantly to the area. Maryam was the first woman to 

receive the Fields medal (the equivalent of the Nobel prize in mathematics). 

Although mathematics is collaborative in the sense that mathematicians 

build on the work of others and take on the challenges that the area itself has 

recognised as being important, it is nevertheless largely a solitary pursuit. 

It requires great depth of thought, imaginative leaps, careful and sometimes 

laborious computations, innovative ways of solving very hard problems, and, 

most of all, great persistence. Mathematicians need to develop their intuition 

and their nose for a profitable strategy. They are guided by emotion and by 

hunches — they are a far cry from the stereotype of the coldly logical thinker 

who is closer to computer than human. 

Conclusion 

‘We have seen that mathematics is really one of the crowning achievements of 

human civilisation. Its ancient art has been responsible for some of the most 

extraordinary intellectual journeys taken by humankind, and its methods have 

allowed the building of great cities, and the production of great art, and it has 

been the language of great science. 

From a ToK perspective, mathematics, with its absolute and unchanging 

notion of necessary truth, makes a good contrast to the natural sciences with 

their reliance on observation of the external world, experimental method, and 

provisional nature of its results. 

Two countering arguments should be set against this view of mathematics. 

The idea that the axioms of mathematics (the rules of the game) are arbitrary 

both deprives mathematics of its status as something independent of human 

beings, and makes it vulnerable to the charge that its results cannot ever be 

entirely relevant to the world outside mathematics. 

Platonists would certainly argue that mathematics is out there in the universe, 

with or without human beings. They would argue that it is built into the 

structure of the cosmos - a fact that explains why the laws of the natural 

sciences lend themselves so readily to mathematical expression.



Both views produce challenging questions in ToK. The constructivist is a victim 

of the success of mathematics in fields such as the natural sciences. She has to 

account for why mathematics is so supremely good at describing the outside 

world to which, according to this view, it should ultimately be blind. The 

Platonist, on the other hand, finds it hard to identify mathematical structures 

embedded in the world or has a hard time explaining why they are there. 

‘We have seen how mathematics is closely integrated into artistic thinking; 

perhaps because both are abstract areas of knowledge indirectly linked to 

the world and not held to account through experiment and observation, but 

instead, open to thought experiment and leaps of imagination. Mathematics 

can challenge our intuitions and can push our cognitive resources as individual 

knowers. Infinity is not something that the human mind can fathom in its 

entirety. Instead, mathematics gives us the tools to deal with it in precisely this 

unfathomed state. We can be challenged by results that seem counter to our 

intuition, but ultimately, the nature of mathematical proof is that it forces us 

to accept them nonetheless. In turn, individuals can, through their insight and 

personal perspectives, make ground-breaking contributions that change the 

direction of mathematics forever. The history of mathematics is a history of 

great thinkers building on the work of previous generations to do ever more 

powerful things using ever more sophisticated tools. 

The Greek thinkers of the 4th century Bc thought that mathematics lay at the 

core of human knowledge. They thought that mathematics was one of the few 

areas in which humans could apprehend the eternal forms only accessible 

to pure unembodied intellect. They thought that in mathematics they could 

glimpse the very framework on which the world and its myriad processes 

rested. Maybe they were right. 
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Answers 

Chapter 1 

Exercise 1.1 
L (a) 208 (b) 200 (¢) 207.63  (d) 208 

(e) 207.6 () 210 
2. (@) @) 5 (i) 45800 

() @) 3 (i) 25300 
(© @) 4 () 1.00x10° 
(@@ 4 G 00350 
(e () 4 (i) 235 
0 @ 5 () 4.00 
(9 ) 1 (i) 200 
@) () 1 (i) 00100 
(i) 0.0 has no significant figures 

3. (a) 22.5kg=M<235kg (b) 2655 =1< 2755 
(¢) 5.225N = F<5235N (d) 0.0195W = P < 0.0205W 

  

4. (a) 22% ®) 17% () 2.1%  (d) 0.05% 
5. (a) 1.62 (b) 1.1%  (c) Requires research 
6. (a) 210.25,2.10 X 102 (b) 0.12% 

(c) 3.81. Irrational numbers cannot be written as exact 
decimals. 

(d) 3.805 < Vx = 3.815 
7. (a) 20.6cm, 21 cm correct to 2 significant figures 

(b) L4cm  (c) 29% 
8. (a) 0.885m =L <0895m 

205m=W<215m 
1LSm=H<25m 

(b) 272< V=481 
(c) An estimate could be 0.895m X 2.15m X 2.5m. 

‘The percentage error would be 29% 
(d) $410.04 < cost < $725.11 

9. (a) 22 
(b) 74.5kg = M < 75.5kg 

1.845m = h < 1.855m 
BMlpp = 21.7  BMIpy = 22.2 

(c) 1.4% 
(d) (i) Ifheights are equal, BMI decreases with mass 

(i) If masses are equal, BMI decreases as height 
increases. 

(iii) Research question 
10. (a) (i) 7.07s (i) 7.07s 

(b) 7.053s < T < 7.0825s 
(c) Minimum time - 4235 or 7 min 3s 

Maximum time - 4255 or 7 min 55 
(d) 3.8% 

11. (a) scale1-021% scale2-2.1% 
(b) Increasing the precision from 1kg to 0.1 kg reduced the 

percent error by a factor of ten. 
For scale 1, the difference between maximum and 
‘minimum mass of the suitcases is 10 kg, whereas for 
scale 2, this difference is 100 kg. There is an increased 
chance of exceeding the maximum tolerated mass for 
the plane using scale 2. 

(© 

Exercise 1.2 
1L (a) x7 (b) x (c) x (d) 16x* 

©% @ @ % 1 

526 

  

" " 1 xe (i) x G) 8 ) — o ~— 

5 T ! 
(m) ¥ (n) oy (o) a 

4, L, 2. (a) 125 (b) G044 (0) £~ 0015625 

() 10 (e) 243 ) 16 

3. @p=6 b)p=0 (9 p=-1 (d)P:é 

@p=2 ®p=1 
4. 276 
5. (a) 90cm? (b) (V2) =2} ~2.83cm’ 

() ¥20 = 20° ~2.71cm 
6. 1,64,729 
7. (a) 512=27= (2 =8° 

(b) The exponent is a prime number. 
(¢) The exponent P is the product of two primes. 

8. x can be any positive real number, any negative integer 
and any negative rational number whose fraction 
representation in lowest terms has an odd denominator. 

9. 2/2~2.665,27 ~ 8.825. Since v2 and 7 are irrational 
numbers, they cannot be written as fractions of integers, 
and therefore do not align with any of our exponent 
laws. (These exponents are calculated using a process of 
representing irrational numbers as infinite series of rational 
numbers and using the existing exponent laws to obtain an 
approximation) 

10. 0° gives an error if entered into a calculator because it 
is undefined. If we consider x°, x = 0.1,0.01,0.001... all 
values are 1. However, if we consider 0% x = 0.1, 0.01, 
0.001.... all values are 0. Since both expressions approximate 
0°, they must give equal values, which they do not. 

11. Answers may vary. Students should consider models of 
exponents of different types, positive integers, negative 
integers, zero and rational and compare with the repeated 
multiplication model. 

12. Form > n,a 0,40 = 471" 
Law L. & ¢ 

  

= am-n using Exponent 

Exercise 1.3 
1. (a) 10807 X 10 

(¢) 3.45 X 10* 
(b) 9.83 X 10 

2. (a) 945X 107 (b) 1.024 X 107 
() 5%10°2 (d) 2.9 X 10* 

3. 5478 X 107%g 
4. (a) 2.06 X 10° (b) 21% 
5. 22X 107N 
6. 9.47 X 102km 

Exercise 1.4 
1. (a) 3 = log1000 

© %: 1og 1091000 
(b) 3 = log, 64 

1 @ 1 =10g,3 
(e %: logs2/2 () 0= logl 

(g) 0=1In1 (h) —2= lugn%



% 

. (@) x=log,y 

  

; 1 i -1 —log, L (@) lognsy @ ;flue,x‘j 

z (9 ~3=log!8 1y %:lugn‘j 

(m)not possible. (n) —1 = log,, 100 

(0) 3= log\;% 

(b) x = logy 
(0 x=Iny () x= §lug2y 

© x=log.} (€) x=log,5 ) 

© x=3log.y (b) x = 2log,y 

  

@) x= %lny ) x=logay) +3 

(k) x=2lny ® x=21my 
(@) R=62 ) rR=35 

  

Chapter 1 Practice questions 
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10. 

11, 

12. 

13. 

14. 

15. 

16. 

7 

18. 

19. 

20. . y=loguxory = 

(@) p=175 
®) () x=2.y=12=50 (i) 1.98 
(c) 13.1% 
(a) p=9.3X10°cm (b) 5280000 cm? 
(a) 6900km  (b) 43354km (c) 43354 X 10*km 
(@ 5~m (b) 20.5% 
(a) 152 X 10°m? (b) 5.26% 
(a) 0.3% (b) 0.05% 
(¢) In some cases, rounding to 2 decimal places produces 

very small error. 
(a) 1885m = < 1.895m,81.5kg = m < 82.5kg 
(b) BMI,;, = 22.7, BMI,,,, = 23.2 
(¢) The largest percentage error in the BMI calculation is 

22% 
(a) City A is 2.2 times larger than city B, correct to 

1 decimal place. 
(b) 1.88 X 10° 

  

(c) 44.6% 
(a) 1.93 X 10°s = (b) 32 minutes 

;fl)nf‘l (b) 0 () g 9 

(a) 2.23 X 10° ) 5 
(c) 1.22 X 10% (d) 7.93 X 10* 

(@) x" ) ¥ (© x* @ 16x* 
© % 

= 1 
(fl)P:Z ) p=0 ) p=-1 (d)P:Z 

@p=1 
@ 2 ® -1 © 05 @ 211 
x~ 1.40 

(a) 25 primes between 1 and 100 

) 19 <217 1n(100) 
() 13% 

(a) For sulfuric acid, [H*] = 10-2 Mol/L and for 
hydrochloric acid [H*] = 105 Mol/L 

(b) 1000 times more acidic. 
20 times more intense 

logx 

loga 

Chapter 2 

Exercise 2.1 
1. () x=h-— % 

24 
© b= b 

    

2 (a)y:—§x>5 b) y=—4 

—dx + 11 

  

(s 
() (=3,-8) 

  

N
o
o
w
 

e 
e
 

(a) (5,-3) 

(b) 96.7.6) () (% —%) 

8 (a0,-3 (b) 2 © 2 

(e) x+2y—10=0 

Exercise 2.2 
1. (@ G (b) L 

(e) ] ® ¢ 

@ -3 

(0 H @ K 
(8 A (h) T 

» S I 

=x/ 

  

(a) 9.4 () v=232 
(@) F=kx  (b) 625 
(a) (-62,-15,07,3.2,3.8 
(b) r>0 
(© R 
@ R 
(e) t=<3 
[GR 
(g) x#+3 

(h) ~1<x<landx#0 
9. no,x = cisavertical line 
10. (@) (i) V17 

(i) 7 
(iii) 0 

(b) x<4 
(c) domain: x = 4, range: htx) = 0 

(c) 375N 

@ 
N 

A 
mA
 

W 

527



Answers 

11. (a) (i) domain k:x € R, x # 5}, range [y:y € R, y # 0} 

(i) y-intercept (0, ~ é) vertical asymptote x = 5, 
horizontal asymptote y = 0 

y    
  

(b) (i) domain f:x < —3,x > 3|, range fy:y > 0} 
(ii) vertical asymptotes x = =3 and x = 3 

  

(©) () domain fr:x€ R, x % ~2), range [yy € R,y % 2} 
(i) yeintercept (0, ~3). vertical asymptote x = ~2, 

horizontal asymptote y = 2 

      
-10-8 —6 —4 

(d) () domain {x = % <x=< %} 

range {y:0 < y < /5} 

(ii) y-intercept (0, V5), x-intercepts ( 

& 
V10 
3   o) ont 

  

  528 

(¢) (i) domain f:x € R, x # 0], range [y:y € R, y # —4) 
(ii) vertical asymptote x = 0, horizontal asymptote 

  

Exercise 2.3 

L 
o
l
 

(a) 2 (b) 6 
(a) —1 (b) b 
4 
6 
(a) f 

o 

  

®) s 

N 
B 

®
 

O 

o 

  
 



  
6. (@ PG5 ®) -3 

(©) (5.5)and (~3, 1) @ b :%x +§ 
7. (2.30,2.30) 

Chapter 2 Practice questions 
L () k=-95 

2 (b) —Zor —04 
22   © y=- 

(@ 2x+5y+4=0 
2. () () 16180 

(i) 1.62 
®) xy=1 

;w%ury: —0.4x - 0.8 

  

Y_ Y _1+45 © g=rorg=—3" 
(d) x~0.786 

524



Answers 

3 

  

4. (a) 180 = 150m + ¢ 
() Lx~177mm 

5. (a) 3600m> (b) 180m 
(¢) () 100m 

(i) 10000 m? 
(d) m = 3600, n = 10000 

6 ()@ p=3 

(b) 1815 = 210m + ¢ 

(i) g=5 
b r=8 () s=6 

7. @2x0-3X6en1 (b)% 
© m> @c 

  

3 
8. (a) 75 (b) E )y 

@ (3,-2) 
9. (a) 100°C  (b) 953°C  (c) 8820m 

  

Chapter 3 

Exercise 3.1 
L (@ -1,1,357 (b) —1,1,5,13,29 

3333 3 ©23333 (d) 5,8,11,14,17 
(e) 1,7,-5,19, —29 (f) 3,7,13,21,31 

2. (a) 5,7,9,11,13,103 
(b) 6,18, 54, 162, 486, 1.43 X 10* 
@3-38 405 

311 9’27 1251 
(d) l 2,9, 64,625, 1.776 X 10%* 

(e) 3,11,27,59,123,4.50 X 10'* 

0 0.3.3 7°13'55° 

(g) 2,6,18,54,162,4.786 X 10 

(h) —1,1,3,5,7,97 

Exercise 3.2 
1. (a) arithmetic (b) not 

(c) not (d) arithmetic 
2. (a) arithmetic, d = 2, as) = 97 

(b) arithmetic, d = 1, a5, = 52 
(c) arithmetic, d = 2, a5, = 97 
(d) not arithmetic, no common difference. 

(e) not arithmetic, no common difference. 

(f) arithmetic, d = —7, as, = —341 

3. 13,7,1,-5,-11,-17,-23 

    

4. (@ () 26 (i) a,=-2+4(n—1) 
(b) () 1 (i) a,=29—-4(n—1) 
(c) () 57 (i) a,=—6+9(n—1) 

530 

@ ) 923 (i) a,= 1007 - 0.12(n - 1) 
(e) () 79 (ii) a,=100—3(n— 1) 

® o -Z @) a,=2-3m-1) 
@ -7 () 45 © -1t (@) 23 
99th 

.= 4n— 14 
;rn- n=-51 +1371n 

@8 36 ©1U (@16 (11 
10. a, = 4n + 27 
11. Yes, 3271th term 

  

v 
@ 
N
N
 

12. (a) proof  (b) Yes, 1385th term 
13. No 

14. (a) 0 ® -2 
15. (a) 2700 (b) 3500 (c) 6200 
16. 22 

Exercise 3.3 
1. (a) No (b) Yes (c) Yes (d) No 
2. (a) Geometric, r = 34, g, = 3%+! 

(b) Arithmetric, d = 3, a,, = 27 
(¢) Geometric, r = 2, by, = 4096 
(d) Neither 
(e) Geometric, r = 3, uy = 78732 
(f) Geometric, r = 2.5,a,, = 7629.39453125 

    

    

  

(g) Geometric, r = —2.5, 4,y = ~7629.39453125 
(h) Arithmetic, d = 0.75, a,, = 875 

) ; 2 1024 @) Geometric,r= 2, a;,= —3922 
() Arithmetic, d = 3, a; = 79 
(&) Geometric, r = —3, uj, = 19683 
() Geometric, r = 2, 1,y = 51.2 

  

(m) Neither 
(n) Neither 
(0) Arithmetic,d = 13, a), = 14.1 

  

3. 6122448 
4. (a) () 32 (i) —3+5(n—1) 

) @) -9 (i) 19 —4(n—1) 

© @) 69 (i) —8+11(n—1) 

(@) (@) 935 (i) 1005~ 0.1(n — 1) 
(e) () 93 (i) 100 — (n — 1) 

® @ -% (i) 2 - 15— 1) 

(g) (i) 384 (i) 3% 2! 

(h) (i) 8748 (i) 4% 37! 

@ @ -5 (ii) 5X (=1t 

G) () —384 (i) 3 X (=21 ) 

o 4 .. 14" 

[CRONES (i) 972 % (Vgl) 

L2187 . 3\ 
O 6 o (i) *2(72)‘ 

L 390625 . 51" 
m () s (ii) 35(?) ‘ 

5 =3 . 1y 
m 0 -~z (i) *S(E) 

(o) (i) 1216 @) 95X 201 

(p) (i) 69.833729609 (i) 100(%) 

(@) (i) 0.002085686 (i) zH" 
5. 35,175,875 

6. 36



21,63,189,567 
242 
15a,= 24{5) 

. £9033.86 

. (a) ¥11982.79 (b) ¥12216.10 (c) ¥12270.48 

. 10th term 

. Yes, 10th term 

. Yes , 10th term 

. €228.92 

. (a) 4.52% 

. €2968.79 

. 8690000 

. (@) 5 ®) 1 (0 4 

. £8615.24 

. €3714.87 

. £2921.16 

. 12 years 

. $14171.76 

. 325778.93SAR 

. (a) $3906.78, $3795.96 

(b) 8 years and 5 months. 

d) 1/2 

(b) 3000(1 + O'gi = 3760.20 
(0) 16 years 

   

Exercise 3.4 
1. 

o 
o
l
 

L
R
 

10. 

1L, 

12. 

13. 

14. 

5 

16. 

(@ () 60 (i) 11280 
b) () 14 (ii) 07 
(© () 20 (ii) 940 
(@ () (ii) 6578 
(e) () (i) 42625 

. = L 105469 (@) () (i) 12 (i)~ 

() (i) (ii) 7 (iii) 1.431 

() @) 

@) (@) 
5929.92 

17 terms 
29 terms 
(a) €36677.46 (b) €16502.18 
(a) £150677 (b) £200903 
$60.34 
@ () S,=7. Gi) S 
(®) 9 (© d=2 
(f) 36 
492 
(a) 1.945 (b) 131.945 
(a) 11866  (b) 763517 
(a) $42426.61 (b) 53 months 
(a) 220 (b) 11 
(¢) 2530 = 42 minutes and 10 seconds 
(d) 198.45 seconds (e) 775.82 
(a) £27127.50 (b) £6947.50 
(c) £8285.02 (d) £24686.03 
(€) 2712750 X (1 — 0.09) ~ £18 600 
(f) €423.65 
(a) $94629.66 (b) $465859.68 

= 
oa
 

5 
& 

& 
|   

e
l
 

Y
o
l
 

(ii) 8 (iii) 0.587 = 
W
i
 (i) 12 (iii) 1.191 

=16 

(@ 25 

  

(e) 498 

(c) 14348906 (d) ~150 

() 7th 

Chapter 3 Practice questions 
L d=5n=20 
2. €2098.63 
3. (a) Nick:20 

Charlotte: 17.6 
(b) Nick: 390 

Charlotte: 381.3 
(¢) Charlotte will exceed the 40 hours during week 13. 
(d) In week 11 Charlotte will catch up with Nick and 

exceed him. 
4. (a) loss for the second month = 1060 g 

loss for the third month = 1123.6g 
(b) Plan A loss = 1880 g 

Plan Bloss = 1898.3g 
(¢) (i) Loss due to plan A in all 12 months = 17280 g 

(ii) Loss due to Plan B in all 12 months = 16869.9g 
5. (a) €895.42 

(b) £6590.40 

  

   

6. (a) 1425 (b) 19003.5 
7. (a) 33km  (b) 2847km () 19 days 
8. (a) On the 37th day (b) 407km 
9. (a) 15 

(b) (i) 207595 (ii) 2019 
(c) 619583 (d) Market saturation 

10. 6,2001 
1L @) 6 (i) 70 

(b) 3550 () 16 
12. (a) 1220 (b) 36920m 
13. (a) 729 (b) 1093 (c) 12:45 
14. (a) (i) Kell: €18400, €18 800; YBO: €18 190, €19 463.30 

(ii) Kell: €198 000; YBO: €234 897.62 

(iii) Kell: €21 600; YBO: €31253.81 

(b) (i) After the second year 
(if) 4th year 

15. (a) 62 (b) 936 
16. (a) 7000(1 + 0.0525) 

(b) 7 years 
(¢) Yes since 10084.7 > 10015.0 

17. (a) 11 ®) 2 (0 15 
18. (a) 15 ®) -8 
19. 10300 
20. (a) a,=8n—3 (b) 50 
21. (a) 1160.75  (b) 5.5 years 
22. 559 
23. (a) 4 (b) 16(4" — 1) 
24. (a) 80 (b) —8 (o 3050 
25. (a) w (b) 30 
26. (a) 30082.74 (EUR) 
27.(a) () 10m (ii) 35m. 

(b) 145m 
(d) 19 seconds 
(f) 271000 (270936) 

28. (a) (i) 37200 
(b) () 36000+1200(n — 1) 
(c) 9th year 
(d) (i) 669561 

29. (a) N(f) = 300 (1.05)' 
30.2,-3 

(b) 1218339 (EUR) 

(¢) 1125mor 1.125km. 
(e) 18700 

  

i) 37080; 
(i) 36000(1.03)" ! 

(ii) 3561 
(b) 489 () 39 weeks 

531



Answers 

31 -2,4 
32. (a) 83590  (b) 8135 
33. (a) 6847.26  (b) r=7.18% 
34.(a) d=6  (b) S=5940 () 9.41% 
35. (a) 5000(1.063)" 

(c) 12years 
(b) 6786.35 

  

36. 7 

37.u,=12,d=-15 , 
38. (a) 41 (b) Y7+ 7n (c) 6314 (d) 287 
39. (@) (i) S, = =) S, =16 

®) w,=16-6 () d=4 
(d) 42 (&) n=500 () n=38 

40. (a) £121521.60 (b) 56000 

Chapter 4 

Exercise 4.1 
L (a) VScm~224cm () lem 

() VFem~ 173cm (d) VIZcm ~ 3.46cm 
2. (a) 32+42=1255"=25 

(b) (3 + (4n)? = 2502, (5n)* = 25n° 
(¢) 1,4,9,16,25,36,49,64,81,100,121,144,169,196 

62+ 82 = 102, 122 + 52 = 132 are two Pythagorean 
Triples from the list 

(d) Pythagorean triples correspond to right triangles with 
whole number side lengths. In general, at least one side 
is an irrational number. 

(&) (m?>— n)? + (2mn)? 

  

t—2m2n + 0t o+ Am?n? 
=m*+2m?n®+nt 

(m*+ n?)? = m* + 2m* n® + n*, as desired 
3. 233km 

  

4. 16m 
5. (a) [CD] =5m, [AB] =34 ~ 5.83 

(b) 11.93m 

  

6. (a) () V98~99 (i) (5585) 
(b) () V90~95 (i) (5545) 

  

© ) VB0~7.07 () (1535 (i) —% 

@ () 4 (i) (6,7) (iii) 0 
© () 5 @) (-325)  (iii) Undefined 

7. (@) (b) 

  

(d)    
‘The gradients of each pair are negative reciprocals, and 
the line segments are perpendicular to each other. 

532 

8 (a) y=3x+7 (b) y=-2x+12 
(© y=3x—1 (d) y=—5x 
(e) y=—3x+15 

__a._¢ 9. @ y=—jx—j . 

(b) The gradientis — ' and the y intercept s —i 

  

10. redy=2x+1 bluey=—x+4 purpley:%H 1 
(a) A(1,3), B0, 1), C(2, 2) 
(b) AB =3, AC = 2, BC = /5 and the perimeter is 

275 + V2 ~ 5.88units 

(¢) m=—,M(B,C) = (1,1.5) 

(@ y=-2x+35 
() The perpendicular bisectors meet in a single point 

called the orthocenter. 

1 

  

A 

Exercise 4.2 

L@ ®mt e wi 
@Z ® 4% (@ p=90" -6 
(h) sind = cos(90 — 6), cosd = sin(90 — 6), 

tang = — L 
tan(90 — ) 

2. (a) 13.02ecm  (b) 9.5cm () 6cm (d) 10.15cm 
3. (a) 66° (b) 37° (c) 25° (d) 60° 
4. (a) 127km North, 272km East 

(b) 103 km South, 282 km East 
(¢) Since the plane flies on a bearing larger than 090, we 

use a right triangle that has an interior angle of 110° — 
90° = 20° to calculate distance travelled. In addition, 
the plane flies south instead of north. 

5. 'The height of the yellow building is 32 m and the height of 
the green building is 47 m. 

  

6. 66.4° 
7. (a) 24cm? (b) 38cm? 

B a3y 5c0836 8 (@ “emtor3em ®) e 

(© ‘The polygon is divided into 1 congruent isosceles 
360 180n — 360 S 

n 2n 

. One can now find the height and area of 

triangles with interior angles of d 
1801 — 360 

2n 

one of these triangles, and multiple this area by 1 to get 
the total area of the polygon. 
  

  

  

  

  

          

0 sin(6) cos(6) 

10° 0.17365 0.98481 

50 0.08716 0.99619 

bl 0.03490 0.99939 

7 0.01745 0.99985 

0.5° 0.00873 0.99996 
  

As § approaches zero, the opposite side decreases and



Exercise 4.3 
X 

2, 

= 7 

4. 

10. 

sin(f) approaches zero. At the same time, the adjacent 
side increases and approaches the same length as the 
hypotenuse, and cos(f) approaches one. 

  

  

  

  

              

    

    

sin(6) | cos(d) | tan(6) 
0°< 6 <90° + + o 

90° < 6 < 180° + - o 

180° < 6 < 270° - - + 

270° < 6 < 360° - + - 

6 = 45° 135° 5 

(@) cosf = cos (— 6) =2 
N (b) sinf = & sin (- 0) = 2 

Y 

c0s240° = *%, 5in240° = *%, tan240 = 3 

¥y 

(a) 49.3cm (b) 12.7cm 

(a) 43° (b) 156° 
. ho h . . @) sinb =% sina =5 = h, = Asinb = Bsina(*) 

sinb _ sina (b) Dividing both sides of () by AB gives %22 
h, Bt 

() sin(180 — ¢) = ;- but sin(180 — ¢) = sinc and 

hy = Bsinc using the large right triangle, sinb = — 
Therefore, h, = Bsinc = Csinb(**) - 

(d) Dividing () by BC gives $12€ = sinb   
    

B 
Combining with (a) gives equality with % 

(a) x~ 1.46m (b) x~ 17.4cm 
(a) 0~39° (b) 6~ 126° 
‘The Sine law can be used to calculate missing side lengths 
or angles in a triangle when we know a side length and an 
opposite interior angle. The Cosine Law can be used to 
find a side length of a triangle when we have the opposite 
interior angle and the two enclosing sides. Alternatively, we 
can find an interior angle if we know all three sides of the 
triangle. 

11. (a) cosh = % = x=Acosh 

(b) i2=A?—x2=B>— (C—x)? 
(¢) Expanding the expression in (b) and making B the 

subject gives: 
A= =B (C-20x+2) 

B-C-20x+2 
B=A+C—2Cx 
B = A+ C* — 2ACcosb 

12. (a) 6 =50.2° x = 324m 
(b) 6=122.9°, = 23.1° 
(0) 0=127.9° 

13. 472em? 
14. (a) 310km 

    

we can now cancel x> 

  

(b) 34° 
(¢) 2 hours, 49 minutes 

Exercise 4.4 
1. (a) (i) 84cm® (i) 122cm? 

(b) (i) 10.4cm? (ii) 26.4cm? 
(©) (i) 904.8cm? (ii) 452.4cm? 
(d) (i) 11.18cm? (ii) 34.5cm? 
(e) (i) 180m?* (i) 227m? 
(f) () 134cm? (ii) 151cm? 

2. (a) V=135cm?,S=37.8cm? 
(b) V=283cm*S = 123cm? 

3. (a) #~836°  (b) V~1500m’ () $=822m? 
(d) The volume is important for calculating heating costs, 

surface area if important for calculating costs for 
painting and insulation. 

4. (@) Vi, = 105 X 102km?, Vi, = 143 X 1015km? 
(b) Jupiter’s volume is about 1366 times that of earth. 
(©) Sparn = 4.99 X 10°km?2, 8, = 6.14 X 101°km? 
(d) Jupiters surface area is about 123 times that of Earth. 

5. (a) The surface of a sphere can be covered by the surface of 
four of its equatorial circles. 

(b) The volume increases by a factor of 8 when the radius 
is doubled. 

(¢) The surface area increases by a factor of 4 when the 
radius is doubled. 

6. (a) All square pyramids with the same base and equal 
heights have the same volume. 

(b) V=64cm? § = 127cm? 
7. (a) OC~24m (b) O~ 42° (c) BAC~95° 

(d) Triangle BAC has an area of 266.4 m? and the pyramid 
has a surface area of 1065 m(without the base) 

(e) V=28323m’ 

Chapter 4 Practice questions 

1 
  

  

  

  

  

  

Equation Diagram number 
y=c 2 

y=—x+c 3 
y=3x+c 4 

=Lt ,       
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Answers 

  

  

  

  

          

Condition Line 

m=>0andc>0 8 

m<0andc>0 4 

m<0andc<0 1 

m<0andc=0 2 

@ 2 ® =2+ ©y=10 
4. (a) P(0,6),Q12,0) (b) A(6,3) 
5. (a) A(0, 1), B(1,2), C(0,0) 

(b) AB=12,AC=1,BC= 
() ACB~26.6° (d) 0.5 units? 
6. (@) L; has gradient 2, L, has gradient — 

(b) L, is drawn incorrectly. 
(¢) The gradients are not negative reciprocals of each other. 
(d) The blue line is the correctly drawn line. 

    

E C 9m D 

(a) In triangle ACD, using the law of sines: 
sinCDA _ sin20° _ 5, _ . ,(12 nzo°) o A = CDA =sin = 

(b) Let the point at which the new wall to be placed be E. 
BCA=20+27.13=47.13 
In triangle CEF 

tanBCF = 2= EC= —2_ 
C tanECF 

‘Thus the furthest point from B is 10 - 3.90 = 6.10 m. 
8. () AC=12m (b) AG~125m (c) 16.3° 
9. (a) ACB=60° (b) 3.3% 
10. (a) 1380m (b) 743m 

Length Height 11, (a) en8thu. _ Helghtow 
Length o h 

(b) 466.7m’ (¢) 57.3° 

1 sin30 
/3 cos30 

~27.13° 

    ~3.90 

    

(c) 3.5% 

55 @ =505 = 10:>h 11m 

= 

1     12. (a () tan30 =   -
 

il 

sind5 
tand5 =1,   

cos45 

Si
l=
1&
I 

     
   

    

(ii) cos™5 + sin45 = 

Sl
= +(f 

V2 
2 

B 05?30 + sin?30 = |~ el
 

inf 

@ cosf) 4 
c 

    (b) tan = 

  

= 
‘The key step in deriving the identity is the use of the 
Pythagorean Theorem, a* + b* = ¢ 

L (i) y = *%x +2 

(© 

1B.@ 6 - 
(b) 4.5 units? 
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14. (a) 39270cm* (b) 93.75cm 
15. (a) h=10cm (b) 196cm® () 131em®  (d) 33% 
16. (a) r=2m (b) V=33.5m% S =503m 
17. (a) 126° (b) 17.0m 
18. (a) () 85cm (i) 120° (iii) 30° 

(b) 14.7cm 
19. (a) 277° (b) 84° 
20. (a) 2160 m? 

(¢) 1176m? 

Chapter 5 

Exercise 5.1 5 
L (a) arclength = £00m(6) = 4mem 

(b) 1 hour 30 minutes 
(d) h=439cm. 

  

70 
= H12) (b) arclength = Z22m12 

s _ 30 225 2 2. (@) area ofsector = 20 7(10) s lerslgth 
30 om0 =3 . 20m010 = 2 7em 

(b) area of sector = - 7{8)? = 87 m? arc length 
0 8y = 2mm 360 

(0) area of sector = % 1802 = 46807 mm? arc length 
_ 52 = 
= 360(21)1180) 52mem 

(@) area ofsector = 31 (15 = ST’"‘cm? arc length 
n m =ty )= 360219 = T3 em 

0 270 
3. 12=3502m@) =270 =7 =0 =" ~859° 
4. (a) 1.5X 360 = 540°s57" 

(b) Bicycle speed is equal to the speed of a point along the 
circumference of the wheel. 

Speed = 1.5 X 27(35) ~ 330 cms ! 
330 5 605 | 60min  Im  lkm 

$ "Tmin" 1h ~ 100cm ~ 1000m 
=11.9kmh-! 

      

  

o0 el & g s 350”(4)'§%’360¢9”2 

— gl = — 2= = = mri=Samr st =2r=r=0orr=2 

112 7. Maria = 250230 ~ 450m 
66 

Norbert = fi(Zfl)(SOO) ~ 576 m 

. Norbert walks 576 — 450 = 126 m farther. 
8. le 7400)2 ~ 41888 ~ 42000 m*h ! 
9. (a) The watered area is 11.8m?, so the water requirement is 

Im ———— X 11.8 = 0. b 1000 mm X 118 = 0.0295 m 

Inem?, 00295 m? X 
29500 . o0~ 369 min 

(© Newarea = 1% 73~ 7.85 m? 360 o5 
Water requirement = 7.85 X ~->- ~ 0,020 m® 

1000, ~ 19600 cm® 

25mm % 
5 ems 

100%em? _ 59 500 cm® 
m 

(b) 

19600 
Required time = ~24.5 min



Exercise 5.2 
1L @F 

(b) y=x+8 
(¢) "The cells for sites E B, G, G, and H will be changed. 

¥ 

30 

25 

   0 0 
0 5 10 15 20 25 30 X 0 5 10 15 20 25 30 * 

(d) No, the new cell will have at least two rays as edges. 
2. 'The process is shown below. 

¥ 

10 B 

8 

  

Do 2 4 6 8 10 12 % 

Plot the new site W. 

T 

10 

8 

  

0 
0 2 4 6 8 10 12 % 

Draw the perpendicular bisector with containing cells site (C). 
y 

10 B 

8 

  

0 
0 2 4 6 8 10 12 X 

Add ray or line segment between W and C. 

2 

  

0 
0 2 4 6 8 10 12 % 

Find perpendicular biector between W and next adjacent 
cellsite (4). 

¥ 

10 

8 

  

0 
0 2 4 6 8 10 12 X% 

Add ray or line segment between W and A. 

  

0 
0 2 4 6 8 10 12 % 

Find perpendicular biector between W and next adjacent 
cellsite (B). 

F 

10 

8 

  

0 
0 2 4 6 8 10 12 % 

Add ray or line segment between W and B. 
> 

10 2 

  
0 2 4 6 8 10 12 % 

Remove edges inside Ws new cell. 
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Answers 

3. (a) We can find Q by reflecting P across the edges shared 
with the adjacent, empty cell, which gives Q(4, 1). 

(b) A= %(4)(3' = 6km? 
(c) The point X(9, 2) is in the cell of site R. Therefore, we 

find the distance to point R(5, 4jusing the distance 

formula: d = (9 = 52 + 2 — 47 

- 
=120 ~ 4.47km. 

4. (@ A= %(9)(5' = 27km? 
(b) BLN = 56°. 
(c) 'The region can be seen as a triangle (shown in blue) 

and the sector of a circle (shown in orange). 

K 

  

Area = Area of triangle + Area of sector 
1 3 360 — 112.6 =1l 2 22 2V2)2) + 360 w(42) 

~41.9km? 
(d) The three vertices to consider are at (0, 2), (6, 6), and 

(6, —3). Since all three are adjacent to cell ], we will 
calculate the distance of each vertex to site J 

0,2:d=V0-42+2—-1? 

[6— 42+ (=3 - 172 

1T+16 =120 

Since (6, 6) is furthest from site J s is also furthest from 

the other sites and therefore is the centre of the LEC on 
a vertex. This vertex will have the weakest signal of the 
three vertices. 

5. (a) The partial diagrams are shown below. 
@ y 

6 

    

No
w 

e 
ow
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(i) 

(i) 

  

01 2 3 4 5 6 7% 
(b) Point M(3.5, 2.5) is in the cell for site C. Therefore, it is 

likely to have soil type silt. 
(c) NI5, 4)is on the boundary between the cells for sites B 

and C. Since is it equidistant to sites B and C, it is not 

possible to determine the likely soil type. 
(d) Cells for sites A and B would be divided. Cell B would be 

divided because E(6, 0) is in the cell B. Cell A would be 
divided because the perpendicular bisector of segment 
EB intersects the boundary of cell A. There are no more 

adjacent cells, so no other cells would be divided. 

(€) No, the answer to (b) does not change because the cell 
for site C, which contains m, does not change. 
‘The study area likely to be loam is contained within cell 
E. After we add site E to the Voronoi diagram, we have 

the following: 
»: 

(f 

M
W
 

o 
v 

oo
 

1 

0 

  

01 2 3 456 7% 

(The purple shaded area is the cell for site E.) 
Cell E forms a trapezoid. To find the area we must 
determine the height and length of the two bases. The 
height = 1.5 (from the graph). The base lengths require 
more work: we must find the equation of the boundary 
between sites A and E to find exact coordinates of the 

points Zand W. 
6+10+2 Midpoint of AE = (¢3-1, 01 

2=0_.2 =2 5 Sfislopeofzw > 

. equation of ZW:y — 1 = ;u —35=5y= %x -7.75 

) =651 

Slope of AE =    



.‘.wheny:0:>0:gx—7.75¢x:3.1$W(3.1,0) 5. (a) 3890km (b) 11700km 

    
(c) 9300km (d) 19200km 

cwheny=15=15=2x—775=>x=37 6. (a) 4L9m  (b) 227m’ () 117 panels 
= Z(3.7,15) 7. (a) 

Therefore the bottom base is 7 — 3.1 = 3.9, top base is 12 
7-37=33. 
Areaof cell E = %(b, + b)) = ;43.9 +3.3015) 10 

=54m? 8 
6. Since V (10, 16) and W (15,15) are both 85 units from 6 

their nearest site, there are two largest empty circles, 4 
centered at V or W, both with radius v 85 ~ 8.06. 

7. (a) After adding site H, the Voronoi diagram should look 2 
like this: 

  

. 0 2 4 6 8 10 12 14 16 18 X 
50 ) 

40 

30 

20 

  

0 10 20 30 40 50 60 70 80X A 
“ 7 A 0 2 4 6 8 10 12 14 16 18 X 

‘The region bounded by points E, G, H, and I contains ©y=2  @y=-x+15 
three vertices, labelled as K, L, and M on the diagram © 

below: 

7 
50 

  

40 

30 

20 

10 

  

0 2 4 6 8 10 12 14 16 18 X 

  

) 
0 10 20 30 40 50 60 70 80X (g) 

0 

(b) Since all three are adjacent to vertex E, we will find the 

distance of each to vertex E. 

For K, dy = /(42 = 34)7 + (26 — 12> = /2605 

for L, d, = /(48 = 3412 + 24 — 12% = /340; 
form, dy = (50 — 3412 + (20 — 12)F = /320. 
Therefore, the best location for a new bank branch is at 

        

L(48, 24). 

Chapter 5 Practice questions 
(a) 2.58 millionkm (b) 194000 billion km? > 
(c) 3.02 millionkm (d) 163000 billion km?> 0 2 4 6 8 10 12 14 16 18 

2. (a) 1.75m2 5731x (b) 7.00m (h) 2x +y=29 
(c) 21.9m (d) 16901m 

3. (a) 2269 = 32.8cm (b) 46.4 cm? 
15 

4. (@) r=—= 255% (a) r 7z (b) 
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Answers 

(0 x=15 
(d) 

(e) 6x — 8y =41 
9. (a) the largest empty circle (LEC) must be centred on a 

vertex 
(b) All vertices in the diagram are adjacent to cell K and 

(15,8) is the vertex farthest from site K, therefore it 

must be the centre of the largest empty circle. 
10. (a) The LEC must be at (6,6). The LEC must be on a vertex 

and (6,6) is the vertex farthest from any site. 
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A 

  

0 
0 2 4 6 8 10 12 14 16 18 20 ¥ 

11. Since A, B, C, and D are collinear, the perpendicular 
bisectors between each pair of points must be parallel. 
Hence, the edges in the Voronoi diagram are parallel which 
implies there are no vertices. 

12. (a) The Voronoi diagram has 3 edges 
that meet in a single vertex 
as shown. 

(b) 'The Voronoi diagram has 4 edges 
that meet in a single vertex as shown. 

  

(¢) 'The Voronoi diagram for a regular n-gon will have n 
edges that meet at a single vertex in the centre of the 
n-gon. The angle between each pair of adjacent edges 
will be == 

Chapter 6 

Exercise 6.1 
1. (a) d= 3000 — 900¢ 

(b) (0, 3000); 3000 km represents the distance remaining at 
timet =0 

(¢) £ =333; 3 hours and 20 minutes remaining until the 
plane reaches its destination. 

(d) Domain: 0 <t =< % Range: 0 < d < 3000 
2. (a) d= —800¢ + 5000 

(b) The plane is travelling 800 km h~! 
(c) (0, 5000); 5000 km represents the distance remaining at 

timet =0 

(d) ¢ = 625; 6 hours and 15 minutes remaining until the 
plane reaches its destination. 

(e) Domain: 0 =< t = 6.25; Range: 0 < d = 5000 
3. (a) EU=USA + 33 

(b) 45 
© 1 
(d) the EU size increases by 1 for every USA size increase 

by1 
(e) 6=USA < 16,39 < EU <49 

4. (a) t:%n +14 
(b) 1414 minutes 

   



10. 

11. 

(c) The gradient ofé implies that it takes 7 minutes to read 

5 pages = 1.4 pages per minute; the t-intercept of 14 1 
suggests that it takes an additional 14 minutes to start/ 
finish a book 2. 

@ n>0t>14 
(a) F= gc +32 
(b) Every degree Celsius is equal to 1.8 degrees Fahrenheit, 
(¢) 0°Cis equal to 32°F 
(d) 0°F is equal to —17.8°C 
(¢) 50°F 
() —40 
(g) C> —273;F> —459 
(a) IB Cool: C = 150 + 75t; MC Numbers: D = 120 + 80t; 

tis the length of the party in hours, C, D are the cost in 
dollars. 

(b) 6 hours 
(a) (i) 6000m (i) 8400m (iii) 10000m 

300t 0=t<20 

(b) Dy = {lSO‘t —20)+ 6000 20=t<36 

400(t — 36) + 8400 36 =t =40 

() (i) 7500m (i) 9200m 
(d) 33.3 minutes; 37.5 minutes 
(a) 11.5m per year 
(b) 2540 
(c) d =300+ 0.0115¢ 
(d) 24200 BC.E. 
(a) C=85n+ 350 
(b) n>0;C> 350 
() () 1200ZAR (i) 2050 ZAR 
() () 12ZAR per cup 

(ii) 10.25 ZAR per cup 

(ii) 3750 ZAR 

(iii) 9.375 ZAR per cup i 
(€) The average cost per cup decreases when more cups are 

ordered. 
(f) D=8n+ 550 
(g) n>0;D>550 5. 
(h) It costs 8 ZAR for each additional cup ordered. 
(i) 5350 ZAR 
(G) x =400 6. 
@ C= {S.Sn +350, x< 500 

8.5m, x=500 
(b) a =400, b = 499, k = 1100 

2.6, 

26+02( 
m=2348 

m — 2348 
P 8 < = . 1174 ) 234.8 < m = 9656.1 

— 9656. 65 + (mi 18.65 + 0.2 36.9 

(b) 2.6 GBP, 10.80 GBP.1.00 GBP 
26, 

(c) D= = 50.4) 
.6 + 0. 5 
26350 Z( 252 

(d) 2.6 GBP, 4.60 GBP, 9.40 GBP 
(e) (i) 9.20GBP 

(ii) 920 GBP 

@ C= 

9656.1 < m 

  

t=50.4 

  504 <t 9. 

Exercise 6.2 
(a) ht)= —4.9t2 + 5t + 60 
(b) () 61.3m (i) 4055 
(a) Proof. 
(b) Peo = Reo — Co = (180x — 0.55x2) — (0.352 + 

3200) = —0.9x* + 180x — 3200 

(iii) 0= <203 

  

  

maximum profit when x = z(:‘ g‘; = 100machines 
(c) R(100) = 180(100) — 0.55(100)> = 12500; selling price 

. 12500 per machine 12000 = $125 
(d) Poo = 0= x = 19.7 or x = 180; smallest number of 

‘machines to make positive profit is 20 machines. 
(a) 10.8km 
(b) 8km 
(c) The distance of A from the point where B starts at 

noon is (20 — 10#). The distance B travels since noon 

is 4t. Therefore the distance between them is 

st = /20 — 1007 + (41? 

= V40! 400t + 100£ + 16> 

= V116> — 400t + 400 

  

(d) (1) 

  

0 
01 2 3 4t 

(¢) (i) 117 < t < 2.3 hours (i) from 13:15 to 14:12. 
(a) 320kg per person (b) 348kg per person, in 1988 
(c) 311kg per person (d) In the year 2030 
(¢) This model predicts that worldwide grain production 

will drop to zero in 2038. 
(a) D =(—4.87708 X 10T — 42 + 1 
(b) 099992 gmm* 
(c) 94.6°C 

= ~ 650 @) h=5e=ld = 6507 + 6 

= 0.000341d> — 0.443d + 150 

(b) Domain: 0 < d < 1300, Range: 6 < h < 150 
(c) 109m 
(d) 290 < d < 1010 

(@) A= (soo - %x)x 
(b) 60000 m? when x = 200 and y = 150 
(a) 16 + x (b) 40 — 2x 
(c) 20 t-shirts (d) R = (16 + )40 — 2x) 
(e) x = 2= €18 per t-shirt for €648 per day 
(a) If we set the vertex of the parabola on the y axis, then 

the archway can be described by the function 
y = —0.555(x + 3)x — 3). In the truck is centred in the 

arch, a top corner of the truck will be at (1.3, 4.3), but 

the parabola passes through (1.3, 4.06), so the truck is 
0.24m too tall. (Or, at y = 4.3 m, the parabola passes 
through (1.12, 4.3) so the truck is 0.36 m too wide.) 

(b) 4.06m 
(c) 224m 
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Answers 

10. (a) 1m; this is the initial height of the ball when it is hit. 

  

(b) k=154 
(c) a=0779,b=236 
(d) 129ms™! 
(¢) 13.0mat 1.57s 

Exercise 6.3 
L (a) V=4 — 392 + 93.5x 

(b) 0=x<425 
(c) Length = 7.83; width = 4.91; height = 1.59 inches 
(d) 66.1in 

2. () V=4x — 1442 + 1260x 
(b) 0=x<15 

  

(c) Length = 18.5 width = 5.51; height = 5.76 cm 
(d) 3240 cm? 

3. (a) 106m (b) h=449m 
(0) t=4915 (d) t=5395 

  

(€) Jane’s model appears to fit the data better and Kevin's 
model increases at the beginning which incorrectly 
suggests the rock is going up. 
  

(f) 

P LR 
2     

T015202553.03.54.04555.0 
Tine     
  

Number of layersinstack,n | 1 | 2 | 3 | 4 
            Total number of balls, B 1 5 14 | 30     

1    
(0) 385 balls (d) 13 layers 

5. (a) 204000 cases (b) 1994 (¢) 2003 
(d) The model predicts that the number of cases becomes 

zero/negative in 2013. 
6. (a) 1200 bacteria (b) 1500 bacteria 

(¢) 17.6 minutes 
(d) 1930 bacteria at 11.3 minutes 
(¢) 20 minutes 

7. (a) Increase by 2.4°C. 
(b) a=481mgkg ™, b =823mgkg"! 
(¢) 3.7°C for 6.67mgkg " 

Exercise 6.4 
L (a) v=560.84) (b) 165ms! 

(¢) 1395 (d) 23.1s 
2. (a) 59 bacteria (b) 8.77 hours 

(c)k:l"[#:o.zze (@) n>406=n=5 
3. (@) 9mgl-! (®) 503mgl-! 

(c) After 223.07 &~ 224 minutes = 17:44 

4. (a) L= 160108 (b) 202cm 
(c) 5.80 years 

5. (a) k = —0.0462 (b) 45.6 units 
(¢) 88.2 units (d) 23.8 years 

540 

6. (a) The initial quantity of glyphosate is 500 units. 
(b) t represents the number of 45-day half-lives. 
(¢) A(1) = 250, there are 250 units of glyphosate left after 

45 days. 
7. (a) the temperature in the oven/the maximum possible 

temperature of the cake mix 
() a=158 
(¢) t= 50.6 minutes 

8. (a) a=810,b=192 (b) 44 fish 
(0) August (d) p =410 

9. (a) ais the location of the horizontal asymptote. The 

temperature of the water cannot fall below room 

temperature, 20 °C, so there must be a horizontal 
asymptote at T = 20, hence a = 20. 

(b) b= 80;85 = 20 + 80k Zfigfg:k I k=111 
() T=67.6°C 
(d) m = 16.12 = 16 minutes and 7 seconds 

  

10. (a) 10°C (b) 123°C 
(¢) k = 5.64 minutes 

11. (a) 20 (b Cc=3 
(¢) after 4 hours 

12. (@) p+q=47.4p+q=53 
(b)p=2,9=45 () C=109 

Exercise 6.5 
L (a) always (b) sometimes 

(¢) sometimes (d) never 
2. () never  (b) never  (c) never  (d) never 
3. (@ y=210 (b)x=16 
4. (a) y=160 (b) x=10 
5. (@) y=1024 (b) x=14 
6. (a) y=25 (b) x=100 
7 
8 
9. 

  

(a) y=0.625 (b) x=10 
   

  

@y=2 () x=3 
. (a) $=075d (b) 5:25mtall (¢) 13.3m 

10. (a) 9.8 (b) 392 (¢) 566 seconds 
11. (a) 162 () 405m (o) 1L1s 
12. (a) 4.00 X 10 (b) 7560ms~! 

(¢) 625X 10°m 
13. (a) 7.664 (b) 3920em® (c) 2.35m 
14. (a) 0613 (b) 1060W  (c) 14.8ms™! 

Exercise 6.6 
L. (a) 65 hours (6 hours 30 minutes) 

(b) 3.6m 160 
© p=18q="3=277r=1 
(d) 06:00 
(¢) 145 minutes 

2. (a) a=28b=288 
(b) 5.68m 
(¢) 4.42 hours 

3. (@) Im 
(b) k = 3.08 minutes 
(¢) 9 minutes 

4. (a) () 120m (i) 90m 
(b) a=—60,b=12,¢c =60 
(c) 8 minutes



5 (a)a=8 
_ 360 _ ®b=37=4 

(c) 34.0 seconds 
6. (a) a=24,c=12 

360 _ 72 
b) b=3z=73 
(c) 68days 

7. (@) 2 ®) 15 
(¢ -3 () 16=1=20 

8. (a) 35em (b) 5cm 
(c) 15cm d) A=15C=20 
(e) 4seconds (f) b=90 
(g) t=0.535 (h) 15 

9. (a) 4m () 1lm (9 3hours (d) 17:00 
10. (@) a=19,b=2 (b) c=30 

(€) 35<x<85 
11. (a) 6.5 hours () 10m 

(¢) The function is initially decreasing 
@ p= —5,q:%:z7.7,y:s 
(e) 23:00 

Exercise 6.7 
1. (a) inverse variation 

(b) linear/direct linear variation 
(¢) quadratic/direct quadratic variation 
(d) trigonometric 
(e) cubic 
(£) exponential (growth) 
(g) trigonometric 
(h) exponential (decay) 
(i) inverse variation 
(j) linear (probably NOT direct linear variation because 

there will be a fixed cost as well) 

2. (@) 2<t<6 (b) 11 <x=<100 
() 13=n=<85 

3. (a) A constant rate of change; data in a linear pattern 
(b) Data that appears parabolic 
(¢) Data that is cyclical/periodic 
(d) Values that increases quickly, with bound, or decreases 

to approach a fixed value. The rate of change is a 
constant factor. 

(e) As one value increases, the other decreases; data 
appears hyperbolic. 

Chapter 6 Practice questions 
1. (a) T=493 

(b) n=6.11 = in the year 2007 
(c) P=39636 

(d) At the end of 7 years, P = 46807 < 25600 X 2, 

therefore not doubled. 

(e) 22600 @ =914 
(f) n'=9.31 = after 10 years 
  

2. @[ x] o [10]20]30]40]50]60]70]80]90 
  

                    P |—30|15[50|75|90[95|90|75]|50]15       

® P 
100 

80 

Pr
of

it
 

40 

20 

-20 

—40 

—60 

  

() (i) maximum profit = 95 swiss francs 
i) 50 glasses 

(iii) 67 = 2 or 33 + 2 (from graph) 
(iv) 30 Swiss francs 

3 

  

(d) Fionas share = 25 Profit from 40 glasses 
= 90 swiss francs; Fiona’s profit = % % 90 

(@) Q(0) =25 
(b) Q(20) = 0.003(20)* — 0.625(20) + 25 = 13.7 

_ QQ0) - Q10) 
(€) Average rate of change = =7~ 

_ 1371905 
10 

= 0.535 units per minute 
(d) 0.003f — 0.625¢ + 25 = 0 = Energy runs out after 

154.0 minutes 
(a) 400 USD (b) ¢ = 8.64 = 9 months 
(c) 8500(0.95)% — (400 X 2 + 2000) = 4871.25 USD 
(a) 3600m? 
(¢) (i) 100m 
(d) m = 3600, n = 10000 

  

(a) 100°C (b) 953°C () h=28820m 
(@) T0) =20 + 70 X 2.72-04<0 = 90 
(b) 213°C 
(¢) L7 minutes 
(d) 20°C; that is the horizontal asymptote of the model/the 

room temperature. 
() Itindicates by how much the temperature increases per 

‘minute. 
(£) m = 3.96; this is the time when the temperature of the 

soup and the temperature of the water are equal. 
(8) 396<m=6 
(a) 25000 USD 
(b) 1960132 USD 
(c) 8.55 years 
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Answers 

9. (a) 1800 bacteria 
(b) 145800 bacteria 
(c) 33.5 hours 

10. (a) 45 euros 
() n=14 

11. (a) 20.3 hours 
(b) The function starts at a minimum. 

() p=-83r=12 

(b) 8 or 25 people 
(d) 2829 euros 

360 _ 72 
@q=3z=7 
(e) 89 days 

Chapter 7 

Exercise 7.1 
1. (a) No experimental units. Total number of students. 

Students in one school. Qualitative. 
(b) No units. All 10th grade students. One school o class. 

Quantitative 

(¢) Units of length (m, inches etc). All new born children. 
Children at one hospital or on one day. Quantitative. 

(d) No units. All children under 14. One school or one 
geographical location. Qualitative. 

(e) Units of time (hours, mins etc). All commuters. 
‘Workers in one city or a one company. Quantitative. 

(f) No units. Country’s population. Subset of registered 
voters (age group, location etc). Qualitative. 

(g) No units. All students at international schools. One 
year group or from one school. Qualitative. 

2. (a) (i) 1176 students in grades 10-12. 
(i) Random sampling, appropriate stratified random 

sampling, quota sampling or convenience 
sampling of first 30 students at a location. 

(b) (i) All bolts produced. 
(i) Random sampling from shift or container or 

testing each nth bolt from shift or container. 

. (a) Qualitative (b) Quantitative, discrete. 
(c) Quantitative, continuous (d) Quantitative, continuous 
(e) Quantitative, continuous (f) Quantitative, discrete 
(g) Quantitative, continuous (h) Qualitative 
(i) Qualitative 

4. (a) Numerical, continuous 
() Numerical, continuous 
(e) Numerical, continuous 
(g) Categorical 

5. (a) Inferential. 
6. (a) Inferential 

(d) Inferential  (e) Inferential 
7. (a) Non-random (b) Judgement sample 

(c) Non-sampling errors: there will be bias in the sample as 
no randomisation was used to obtain it. Not all members 

of the population have the same chance of being 
selected, this will limit generalisations of the results. 

(d) Random (¢) Simple random 
(f) Sampling errors: differences between the sample and 

the population. 
. Stratified sampling 
. Any appropriate stratified sampling plan. 
. Randomly selected quota sampling. Equal quotas of men 

and women but the individuals are selected randomly. 
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(b) Numerical, discrete 
(d) Numerical, continuous 
(f) Numerical, continuous 

(b) Descriptive 
(b) Descriptive  (¢) Descriptive 

Sv
ow

® 

Exercise 7.2 

  

  

  

  

          

  

1. (a) x = 168,y = 200 (b) 168 
© 18 

2. @) [ Height 7 (m) | Frequency 
h<125 3 

125<h < 150 3 
1s0<h<175| 12 
175<h=200] 12 

or other appropriate intervals. 
® 15 

12 

5 
g 9 g 
g6 
£ 

3 

0 
0.000.250.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 

Height (m) 
Or appropriate graph based on students' intervals 

C] 
D 
ow

 
R 

8 
S 
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ti
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cy
 

= 

  

6 

0 
0.000.250.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25 

Height (m) 
Or appropriate graph based on students' intervals 

(d) 'The majority of students are over 150 m tall equally 
split between 1.50-1.75 and 1.75-2.00 m. 

3.(a) p=11,9=46,r=14 
b) 30 

25 

20 

Fr
eq
ue
nc
y 

  

0 
0 1 2 3 4 5 

‘Time studying (hours) 

Cu
mu
la
ti
ve
 f

re
qu
en
cy
 

  

& 0 1 2 3 4 5 
Time studying (hours) 

Data s left skewed with the majority of students 
studying more than 2 hours a night. Very few students 
studied less than 1 hour a night. 

(©



  

  

  

          

4. () 55 (b) 7.27% 9. 
(c) 8,14.5% (d) 44 students 

5- (@) ["Mass of students M (kg) | Frequency 
15=M<30 13 
30=M<45 17 g 
45<M <60 7 % 

(b) 37 (c) 30=M<45 £ 
(d) 27 (e) 27kg 

6. (a) 40.4cmto 54cm (b) 30 
() 11 (d) 2%   () In the second sample fewer pike were shorter than 

42.cm (4), more pike were longer than 47 cm (70) and 
a larger percentage are big (40.4%). There were also 
fewer pike in the sample. 

60 70 80 90 
Grades 

‘The grades appear to be divided into two groups, one with 
mode around 65 and the other around 85. No outliers are 

  

  

     

     

  

  

  

  

          
  

  

  

  

  

  

    

     

7. @) [ Absences (days) | Frequency | Cumulative Frequency Tlecied 
0=x<5 30 30 10. (a) 15 

6=x=11 62 92 125 
12sx=<17 61 153 g 
18<=x=23 30 183 275 

g 
19=x=29 17 200 L5 

(b) 25 
200 0 
175 0 2 4 6 8 10 12 14 16 18 

5 Time between violations (months) 
g 120 (b) Depends on how the intervals are selected. 
& 125 (c) 72% 

£ 10 1L (@) 359 
2 30 § 75 

25 50 9 

25 £2 

2 154 0 5 
0 5 10 15 20 25 30 B~ 10 

Absences (days) 
8. 12 

10 4.8 

g8 Time 

Ze ®) 
£ 4 50 

5 2 g 40 

! ; E® 
GPA % 20 

5 50 fE; 10 

g4 0 z £ 0.0 12 Z.A 36 4.8 

o Time 

g2 (c) Drawing a vertical line at 2 minutes, it intersects the 
£ 10 cumulative frequency graph at approximately 45 out 
S 4 of 60. About 15 customers have to wait more than 

20 24 28 32 2 minutes. 

GPA 12. (a) 30kmh! (b) 13.3% 
‘The majority of the results are grouped with a mode of 2.6 () k=45 (d) 48kmh" 
with a slight positive skew. 
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13. (a) 

(b) 

(c) 
14. (a) 

(b) 

15. (a) 
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Answers 

110 

100 

90 

80 
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0 
0 60 120 180 240 300 360 

Time (s) 

300 

270 

240 

8 s 

180 

150 

Cu
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ti
ve
 f
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cy
 

g 5 
2 

g 
g 

8    30 

8 0 60 120 180 240 300 360 420 

Time (s) 

288 seconds (d) 288 seconds 
Skewed to the right, there is a mode at about 7 days 
stay, and a few extremes that stayed more than 20 days. 
A good proportion stayed for about 3 days. 

  

  

  

  

  

  

  

  

6000 

5000 

4000 

3000 

2000 

1000 

0 10 20 30 40 
Days 

Approximately 35% of the patients. 

Speed, s (km h~!) | Frequency | Cumulative Frequency 
60=s<75 70 70 

75<5<90 110 180 

90 <5< 105 150 330 

105 <5 < 120 70 400 

120 <5< 135 40 440 

135<s 10 450         
  

(b) 

Fr
eq

ue
nc

y 

  

0 
60 75 90 105120 135 

Speed (kmh ) 
O] ) 3% 

450 

400 

g
3
 

g 
g 

9 g g 
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100 

50, 

  

0 
0 60 75 90 105 120 135 150 

Speed (kmh™!) 

Exercise 7.3 
L) n=4 (b) 1= 9,080, o = 2,040 

(c) 24% (d) 7,000 

  

2. (a) mean = 11, median = 3, mode = 
(b) 2314 (¢) range = 50, 0> = 257, 0 = 160 
() 

  

0 5 10 15 20 25 30 35 40 50 55 

Number of shoplifters apprehended 
Lower limit is equal to Q. 

(¢) Outliers = median *+ 1.5 IQR 
IQR=17-1=16 
Outliers <3 — 16and >3 + 16 
51> 3 + 16, therefore 51 is an outlier. 

3. (a) p = 558, median = 60, mode = 10,30, 60 and 70 
(all occur twice) 

(b) range = 130, o = 36.6 
[C] 

    

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 
Car thefts



(d) 

4. (a) 
(b) 

(c) 
5. (a) 

(b) 

(© 

6. (a) 

Outliers = median * 1.5 IQR 
IQR =75 — 25 = 50 
Outliers < 60 — 50 and > 60 + 50 
140> 60 + 50, therefore 140 is an 
w=7150=704 

R 

z 

| | 
55 60 65 70 79 

Rates 

IQR = 11. There are no outliers. 
=162.6,0=23.11 

100 

  

3 

  

2 2 

  

outlier 

80 

  

  

= 5   

Cu
mu

la
ti

ve
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er
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nt
ag
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8             
  

120 140 160 180 

Passengers 
Q, = 150, median ~ 165, Q, ~ 182 

200 220 

  

120 140 160 180 200 

Passengers 

    

  
220 

  

  

  

  

  

        

Your GDC shows: Q, = 146.75, Q, = 179.25, 
IQR = 32.5 No outliers. 
Daily commuting | Frequency | Cumulative 
time (minutes) Frequency 
0=t<10 8 8 
10=1<20 18 26 
20=1<30 12 38 
30=1<40 8 46 
40 =1 <50 4 50     

10. 

11. 

(b) 
(c) 

. (a) 
(b) 
(c) 

. (a) 

(b) 

(c) 

. (a) 
(c) 
(a) 

(b) 

@ 

(b) 

(c) 

(d) 

s 
9 

5 
8 

s 8 

Cu
mu
la
ti
ve
 f

re
qu
en
cy
 

w 
s
z
 

B2 

  

0 10 20 30 40 50 

Daily commuting time 
(minutes) 

Q, = 14, median = 20, Q, = 30, IQR = 16 

  

p=214,0=116 

= €844, 0= €356 
= 106,500, median = 76,000, o = 93,200, 

  

IQR = 37,000 

Yes 382,000 is an outlier 

1 = 75,900, median = 74,000, o = 16,600, 

IQR = 21, 500 

Standard deviation, as it uses the square of the 
difference from the mean so outliers make up a greater 
contribution. 

‘The second set, they are more representative of the data 
set. 
x=5 (b) median = 5,0 = 1.41 
15 (d) 4.73 
p =314, 0=935Q, = 25.5 median = 28.5, 

Q,=36,IQR = 10.5 
More than 50% of customers spend less than the mean 
time on coffee and dessert, this means that a 
few customers are the main cause of losses. 

20,Q, = 34, median = 41, Q; = 48.5 and 
maximum = 64. QR = 14.5 
pas 

[ 

‘minimum 

  

  

  

  

                    
0 10 20 30 40 60 70 

  

Age (years) 
‘The data s very nearly symmetrical about the median. 

40 

= 30 

:‘g: 2041— 

2    
   

0 
20 30 40 50 60 

Age (years) 

No
w 

e 
G 

  Rel
ati

ve 
fr
eq
ue
nc
y 

0 
20 30 40 50 60 

Age (years) 
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Answers 

‘The most frequent interval is 40-50 and the majority of 
the jockeys are under 50. 

Chapter 7 Practice questions 
1. (a) 30°C (b) 30°C, 24°C and 12°C 

(c) 22.5°C 
2.(a) () p=137 

(b) 13.1 
3.(a) a=4 
4. (a) x=30 

®) () w=26 G 3 
(© () mw=46 @i 5 

. (a) 175 (b) 2 

. (a) 61 (b) 14 (c) 20 
7.(a) () 13 seconds 

(i) Q, = 10 seconds, Q; = 16 seconds 
(iii) 6 seconds 

(b) 1400 (¢) 14 seconds 
(d) (i) 500 (i) 150 
(e) (i) 13.25seconds (ii) 4.41 seconds 
() No, required time is 8.84 seconds. 

(i) o=252 

®) b=2 

(iii) o= 1.06 
(iii) o= 1.06 

T
 

(d) 53kg 

  

  

    
  

            

8. (a) 170<h <180 (b) p=171em, o= 111 
(© 171cm () 133em 
() 28% 

9. (a) 

Examination | o _ 50 | 20<x<40 | 00=x<60 score x (%) 
Frequency 14 26 56 

Examination | o, _ g9 | 80=x< 100 score x (%) 
Frequency 18 6 

(b) 50 (c) 46 

Chapter 8 

Exercise 8.1 
Note: Some answers may differ from one person to the other 

due to different graph accuracies. 
L (a) {lefthanded, right handed} 

(b) all real numbers from (say) 50 cm to 210 cm. 
(¢) all real numbers from 0 to 720 (say). 

2. {(Lh), 2. h)s ey (1,0, oo (6,0} 
3. (a) {(1, Hear King, Hearts), (1, Spades), ...} 

(b) {[(1, hearts), (King, Diamonds)], ....[(L, Spades), (10, 
Diamonds)]....} 

(c) a:52,b:1326 

  

  

1. (a) 047 
(b) anywhere from 0 to 20! 
(¢) 100000 

5. (@) (L 1), (L2) ... (4,4) 
(b) (3.4,....9) 

6. (a) {(b,b), (b g), (b,y), (g b), (g g (g y) () () (n )} 
(®) {(yy), (. b). (v @)} 
(©) {(bD), (g.8) (ny)} 

7. (@) {(b.g). by (g b), (g y) (n b). (y @)} 
() {(yb), (v @)} 
© ¢ 
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8. (a) {(tt), (tth), (th), (hto), (hth), (hho, (thh), 
(hhh)} 

(b) {(hth), (hh,t), (Lhh), (hhh)) 
9. {(Lly), (L dr), (1, tr), (Hdr), (H, b)}, {(L, fly)} 
10. @) {(Lg). (1,6, ... (0,0)} 

(b) {(0,¢), (0, 8)} 
() {(1,g), (1, ), (0, g), (0, )} 
(@) {(1,g), (1,£), (1,5), (1, 0)} 

11. (a) {(K, K, K)), (K, Ky, K,), (K, K, K), -0} 
(b) A = all triplets containing K, 

B = all triplets Not containing K, C 
containing K. 

() () AUB = Allmales or persons who drink; 
(i) AN C= Allsingle males; 
(iii) C' = All non-single persons 
(iv) ANBNC= Allsingle males who drink 
(v) A’N B = All females who drink. 

12. (a) {(R, L, L, S), (L, R, L, R), ...}, 81 

= all triplets 

  

  

o} 

  

cusy=all ‘riplets containing Cor SY. 
14. (a) {(LL1), (L1,0), (0,1,0), ...} 

(b) X = {(1,1,0), (1O,1), (0,L,1)} 
(9 Y= {(LL),(1,L0), (10,1), (0.1,1)} 
(@ Z = {(L.L1), (1,L,0), (1LO,1)} 
(& () Z'={(0.L1),(0,1,0), (0,0,1), (0.0,0), (1,0.0)} 

(i) XU Z={(1,1,0), (1,0,1), (0,1,1), (1,1,1)} 
(iii) X NZ ={(1,10), (1,0.1)} 
(iv) YU Z={(1,1,0), (L0.1), (O,L,1), (1,1,1)} 
) YNZ={(LL1),(110), (10,1} 

15. (a) {1,2,31,32,41,42, 51, 52, 341, 342, ...5432} 
(b) (31,32, 41,42, 51,52} 
(0) all except {1, 2} 
(d) {1,31,41,51, 341, 351,431,451, 531, 541, 3451, 4351, ... 

Exercise 8.2 
L (a) U= {0, 1,2,3}; not equally likely. 

(b) U= {1,2,3,4,5, 6}; not equally likely. 
(¢) U= {BBB, BBG, ..., GGG}; equally likely. 
(d) U+ {0,1,2, ..., 20}; not equally likely. 

   

    
2. (a) valid () valid  (¢) notvalid (d) valid 

(¢) not valid 
3. (a) 059 (b) 0.64 (c) 0.99 

4@ 2 
5. (a) 0.63 ®) 1 

1 7 4 10 3 6 @ (v & 301515 ®) @-G) 4. 12 
1 © O-G) 519 

7 @i [CF ©1 

5 @3 5 
9 @1 o2



10. (@) () {(11),(1,2) ..., (6:6)} 9. 0.90 

  

@ L a2 v 2 10. (a) 92% 
6 9 6 (b) (i) 0.64% (ii) 15.36%  (iii) 14.72% 

®® 0 @3 (i) = ()0 1 @u 
11. (a) 0.496 (b) 0.0834  (c) 0.0869 B M 
12. (a) Yes (b) No (¢) No 
13. (a) 0.06 (b) 0.42 (c) 0.36 
14. (a) 0.183 (b) 0.835 o/ 

5 1 5 6 A 15. (a) 13—8 ®) () % 

16. () 550107 (b) 5~ 0.0895 \ 25 
68 (©) 45=~0716       

  
  

  

  

  

  

  

      

  

              

  

  

      

  

  

    

                            

      

. (b) 160 
17. (a) 0.09 (b) 0.008 () 0.41 ©6 v 

18. @) [Cause of death | Male | Female | Total 
Heart diseases 335002 298 840 633842 

Cancer 313818 282112 595930 

Accidents 92919 53652 146 571 

Diabetes 43123 36412 79535 

Other causes 588542 668210 | 1256752 

Total 1373404 | 1339226 | 2712630 

() () 0506 e > & 
(i) 0.123 @) @) o5 =065 () g5 =0308 (i) 1= 0563 
(i) 0.220 100 ~ 

© 0.047 (€) g X 2550~ 1594 

(d) 0.366 12 @) U 
19. (a) 0.59 

(b) lowest India, highest Mexico 
() 0.05 

Exercise 8.3 
. 1 o 3 

X = = @O 3 @ 
13 7 ® 5 © & 

7 

2 @ ® 5 S - 113 3. @) ®1 © % ®) @-(¥)75,12,52,15  (€) o =0.628 

4@ (LY, (LB Y B 67 (6,8} @ 2 = 0085 
®) @) é (ii) % (iii)% 13. (@) {(1, 1), (12),..., (6,6)} 
7 ®) 

o 20 x % 3 4 5 6 7 8 9 (10|11 |12 

s @ | L] L LIl s 5] ]| 
3 18 12| 9 [36] 6 |36 9 | 12|18 |36 

ANB 
11 11 1 2 3 © 5 @5 © 3 ® 2 
7 11 9 46 1 . (a) & = = = L 14. @) 5 (b) =2 © 33 @ =3 
11 o U 

OO @ )5 W 02 © 3 
1 15. (a) (i) 0.56 (i) 0.15 

7. PANB) = 5= 0%P(A) P(B) b 15 
LD ® 2 

"t 35 (c) no 
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16. 

Answers 

  

P(4) P(B) Conditions for 

events A and B 
P(ANB) P(AUB) P(A[B) 

  

0.3 0.4 Mutually exclusive 0.00 0.70 0.00 
  

0.3 0.4 Independent 0.12 0.58 0.30 
  

0.1 0.5 Mutually exclusive 0.00 0.60 0.00 
      0.2   0.5 Independent   0.10   0.60   0.20     
17 () 
18. (a) 
19. (a) 
20. (a) 

21. (a) 
22. (a) 
23. (a) 

(b) 
24. (a) 0.8805 
25. (a) 0.325 

0.30 (b) yes 
65% 

0.56 
=L 
216 
03 
23 
144 

  

0.51 

(b) 35% 
(b) 0.10 

91 
® e 

(b) 0.441 
11 

®) 737 

“Travel 
by plane 

Travel 
by car 

(¢) 0.706 
(b) 0.0471 
(b) 0.427 

(¢) 52% 

©Z 
(9) 0.6 
© 15 

0.10 

(9 05 

Chapter 8 Practice questions 
L @ 

(b) 
290 
(i) 
(i) 
(iii) 
(iv) 

0.386 

0.434 

0.028 

0.586 

(c) 0.614 
2. () 

(b) 

57 

144 
Late 

Not late 

Late 

Not late 

53 

@3 

  U 

  

  

  
OR 

  

A(32) 

() 
B(46) 

A7 

C(s4)     

3 (© 71 
(f) 1.19% 

3 () 

L 

5. (a) 

0.30 

(a) 0.0004 
(i) 
(i) 
(iii) 

(b) 0.72 
(b) 0.999 

0.85 
0.80 
0.15 

(b) 0.083 
6 (@ 

(b) 

548 

(i) 
(i) 
(iii) 
(iv) 
Yes. 

0.3405 

0.0108 

0.9622 

0.30 

(@ 45 

(0) 0.0 004 

(e) True 

  

  

  

  

          

7. (a) 0.97 (b) 0.971 
8. (a) 0.60 (b) Yes, P(B|4)=P(BI=0.60 

9. (@ Boys | Girls 

Passed the ski test 32 | 16 

Failed the ski test 12 | 12 

Training, but did not take the test yet | 22 16 

Too young to take the test 4 6 

(®) () 06 
(i) 0.56 
(iii) 0.1463 

10. (a) 0.4 () 06 
11. (a) 038 (b) 0.283 

11 12. (a) ®) 3¢ 

13. (a) 
(b) (@) 2l 

) 75 

(¢) No,n(XNY)#0 
14. (a) (b) 35 () 035 

7 11 1 
15. (@) 33 ®) 35 © 3 

1 12 16. () 7 ®) 557 

17. (a) Ind. 
(b) Mutually excl. 
(¢) Neither o 3 

5 
18. (a) ®) 765 © 37 

1 7 3 
19. @) 3 ®) 37 (0 5 

20. (a) 
() () 036 

(ii) 0.84 
(iii) 0.429 
1 1 2 21 @) ¢ ®) 5 © 5 

S8 2. 0 55 

@ L 
(iii) No P(A N B) # P(A)P(B) 
10 

®) = 

220 
© a1 

Chapter 9 

Exercise 9.1 
Achilles can get arbitrarily close to the tortoise. Select any 
distance between the tortoise and Achilles and after some 

1. 

number of intervals Achilles must be that close. Therefore, 

the distance between the tortoise and Achilles approaches 
zero. 
(a) 4 
(0 

®) -5 © 6 
.354 

@3 

(a) (i) 3lems! (ii) 92.5cms™!  (iii) 153cms ! 
(b) Around 92 cm's~* by drawing a line by eye and 

estimating two points on the line, then calculating 
slope, e.g. (5, 325) and (1.5, 0) yields 92.9 cms . 

 



4. (a) 
(b) 

(c) 

(a) 
(b) 
(c) 
(a) 
(b) 

(c) 

(i) 3.75kmh™! (i) about 12.4kmh"! 
(i) 8kmh™! (i) about 12.4kmh"! 
(iii) The gradient appears to approach zero at Q, so the 

bicyclist is likely stopped at this point. 
(i) 7.33kmh! (ii) Okmh-! 

(iii) No. 

Exercise 9.2 
L (a) 

(d) 
(e) 
() 
(a) 
(b) 

C] 

(d 

(e) 
(8 
(i) 
(a) 
(c) 
(a) 

(b) 

C] 
(d) 
(e) 

() 
(8) 
(a) 
(b) 

  

  

  

Exercise 9.3 
1. (a) Between A and B 

(b) () A.B.andF (i) DandE (iii) C 
(c) Pair Band D, and pair Eand F 
  

  

  

  

          

  

  

  

        

            

  

     

  

Fi ti Derivative di; 
(iii) The gradient appears to approach zero at P, so the unction CTVT CRen T 

bicyclist is likely stopped at this point. N d 
~113°Cmin~! £ e 
—27.8°Cmin~"! b 
~1.73°Cmin~! 5 
‘The slope is very negative, then zero, then very positive. Ja a 
atx = —1.5,about —1.13mm""! 3. (a) Increasing for 1 < x < 5; decreasing for 0 < x < 1 or 
atx = —1,about —0.577 mm ! 5<x<6 
atx=0,0mm! (b) Increasing for 0 < x < 1,3 < x < 5; decreasing for 

atx = 1, about 5.77 mm ! 1<x<3,5<x<6 
atx = 1.5,about 1.13mm™! 4. (@) -3<x<-2o0r1<x<3 

‘The curve is symmetric over the y axis so the slope at x (b) ¥ 
is the negative of the slope at —x. 
Vertical/undefined. 

AtA, m = 0368; at B,m = 1;at C, m = 2.72. It appears 3 -2 - 1 3% 

thatat A, m = LandatB,m = ¢ 
‘This suggests that the value of the derivative at a point is 
equal to the value of the function at that point. 

5. (a) 1f T > 0, then the torque is increasing as RPM 
increases. 

kmhour ! (b) cm*cm ™! () Nm™! (b) [035%7 
thousands of individuals per year 
euros per shirt 
dollars per item B (1554.9632, 0) o 

2.863 1660 J500 10339.62 
140cms ! 

t distance travelled velocity 

0 0 40 d 
£2(x)=7¢ (£1(x)) 

1 75 110 0.46 

2 220 180 Since T'(r) > 0 for 0 = r < 1555, the torque is 
3 35 250 increasing on that interval. Since T'(r) < 0 for r > 1555, 

. Tri—aisi Sy the torque is decreasing on that interval. 
e distance computed for £ = 3 is longer than the (¢) The maximum torque is 505.8 Nm at 1555 RPM. T'tr 

length of the ramp. _ . 
= 0 at this point. 

d(2.86) =240cms ™' (f) 40cms™! 6 (@) dc 
1.89s (h)  d(1.89) =172cms"! T 
1295 10 
1007 = 314 cm? (b) cm?em ™! 
20cm?em! (d) 407 = 126cm?cm ™! 30 
17.7km 2 

2 35 35 
d(5) = 2 (5P = =2(5)2 + =45) = 25k =3 6 2 2 10 
Skmh™! 

1 0 ——— 
o ~ 3 D130 186700 300 360 430 480 ! 
att =0, speedis 17.5kmh % at t = 5, speed is 10 
approximately 9.17kmh ! 
maximum speed of 17.5kmh ' at t = 0 . - . _ 

(b) T § 0 < t<57.0,d s t>57.0 
minimum speed of 0.486 kmh ™! at  ~ 2.92! (b) Increasing on = 3f - decrensing on femot i (¢) 110min, —7.51 nlmin 
e 4 (d) 57.0min 2ms! . 
1.73ms™, 122ms ), Ims~! C] 

(d 3.46m, 4.90 m, 6 m 

549



Answers 

7. (a) thousands of people per year 
(b) P 

T 0 30 d 2o o years 
(c) The derivative is always positive 

(d) There is a rapid increase (‘boon’) in population, then it 
levels off 

(e) 8830 people per year 
(f) 1995 t0 2010 
(g) in the year 2002, 32500 people per year 

Exercise 9.4 

  

L () () y=6x—4 (ii) —4 

(b) (i) y=-2x-6 (ii) 0 

@ y=-% @) -6 
@@ y=5¢-32-1 (i) 1 
(&) () y=2¢—4 (i) 0 

® G y= %+% (i) 10 

®® y=1-2 (i) 3 
2. (a) (0,0) (b) (2,8)and (-2, —8) 

© (-2 @ .-2) 

  

3. a=-5b=2 

4. 'The power rule gives us y'= 1 X mx!~! + 0 = m; therefore, 
the gradient of y = mx + bis always m. 

5. (a) cases year ! 
  (b) (fi(; = —6661* + 14520t — 12700 

(@) Att=7,9C = 56300 cases year". At the beginning of   

1990, the cumulative number of cases was increasing at 
arate of 56300 cases per year. 

(d) In 1990, there were 58700 new cases reported. This 
represents is the average rate of change during 1990, 
while the result in (c) is the instantancous rate of 
change at the beginning of 1990. 

(€) For0 =t <0913,9C   < 0. Therefore, during most of 
1983 the cumulative number of cases decreased. 
Fort> 0913, &€ 0, so from late 1983 until 1998 the 

   

cumulative number of cases increased. 
6. (a) L=34-3p dt " 

(b) For 0= ¢=113,‘% > 0= population is increasing. 

For 11.3 <t =20, % < 0 = population is decreasing. 

(¢) 40 bacteria min~! 
(d) 15min 
(¢) 963 bacteria min~" at 5.67 min 

7. (a) W) = —9.8t + 16, this function gives the velocity of 
the tennis ball in ms~! 

(b) 620ms"! 
(0) 2655 
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(d) 1.63s, this when the tennis ball has reached its 
maximum height. 

(€) Just before impact at 3.3 seconds, the speed is 
166ms! 

Chapter 9 Practice questions 
1 (a) f'oo = 50x (b) f'o = 60(x — 2) 

1 1 

  

© fo=—3 @ fo= % - 

© foo— % 
(@) t=3o0rt=5s (b) vit) =322 — 14t + 7 

  

(¢) t=05700rt=4.10s  (d) att) =6t — 14 
(e) () ~l4cms2 (i) 19cms 2 

3. a= 
& _2 ; 

45 (a) = (b) Increasing for all x # 0 
&« 

5. (a) 10ms! (b) t=10 
(¢) 50m 

=6x — 24x + 30 
(b) ¢(1) = 12, the marginal cost when producing 100 

baseball caps is 12000 THB. 
(¢) Since ¢ is positive (it is a quadratic opening up, with 

no x-intercepts) for all x > 0, ccx) is positive for all x > 0: 
608 ¥ 

  

  

     

  
£1(x)=6-x2-24 - x+30 

  
-1 0.2 6|         

(d) p() = =20 + 1222 — 15x 
(e) p'xy = —6x2 + 24x — 15 
(f) pex increases for 0.775 < x < 3.22, decreasing 

elsewhere 

(g) Profit of 9350 THB for producing 322 baseball caps. 
7. (a) —9000/min""! 

(b) —6000/min~* 
(¢) Since the rate at which the water is draining is a 

negative quantity, it is increasing (slowing down). 
8. (a) 200 students 

(b) [3%y 
  

    

  

200=2 (£100)) 

        i 53 

(c) 4.94 students day~! 

(d) 1.57 students day " 
(€) 9.12 students day~! on day 29 
(£) day 48 

 



4500 
X2 
  9. (a) M =— 

(b) Since x? is always positive, M'(t) is always negative = 
M) is a decreasing function. 

(¢) After 2.12 years 
(d) Att=1 
(¢) After 9.49 years, $1220 

10. (a) Py = —6n*+ 12n + 1. P(n)is a quadratic function 

opening downward with zeros at —0.0801 and 2.08, 
hence P > 0 on 0 < n < 2.08, so P(n) is increasing 

  

on that interval. 
(b) 2080 t-shirts, $10,000 profit 

11 (a) E® = —0.0021£ + 0.0556¢ — 0.0843 

(b) a=1972, b = 1995 
12. (a) CD sales increased sharply and then decreased. 

(b) During 1993 
(c) Atthe very end of 1998 

(d) During 2007, CD sales decreased by 158 million. 
(¢) graph A 

13. (a) 0.0347 
(b) 510 bacteria min~" 

Chapter 10 

Exercise 10.1 
d 1. (@ ==2x—-2=0=x=1Ly=12-21—-6=—7 
dx 
~(1,-7) 
Y=8x+12=0=x   (b) 

  

—15,y = 4(-15? 

  

+ 115 +17 = —1.5,8) 

d © dl: 2 +6=0=x=3y=—B2+63)-7=2 
x 

53,2) 
& 2@ () 5= 6+ 6x—72= 0= (~4,213,, ~130) 
are stationary points 

(ii) Sign diagram: 
dy + 0 - 0 + signof 7 

EN T x 

‘Therefore (—4, 213) is local maximum, (3, —130) is 
alocal minimum. 

(i) SIT.2117   

(-4,213) 

  
-8.02 <5 7.8 

  

£1(x)=2+ 43+ X-72       -474.25. 

®) @ y/=2 = (0.5 is sationary 
(i) Sign diagram: 

‘Therefore (0, —5) is neither a minimum nor a 
maximum. 

  

  

(i) 41537 

  

-3.25 0.2 ©59 

(0,-5) 

      

  

  

d 
© @ y=-x ter-onm L= et im-9o 

(1, —4),(3,0) dx 
(ii) Sign diagram: 

     
4 

-0 ign of 72 
—tt 

1 3 %, 

Therefore (1, — 4) is a local minimum and (3, 0) is. 

alocal maximum. 

(iii) 3417 
  

£1(x)=x (x-3)? 

  

        
6,0« 

-2.06 

fnr 
-7.69 

b 5w @ @ ( 1,4),40,5;,(2, 16) 

(i) (—1,4)is alocal minimum since f'(x) changes 
from negative to positive at x = —1; (0, 6) is a local 
maximum since f'(x) changes from postive to 

5 _279). g - 22) s alocal minimum 
since £/ changes from negative to positive at 

   
negative at x 

  

  

_5 x=2 
2 

(i) 215417 
£1(x)=x'-2:X°-5+ X746 

(-1,4) (0,6) 

I X| 

= 0.2 3 

—20.98 (2.5,-17.4)         
(e) (i) (—1,—10)(5,98) 

(if) Sign diagram: 

  

Therefore (—1, —10) is a local maximum and 

(5,98) is a local minimum. 
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Answers 

  

  

  

() (i) 

(i) 

552 

      

  

  

    

   

  

  

        

  

  

    
from positive to negative; 
since f'(x) changes from negative to positive. 

  

  

      

5.137 

0.5 (2,0) x| 
-3.66 0.5 (5,0) 10.41 

£1(x)=x"-7-x+10 

-4.28     

ocal maximum at x = 2 since f'x) changes from Local t x = 2 since f(x) changes fi 
positive to negative; local minimum at x = 5 since 
' changes from negative to positive. 

  

(iii) 7 125.26 (5,98) 

10 x| 

4.77 0.5 9.45 
(-1,-10 

£1(x)=-x+6+ X2+15 -2 
-58.93 

® 6 LY i X=X ey y dx 2/x 
e , 1.1 = x =7, " stationary point at(4, 4) 

s 14)) : 3 e 1 (i) 7 changes sign from negative to posiiveatx = 
d 
s0 (1, = 1) is alocal minimum. T 

(iii) [T577 

0.1 BV 
0.5 1N 3 

(0.25,-0.25) 

-1 

3. (a) Local max(~2, 16); local min (2, ~16) 
(b) Local max (0, 0), local minima (~2, —4) and (2, —4) 
(&) Local max (2, 4), local min (~2, ~4) 
(d) Local max (1, 2), local min (~ 1, ~2) 
() Local max (0, 5), local minima (~ 1, 0) and (2, ~27) 

4. (a) (i) 6.674Y 

(-4,0) 11 [0 x 
-10 10 

£1(x)=x43 x4 

=6%67 

(ii) Local maximum at x = —4 since {0 changes s 
local minimum at x = 1 

8 

(0) (i) 

(ii) 

(a) (i) 

(i) 

(b) (i) 

(i) 

  

  

4.931Y 

= 

.51 (0,0) = 

-6.69 0.! 7.38 

-4.45 
  

Local maximum at x = 0 since f'(x) changes from 
positive to negative. 
  

1.93%7 

£100-2(v3e=) 

  

  

  

  

.51 (0,0) x 

-6.69 0. 7.38 

4.5 

7.6617 
(0,6) 

£1(x)=V36 

0.5 x 
-6.76 0.5 7.31 

-1.72   
  

positive to negative; maximum is at (0, 6). 

Local maximum at x = 0 since '(x) changes from 

  

(-3.16,0) 

1)=& (Valz5) 

0.05 

0.547 

10,0 x 
  

-4 

-0.5 

0.2 (3.16,0)\ 4 

  
  

    |-6.98 (-3.16,7.75) 7.9617 

£1(x)=(vVaisna5=2) 

(3.16,7.75) 

   
(0,7.24)        5.3970.5 6.1 

  

Local maximum at x = —3.16 since f'x) changes 
from positive to negative; local minimum at x = 0 
since f'(x) changes from negative to positive; local 
maximum at x = 3.16 since fcx) changes from 
positive to negative.



6. 

10. 

H 

12. 

  

  

    
  

  

  

    

(© @) 2047 

(0,0) (2.5,0), x| 
-2 (-1,0) 182 [ 3. 

fl(x):%( 2305+ x2-h) 

=15 

(i) 817 
x 

£2(x)=x'-2- 

-32     
Local minimum at x = —1 since f'x) changes 
from negative to positive; local maximum at x 

  

= 0 since f'(x) changes from positive to negative; 
local minimum at x = 2.5 since f'(x) changes from 
negative to positive. Graph: 

(a) (i) Increasingon 1 < x < 5; decreasing elsewhere. 
(ii) Local minatx = 1,local maxatx =5 

(b) (i) Increasingon 0 < x < 1 or3 < x < 5, decreasing 
onl<x<3orx>5 

(ii) Local maximaatx = 1and x = 5;local minat x = 3 
(a) v =32 —8t+ L;alt) = 6t — 8 o 

. i 4+413 (b) Max displacement is —6.88 m; t = ~— =~ 

(¢) Min velocity = —4.33ms ;£ = 1.335 ! 
Starting from —6 m, the object moves toward the 
origin, passing the origin at = 0 seconds, before 

=254s 

reaching its maximum positive displacement at 
0.131's, then moving in the negative direction reaching 
minimum displacement of —6.88 m at 2.54 seconds, 

where it changes directions again. 
(a) Max: (—2, 18), (2, 18); Min: (0, 0) 
(b) Min: (2, 12) 
(c) Min: (—3, —18), (3, 18) 
(d) Max: (0, 0); Min: (—1, —4), (1, —4) 
() Max: (0, 1), (2.51, 1); Min: (1.77, —1) 
(f) Min: (—1, —0.368) 
(8) Max: (2.03, 1.82); Min: (0, 0), (4.91, —4.81) 
(a) ¥(0) =27ms! 
(b) v3) = 45ms ! 
(¢) 0.550r2.255. These are times when the displacement 

is at a relative maximum or minimum. 

x = 5.77 tonnes; D = 34.6 = 34641 dollars. D' is negative 

to the left and positive to the right of x = 5.77. 
(a) 10ms! 
(b) 10s 
(c) 50m 
(a) v=14—98t 
(b) Max height is 10m at 1.43s 
(¢) Velocity at max height is zero. 

13. 467 spinners; 9650 RMB profit. 

14. (a) 122 wheels, 16,600 EUR 

15. 16.4 minutes 

Exercise 10.2 

(b) 170 wheels, 112 EUR 

  

     

      

   

    

    

  

  

    

L (@ (@) y=6x—4 (i) —4 

y=-ix @) y=1ix 
() () y=-2x-6 (i) 0 

(iif) y =10 (iv) x=-3 

© @ y=-5 i) —6 
. 7 1,13 (iii) y= —6x — 4 W) y=gx+ 

@) (@) y=5¢"-32-1 (i) 1 
(iii) y=x—2 i) y=—x 

(e) () y=2x-4 (i) 0 

(iii) y = —16 (iv) x=2 

® 6 y=2-L+2 G w0 
g . L1 (iii) y = 10x — 10 @ =t o 

(i) 3 

@) y 

(ii) 

(i) y= —4x— 8 
@) @) y=3+2 (i) 0 

(iii) y= 4 (v x= -2 27 3 
G () y=6x—1 (i) -1 

(iii) y = —x+1 (iv) y=x+1 

® @ y=2-L4 (i) 2 
i) y= —2¢+ 4 i) y=1y 4 1L (@) y = ~2¢ 9 y= Lot 11 

2 (@ x=0  (b)x==2 (c)x:% @ x=1 

3. y=2xy=-x+ly=2x—4 
4. y=-2x 
5. 
6. 
7. 
8. 
9. 
10. (a) Atx=1,y'= -3 

(b) Tangent: y = —3x + 3; Normal: y = %x B % 

- 2 41 1L (a) y=2x+3 (b) (3,27) 

3 4 22 
12. Tangent:y = ~x + 1; Normal:y = 3x = 5 
13.(a) x=1 

(b) Tangent to y 

Tangent to y 
14. (@) (=2, 4)(2, —20) 

  

(b) y=—2x,y=—10x 
15. y=11x— 25,y = —x— 1 

Exercise 10.3 
1. (a) Maximum volume is 66.1 in2. 

(b) Box should be 5.33 by 7.83 by 1.59 inches. 
2. (a) 109m (b) 37.2m 
3. ‘The lifeguard should run 283 m and swim the remaining 

distance; the total time will be 99.2. 
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13. 

14. 

. @) h= 

.a=-2b=8,c=10 

. (a) Equipment maintenance = %xfi 

Answers 

V2 VZby 
1 b 2 135emby 63 cm 

2 32 
1 

x=5/27 = 125cm 
x=2.64km 
108 

h=10 3   
3 

L1 =201 =<3 

  

2P = V=m27 1) (b) r=3cm 

  

(b) Coo = 2“—59@ + 85x + 2150 

© Coo= %x + 85, this is positive for all x > 0 hence 

production costs increase for all x > 0. 
= _ 0.16x* + 85x + 2150 {d) Toyy= XL EX LA 

(¢) The minimum average manufacturing cost per device 
is $122; 116 devices should be produced to minimize 
average cost per device. 

x = 11.5cm; maximum volume = 403 cm® 
6 nautical miles 

Chapter 10 Practice questions 
I, (a) () The slant height is equal to the radius of the 

semicircle. 

USing A, = 5 71° We get: 

  

3927 = % al? 

25=10 

5=l 

‘The circumference of the base of the cone is equal 

to the arc length of the semicircle. Since r = I = 5, 

wehave C = %(2117/ = m5 =57=157m. 
(ii) For the distance C to be formed into a circle, it 

must satisfy C = 27r = 57 = 27 = r = 3 

2 
(i) yz+h2:12¢(%) +hi=52 2 

_5/3 
=433,   

2 
(b) h+2r=933=h=933-2r 
(¢) Using the general model for the volume of a cone, 

=1 veV=Lm: V=3Bl wehave V=S arh 

= V:%m249.33 —2n=311a 

v 3.11m2)r — z'rr(}fiZ =6.227r — 2 
dr 3 

  

(d) 

(@ We need to find where% = Ohence 6,227 — 22 = 0 r 
= (mr)6.22 — 2r) = 0 = r = 0 or r = 3.11. We discard 

7 = 0. Sign analysis shows that ‘fTV s positive to the left r 
of r = 3.11 and negative to the right, so the volume is 
maximized at 7 = 3.11m 

(f) V=311m3.112 - %ms.m! =315m’ 
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(@) =50 (b) 80 
(© y=32= —glx— =80y — 2560 = —x +2 

= x + 80y — 2558 =0 

  

& _ _.9 @ =3+ 2k ® k=-2 

© y=0r-2 % 

@ 0,7 b (-23) (© -2<x<0 
() fo = =32 — 6x = f(=3) = =9 

f-3=7 

  

Ly =7==9x+3ory=—9x—20 
() See graph. 

  

@ foo=92-7-1  (b) (108,992) 
(c) (—1.08,10.1) - 

(a) 2ar + 4r + 4l 

  

(b) V=Bh mllfl0.75:%m21¢1.5:m31 

  

(© From (b), 15 = m1 = I = 12 From (a), 
1.5 

    

T=2mr+4r+ 4= T=27r+ 4r + 4 

=>T=2mr+4r+   

=>T=Qr+4r+ o - 

  

dr 12 @) L= oppg-12 
s —r P 

  (e) Wesolve 47 

  

   

—om+4a- - 
=0.719m 

®1=15-_15 _qgo4my 
ar? m0.719?2 

(g) T=0Qm+ 40719 + _6 - 11.1m 
70.719)% 

(@) V=lwh= V=20l 
(b) V=20l = 3000 = 200w = 1 = 220 

(€) S =220)+ 4w + 21 = 40 + 4w + 2(%0) 

=40+ 4w + 3% 
@ s 

500 

400 

300 

200 

100 

  

0 
0 5 10 15 20 W 

300 
P 
  ds _ a5 © =4



= 8.66 cm 

  

@ s— 300 
         740+4(»fi)+3—$ 

v 
=40 +40/3 = llOcm 

8. (a) 16x* — 27x (b) fiv = 64x* — 27 
© x:% 

9. (@) fl=2)=(=20* = (=27 = 9(-22+20=4 

(b) fio = 3% — 3 — 18x 
(c) f3) = 3(3)* — 33 — 18(3) = O therefore x = 3isa 

stationary point. 
Now, we must show that this stationary point is in fact 
alocal minimum. We can do this by using the first 
derivative test or sketching the graph on our GDC. 
First derivative test: 
£12) < 0, 14) > 0 therefore there is a local minimum 

  

  

  

  

  

          

atx =3. 
GDC graph: 

2087 

5 X| 

-5 0.2 5 

fl(xi:%x‘»x’—9~x"20 

(3,-27.3) 
-40 

(d 2087 

(0,20) 

5 X| 

-5 0.2 o 

fl(xi:%x‘»x’—9~x"20 

(3,-27.3) 
-40 

(e) (0,20) 
() f@ =320 - 327 - 182) = — 
®© 0 5 8 2 

(i) y+ 12:2414(9(*2ifl24y+288:x*2 
:>*X+24y+290:0éx*24y*290:0 
"b=—24,c=~290 

10. () f100) = 302 — 3 (b) f10) =~ 
(¢) Local maximum implies 

f'(X/:0:>f’ D=3a-202-3=0=a= 

11 (a)fllv—a+(1)76—9 

(b) floo = *—1 +1 
x 

  

.m
— 

© foo=-241=05x=14=x= =37 P 
‘We see from the given graph that the stationary point 
at x = 3.7 must be a local minimum. 

(d) From the graph minimum occurs at x = V14 
:>f 14——#’\14* 1.48331. 

V14 

  

Thercfore range is 1.48 < fix) < 9. 

  

  

(e)fi71—m+(7)76—3 

(f)m:?:3 -1 
(147 943)_ ® M—( : ,T)—(A,a 

1 ® fo=-2ei-g 

(i) Point on function s (4, fid), fid) = 14 + 4) 6= 15 
=(4,1.5) @ 

Therefore equation of Lis y — 1.5 = g(x —4) 

  

dy 22,27 o2 2 _g2x+135 (b) 1 0.2x + 13.5 

d 
(©) Stationary point(s) oceur at ay = —02x+135=0 

= x = 67.5. Since A has x-coordinate 75, it cannot be 

the farthest point north. 

@G M= (0 +2100'0 + 350    (50, 175) 

  

(€) y— 150 = 3.5(x — 0) = 3.5x — y = —150 
(£) Use your GDCs Intersection feature to find the first 

point of intersection is at (18.4, 214). 
  
Foot? 

fl(x)—fo% 

F2(x)=3.5+x+150 

(18.4,214) 
| A4 

20 x 
=105 110 
          

13. (a) filn = 15x — 8x + 1 
() fw =15~ 85+ 1=0=x =1L Use 6DC graph 

or first derivative test to find which stationary point is 
alocal minimurm and which is a local maximum. GDC 

  

  

graph: 
0.19%Y 

£1(x)=5x-4-xHx 

x| 
o6 7602 0153 

0.0         

Or, via first derivative test, using sign diagram: 
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Answers 

+ 0 = 0 + signoff’ 

1 o= 
5 3 

‘Therefore, 

(i) local maximum is at x = 

Wl
 

o)
 

(if) local minimum s at x 

  

14. (a) Vertical asymptote occurs when denominator equals 
zero; therefore, x> = 0 = x = 0. 

(b) goo=b— % 

(d) Point of tangency is at g{1) = 3 = (1, 3), gradient is 3 
(given), equation of T'isy — 3 = 3(x — ) = y = 3x. 

(€) x-intercept is at (—0.439, 0). Graph: 
  

    
    
  

      

6.66] 

fl(x):s-x—:i‘% 
X 

1o (~0.439,0)| 1 10 

-6.65 

(£) (i) and (ii) shown on graph below: 

0.5] 

fl(x):s-x—3+% 

(-0.439,0)/2 20000 

2 0.2 1 

-0.5     
(g) (0.737,2.53) 
(h) 0.737 <x<5 

5. Yo s @) o= . 
(b) L:6x+ 2y = ~1=y = —3x— 7= Gradient of Lis 

  

  

m=—3. 
d 

2 mgx—5=—3ma=1 3 
16. (a) oY 

X 

-3 9.2 6 

£1(x) 04 33 

      -10 

®) f-b= 21431 - n-3=0 
  

556 

b 

18. 

19. 

20. 

21, 

  

(c) (0,-3) 
) floo = —x2+ %Ox -1 

@ f-n =2+ 2y -1= 18 
() f(—1) gives the gradient of the tangent to the curve at 

  

  

  

        

the point where x = — 1. 
16 1616 o= 16,1y, o 16, 16 ©y-0=—utpoy= 25X 

(h) 1087 

1 x| 

-3 \o.z 6 

L5, 202 () 20+ e x0o3 

-10 

@ @ a:% @ b=3 
(j) foo is increasing on the interval a < x < b. 
(a) 420 + 4 +4) =48 = 3x +y =12y =12 3x 
(b) V= lIwh = w(2x)y) = 2% = 212 — 3x) = 24> — 62 
© Y= gsx— 180 dx 

  

@ dT; = 48x— 182 = 0> x = 0,3, x = 0 is nonsensical, d 
   $0 maximum volume occurs at x 2.67m. 

8)2_ (8\ () V= 24(3) = 6{3) = 569m’. 

(f) length = 2x = 5.33 m, height = y = 12 — 3(%) —4m 

(® SA:ZXL;XA+2><§><4+2><L36><%:92Am?. 

  Therefore 22 = 1.54 = 2 tins are required. 
15X 4 

(a) y=05x—1 
(b) Equation is of the form y = mx since it passes through 

3497 _ 17.46°.   the origin. Angle with x axis is 
Gradient m = tan(17.46°) = 0.315; therefore equation 

isy = 0315x. 
(©) (5.39,1.70) 
(d) The throw is not valid, since the point Q is 5.65 m from 

the centre of the throwing circle, which implies that the 
discus will land outside the sector. 

(e) (i) R(0.795, —0.585) 
(i) y = 0.425x — 0.892 

(a) 22+ 10 
      

40 = 2/T0 km 
) r=Vi6—w?+4 

  

(@ w=45km,r=25km 
(e) 173 hours 
(a) 3.94 min, 43.2 nanograms ml~! min ! 
(b) 533 min 
(¢) 88.8 min, —4.36 nanograms ml~' min~! 
(d) From 0.594 min to 12.3 min 
(a) thousands of new subscribers per year 
(b) When = 11.8 = late in 2011 at a rate of 7370 new 

subscribers per year. 

 



(¢) For5.51 < f < 21.3 = mid-2005 to early 2021 
(d) S'0is positive forall t € R 

22. (a) Radius = 32.6 cm, Height = 65.1cm 
(b) 217 litres 

  

Chapter 11 

Exercise 11.1 
1L (a) %x2+2x+C (b) %xé-%-C 

(9 426+ C @ an+C 
() x*+C ® 68 +C 
@ -x+ %xz —8x+C (h) —49F + vt + C 
@) av+bx+C () 22+ 96 — 422 — 6x+ C 

7 5 1 -~ 3 “ Tt S L, _5 ®Io+de-tirc 0 —2+c 
a0’ 1 s 

w? w w? 

2. (a) Ifwe increase the power by one and multiply by the 

Y+c 

reciprocal of the new exponent, we obtain %x“. Since 
division by zero is undefined, we cannot use this rule to 
find the antiderivative. 

‘We must first rewrite gix) as gx) = 400x —1 + x. 
If we increase the power by one and multiply by the 
reciprocal of the new exponent, we obtain 

100(% lx") —xl Since division by zero is undefined, 
we cannot use this rule to find the antiderivative. 

3. (@ —-2+t+C 
1 1 —Lagpd )~ +3x+C 

(b) 

    

  

254 1p - ©2r+de-stic 

(d)ng+6x3+9x+%+c 

© Zu =0t 35m 4 C 
@ =2 a1 
b y=—24sc419 
(©) fin=£ - +t+9 

1,3 - 1,3 @w=-"7-3+1 
(&) gw = @xl 27505 + 12000x — 2750 

5. (a) sih= —40# + 400 

(c) s(1) = 360 cm; s(2) = 240 cm 
(d) s(4) = —240 cm; this means that the car has gone off 

the end of the ramp. 
(e) = 3.16 seconds. 

6. (a) litres min ! 
(c) t=34.9 minutes 

7. (a) 2028 ~2030m 

(b) cm 

    

(b) V=001 - 2.5x + 150 
(d) ¢ = 100 minutes 
(b) 1539.5 ~ 1540m 

(c) 43.7s 
8. (a) ah=—7.5 (b) 30ms! 

(c) vt = —7.5t + 30 (d) 4s 
(e) sth=—3.75£ + 30t (f) 60m 

9. (a) monthly revenue in euros 
(b) Ron = —0.01n° + 7.5n% + 64000 
(¢) 500 wheels per month 
(d) 689,000 euros 

Exercise 11.2 
L (a) 40 ®) 15 © % (@ ‘13" 

(e) 0.810 () 12 
2. 72000m? 
3. (a) US$60,000 

(c) US$37,500 

T _ (@ 5 =157 

(b) US$40,000 
(d) US$77.500 

4. (@) Is7! (b) 0.06131s°" 
(¢) Yes,0.06131s" = 3.68 I min"! 

5. (a) -110ml (b) k=9.6mlh~" 

  

6. (a) (i) 297kg (i) 847kg (iii) 0.390kg 
(b) (i) 3.47kg 

7. 27md 
8. (a) at083km 

S0 
(b) [((n + 17)125 007417 — 00015 + 3)dn 

) 
(c) 1705kg 

Exercise 11.3 

  

37 2 
1. (a) 32 ) 5 @3 

2. (a) 347 ®) % © 20 @ 101 
() 7.67 ) 317 

3. (@) 36 ® 107 (675 (@9 
(€) 1.60 

4 (@) 667 ®10.7 (9 160 
5 (@) [ 

£200-yITEIT 

ey oo/ 1= ex x-) N 
= T % 

A 

  

        
(b) 533 (© 628  (d) 0950 

6. (a) dem®  (b) 1Llem? (¢) 14.2cm? 
@2 )T (@ 2w @ 63w 

8. (a) (i) j(\s 75+ (x— 337 — 6.7)dx (i) 6.63m? 

(c) 14500 m* (®) 102m 

Exercise 11.4 
1. (a) 16 units® 

(b) 19 units® 
(c) 11 units? 

2. (@ @ (if) 16 units? 
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Answers 

() (i) (i) 5.25 units? 

    

  

  

                              

0051 15 2 % 

(e) (i) (i) 2.5 units? 

0051 15 2 25 3 X 

3. (a) 1.5hours (b) 8.26 nautical miles 
4. 455km 
5. (a) 

ms'| 014|18.122.2|26.4|31|34.7(38.9|43.1| 47.2| 514] 556 

Time | 0 |4.3] 6.4 | 9.6 [14.3|21|32.1| 48 |71.9]107.6|161.1|241.1 

(b) 2510m 
6. (a) 170m? 

(b) (i) 433m2 (i) 9 tins 
(c) 2550 m? 

7. 990m 5 
8. (@) 7units®  (b) Junits® (¢) 7 units? (d) 20 units? 

© % + 7= 316 units? 

Chapter 11 Practice questions 

1. 
3 

  

(@) x*+8x+C (b) Exs-*(] 

(9 24p+C (@ ke +C 
(e) x*+x°+C ® -758+vt+C 

© §x3—4x2+3x+(] ) (2 + 12+ C 
o 1 -~ T | 5 2 (@) Jme+ b+ C G g-2e-2+c 

1 2 1 5 -~ @+ -grrc M —h+c 
150 . 2 _ 2h—150 

=ty =T 
@ 36 (b) 467 () 0 (d) 405 

1 
(a) 18 units? 
© %’ units? 

(b) 9 units® 
(d) 2 units® 

  

(e) 29+ %” = 36.1 units® 
(a) 49.2m?, by modeling the end sections of the lake as 

triangles. 
(b) 22110 
(© @) 147.6m* 
(d) 278 days 
(a) 19.0 units? 

(i) 147600 
s 

() [(25—xdx () 19.635 units® 
o 

1_,_ 25w 1 2T @ @ =% 
() The value from part (c) is accurate to at least 5 

significant digits, while the value in part (a) is accurate 
only to 2 significant digits. 

(@ V=[G-01ndt  (b) 25! 
@ () 30s (i) 451 

(i) 19.635 units? 

() 20s 
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7. (@) 100 chais 
(b) () P(n) = —Fn* + 3001 — 4600 

(i) £9800  (iii) 17 chairs  (iv) £10,400 
5 

8. (a) 867m (b) [(—4.76t + 28.7) dt 
o 

(¢) 64.7m (d) s(t) = —2.38f + 287t + 284 
(e) 86.5m 
(£) The data is close to linear so the integral of the best-fit 

line provides a very good approximation. 
15 

9. (a) P(—15,0), Q(5,0) () [ (—(0.07830" + 5)dx 
s 

(¢) 136cm? (d) 273 cm? (e) 24550 cm? 
K 3 

10. (a) [V307 = x? dx (b) [V307— x% dx 
? k 

(©) Q=294cm%R=413cm*  (d) k= 1212cm 

Chapter 12 

Exercise 12.1 
L (a) discrete (b) continuous (c) continuous 

(d) discrete () continuous (£) continuous 
(g) continuous  (h) continuous (i) continuous 
() discrete (k) continuous (1) continuous 
(m)discrete 
(a) The values in cents are 0,12, ... 
(b) Yes, because we can identify the first, second, etc. 
(c) Yes, it is finite because students cannot earn an infinite 

amount of money. 
(d) Technically, the variable is discrete. 
(@) 0,1,2,...,100 
(b) Yes. 
(c) Yes, there are 101 values. 
(d) The variable is discrete because it is countable. 
(a) P(3=<X=6)=P(3)+P@4) + P(5) + P(6) = 0.04 + 

028+ 0.42 + 0.21 = 095 
P(X>6) = P(X =7) = P(7) + P(8) = 0.02 + 0.02 
=0.04 

  

(b) 

  

  

(¢) P(X <3)=P(X=2)=P(0)+ P(1) + P(2) 
=0+0+0.01=001 

(a) 045 
(b) 5= E(X) = Y AP()= 0(.10) + 1(20) + 2(25) + 

3(.25) + 4(20) = 2.25 

0= V(X) = Y (x — #)*P(x)= (0-2.25/%(.10) + 
(1-2.25)2(.20) + (2—2.25)%(.25) + (3—2.25)%(.13) + 
(4-2.25)2(20) = 1.59 

(a) 
(b) 

(c) 1.85,1.19 () (e) 2.85,1.19 
(f) E(x + b) = E(x) + b; V(x + b) = V(x)



  

  

              

   

  

  

  

  

  

  

  

  

  

              

  

  

                    

  

                      

  

                  

  

  

  

  

  

  

            
  

  

                  
   

   
   

  

  

              

  

  

  

                    
                  

7. (a) 0.26 (b) 0.37 (0) 0.77 (b) 
(d) 1629 (e) 8.126 (0 4125201325 Namberof | Hthe | Weitethe | " T Find the 
(§) Elax + b) = aB() + b V(ax + b) = V() Nomber o | e | pratavitty | PP i 

8. (a) 0.968 (b) 0.163 () 35 SUCCESE X ] ofx | statement 1eee® | probability 
(@) [for =357 Poo = 1048 = o = VT048 ~ 1.02 Amost3 | 0123 [Pe<3) =3 092953 

9. k= % Atleast3 | 3456 [Px=3) 1-P(x=2)| 025569 

x 12 14 :\:"”3 4,56 |P(x>3) 1-Px=3)| 007047 
P(X = x) 6k 7k an 

_1 37 Fewer 10. (@) k=15 ® & s 012 [Px=2) Pr=2) 074431 

() E(x) = 16,SD=7 (¢) E(y) = 1L; Between Pr<5)— 
11, k = 0667, Ex) = 5.44 3 anld; 345 |PB=x=3) |00 0.25496 
12. (a) k=030r07 (inclusive) 

(b) for k = 0.3: E(x) = 2.18; for k = 0.7: E(x) = 178 Exactly 3 3 |Px=3) P(x=3) 0.18522 

B.@r, 0 1 2 3 4 (@ 
L €1 2 4 8 k 0 1 2 3 4 5 6 |7 

PY=» 27 9 9 27 e . [ 
® 2 P(x = k) |0.02799(0.15863 [0.41990 | 0.71021 {0.90374 | 0.98116 [ 0.99836 | 1 

14. (a). See table below. (b) 
x  [45] 46|47 [48] 49 |50 [51]52]53]54]55 Number of Li:]‘ the W‘h““b fl*f“ S| e ‘}‘3 
P(x) [0.05]0.13]0.25]0.40]0.65]0.85]0.90] 0.94]0.97[0.99 [ 1.00 successesx | 'Aues | probability needed | I 
e L e of x statement probability 

(b) 0.85 (c) 0.15  (d) 48.87 () 2.057 
15. (a) See table below Atmost3 | 01,23 [P(x=3) P(r=3) 071021 
o 0 1 2 3 2 5 s Atleast3 [34567|P(x=3) 1 - P(x =2) | 058010 
P(x) | 008 [ 023 [ 045 [ 072 | 092 | 097 | 1.00 Mhors 05,67 |p>3) 5 25 5657 

(b) 0.72 () 097  (d) 263  (¢) 1.44 than 3 
16. (a) 0.90 (b) 0.09 () 0.009 Fewer 

(d) () unacceptable, (ii) acceptable than 3 012 |Px<2)  |PEx<2) 1041990 
© P() = (0171 X 09 Between ) 

17.n =30 3and5 345 |PB=x=5) P(x; 2 0.56126 

Exercise 12.2 (inclusive) 
L (a) Exactly 3 3 |P=3) P(x=3) 0.290304 
x 0 1 2 3 4 5 5. (a) pis not constant, trials are not independent. 
P(X = x) 001024 0.0768 | 0.2304 | 0.3456 | 0.2592 {0.07776 (b) p becomes constant. 

(b) 035 ©n=3p=3 
030 3 0 ) 3 3 

o P(Y=)) | 0.05273 | 0263672 | 0.439453 | 0.244141 
0.20 

. (d) 0.75586  (e) 1.875 (f) 0.703125 (g) 0.6836 
013 6. (a) 0.107374 (b) 099363  (c) 0.89263 (d) 2 
0.10 7. (a) 0.817073 (b) 1 (c) 0.0161776 
0.05 8. (a) 0.033833 (b) 0.024486 (c) 0.782722 
. 9. (a) 0.75 (b) 0.0325112 (c) 0.172678 

’ 0 10. (a) (i) 0.0431745 (if) 0.997614  (iii) 0.0112531 
(© () Mean 095 (iv) 0.130567 (v) 0.956826 

(i) Mean = 3,SD= 1.095 (®) () 10 (i) 3.13 
2. (a) 0.001294494 (b) 0.000000011 (c) 4,16. 

() 0.99999999 (d) 0.99999966 11. (a) 3 (b) 0.101308 (c) 0.000214925 
(e) mean = 12,SD = 2.19 12. (a) 

3. (@ x |0 1 2 3 4 5 

k 0 L 2 3 4 5 6 P(x) | 0.03125 | 0.15625 | 0.31250 | 0.31250 | 0.15625 | 0.03125 
P(x = . . .92953 | 0.989 7 P(x = k) |0.11765 |0.42017 | 0.74431 | 0.92953 | 0.98907 | 0.9992: 1 (b) 0.03125 (0) 003125 (d) 096875 (¢) 0.96875 

5569 

 



Answers 

  

  

                  

() a 
x [0 1 2 3 4 5 
P(x) [0.32768 ] 0.40960 | 0.20480 | 0.05120 [ 0.00640 | 0.00032 

b 032768 ¢ 0.00032 d 067232 e 0.99968 
13. (a) 01382 (b) 0.144 
14. 0.91296 
15. (a) 0.107 (b) 0.893 () n=14 

Exercise 12.3 
(some answers are rounded) 
L (a) 05 (b) 0499571 (c) 0.158655 

(d) 0.682690 (e) 0.022750  (f) 0 
2. (a) 0.656947 (b) 0.999944 
3. (a) 0.008634 (b) 0.982732 
4. 0.8944, Shaded area is 

8944 

8944 

55 60 X 
5. (a) 02202 (b) 9.12% 
6. (a) 0.066807 (b) 0.68269  (c) 678.16 (d) 134.898 
7. (a) 1.8% (b) 1.13% 
8. (a) 0.9696  (b) 0.546746 
9. (a) 1day (b) 29days  (c) 112 days 
10. 1.22% 
11. 52.71,59.29 
12. 68.16,75.84 
13. 65.28,78.72 
14. (a) () 2% (i) 5% 

(b) () 00524 (i) 0.1875 
15. (a) 0655422 (b) 0.008198  (c) 82 bottles 
16. (a) 227%  (b) 0.55% (c) 29.678  (d) 229.2 
17. (a) Not likely: chance is 0.14% 

(b) 0.1587  (c) 0.6827 (d) 5396 (e) 43785 
18. 0.073 
19. 236.94 
20. 198.4,233.6 
21. (a) 83% (b) 54.2% 

Chapter 12 Practice questions 
1 (a) 345%  (b) 0416 (c) $3325 
2. (a) 0.835 (b) 1010 () 658 

35 7 
3. @ 1 ®) 5 (©) fi 

4. (a) (i) 0675 (ii) 0.428 
(b) t =626 

5. (a) 701%  (b) 0.00226 
6. (a) (i) 0345 (i) 0.115 (i) 0.540 

(b) 0.119 
(c) 737 

7. (a) 159%  (b) 227 
8. (a) 0.0912  (b) a=25Lb=369. 
9. (a) (i) 0841 (i) 0533 

®) @) (i) 0.647 
10. (a) 2 (b) 0.182 (c) 0.597 
11. (a) 0.129886 (b) 0.676714  (c) 2 

1 7 12. () 5 ®) 5 

13. (a) () 0.217% (i) 0.00045% 
(b) 84.13% 
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175¢ 

(b) (i) 185 (1:‘; 0.159 

15. (a) 5800 (b) 0.420 () 4700 
16. (a) I 

60 67 70 

(b) (i) 0.980 (i) 0.811  (iii) 0.792 
() 70 
(d) (i) 228 (ii) 1200 

Chapter 13 

Exercise 13.1 
1. (a) p-value = 0.269 > 0.05, do not reject the null hypothesis. 

(b) p-value = 0.670 > 0.05, do not reject the null hypothesis. 
(¢) p-value = 0.159 > 0.10, do not reject the null hypothesis. 

2. (a) Horpy = pp = O Hy iy — s # 0 
(b) Data are normally distributed and the distributions 

have equal variances. 
1f p-value < 0.02, reject Hy. 

(c) p-value = 0.0114 < 0.02. Reject Hy. The two repellents 
are different. 

3. (a) Ho:Heuant = Heameras = 05 Hy: Gad = Hameras < 0 
(b) Data are normally distributed and the distributions 

have equal variances. 
1f p-value < 0.10, reject H, 

(c) p-value = 0.338 > 0.10. Do not reject H,. There is no 
evidence that the guml is better. 

4. (a) Hy:ptoy ~ ey = 0 
(b) Data are normally di tributed and the distributions 

have equal variances. 
1f p-value < 0.10, reject Ho. 

(c) p-value = 0.00223 < 0.10. Reject H,. There is evidence 
that average age is lower now. 

        

Exercise 13.2 
1. (a) The (preferred) swimming style is independent of gender 

(b) 3 
(0) xiu. =164 
(d) Reject the Null Hypothesis, 16.4 > 7.815, or p-value of 

9.26148 X 10+ < 0.05. 
2. (a) The (crop) yield is independent of the (type of) 

fertiliser used. 
(b) 4 
(c) 13277 

50 X 40 @ ==~ 17 

(e) (i) x2, =386 (ii) p-value = 0.425 
(f) Since p-value > 0.01, do not reject the null hypothesis. 

3. (a) H Users preferences are independent of age 
H,: Users’ preferences are not independent of age 

(b) 428.53 
(© 9 
(d) If 2,>16.92, reject the null hypothesis. 
(€) x2.= 18.23 > 16.92. Reject the null hypothesis. 
(f) p-value = 0.0325 < 0.05. Reject the null hypothesis.



4. (a) H;: The data does not fit the proposed model. 
(b) 30, 60, 90, 60, 60 
(¢) p-value = 0.339 > 0.05. Fail to reject the null 

hypothesis. Data may fit the model. 
5. (a) Hy: reports of side effects are not different among the 

two groups 
H: reports of side effects are different among the two 
groups 

(b) 12.5,17.5, 10,210 
(c) This is a GOF test. p-value = 0.0475 < 0.05. Reject the 

null hypothesis. There is evidence that the two groups 
differ. 

6. (a) Hy: The collected data fits a fair die distribution. 

H: The collected data does not fit a fair die distribution. 

(b) 100 in each cell 
(¢) Either y3,= 5.7 < 11.07, or p-value = 0.337 > 0.05. 

We fail to reject the null hypothesis. The die appears to 
be fair. 

Chapler 13 Practice questions 
(a) Hg: the type of Latin dance the viewer prefers is 

independent of their age. 
(b) 18 
(c) p=10.0876 
(d) p-value > 0.05. The producer’s claim may be justified. 

2. (a) Conservatives 435, Liberals 615, Greens 225, rightists 
225 

(b) Hy: voter support has not changed since election. 
H,: voter support has changed since election. 

(c) GOF test with df = 3. P-value = 0.009 < 0.10. We 
reject the null hypothesis and conclude that voters 

  

support has changed. 
3. (a) () Hy ageand opinion (about the reduction) are 

independent. 
(i) H,: age and opinion (about the reduction) are not 

independent. 
) 2 

80 X 35 
(c) T30 - 215 

) G) 103 
(i) 0.00573 

(e) Since p-value < 0.01, reject H,, or ystatistic > x> 
critical, reject Hy. 

4. This is a GOF test with 4 df. p-value = 0.0230 < 0.10. 
Reject H,. Absences differ from one day to the other. 

5. (a) This is a one tail f test of difference of means. The 
populations are approximately normal and with equal 
variances. 

(b) Ho: haevice = Pusuat Hy: Hevice > - 
(¢) p-value = 0.0213 < 0.10. We reject the null hypothesis 

and conclude that users pay more with the device. 
6. (a) Ageand preferred destination are independent 

(b) -DXE-1)=12 
(¢) x> 21026 
(@ 285X420 _ 90 

1200 
7. (a) 27.9 (b) 0.0321 

(c) Reject the null hypothesis, TV show preference is not 

independent of gender. 
8. This is a two-tail ¢ test of difference of means. The 

populations are approximately normal and with equal 
variances. 
Hotoiotens = Pneusnas Hy : Byiotens # 
p-value = 0.0000915 < 0.10. We reject the null hypothesis 
and conclude that content of program affect viewers 
memory. 

Chapter 14 

Exercise 14.1 
L (x5 
2. form, direction, strength, unusual features 
3. (a) Precipitation is the explanatory variable; autism 

prevalence rate is the response variable 
(b) No; no matter how strong the association s, it does not 

prove that precipitation causes autism, only that they 
are associated. 

4. (a) No association. 
(b) Strong nonlinear association, possibly quadratic. 
(c) Nearly perfect negative linear association. 
(d) Strong positive linear association. 

(e) Moderate negative linear association. 

(f) No association. 
(g) Strong positive nonlinear association, possibly 

exponential. 
(h) Mostly strong positive linear association, but a cluster 

of outliers is a departure from the major pattern. 
(i) Very strong negative linear association with one outlier. 

5. (a) The best fit line is approximately y = —2.6x + 185 

    

0 20 40 60 80 X 

(b) The best fit line is approximately y = 4x + 12 

  
0 2 4 6 8 10 12X 
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6. 

Answers 

() 'The best it line is approximately y = 2x — 24 

  

0 20 30 40 50 60 70 ¥ 

] 
(a) Number of pages is the explanatory variable, hours to 

finish is the response variable. 
(b) Scatter diagram is shown. The association is strong, 

positive, and approximately linear. 
(¢) The best fit line is approximately t = 0.03n + 2.22 

10 (330,11.5) 

5{ 4 

0 
0 200 400 600 800 

Pages 

(d) The gradient of 0.03 indicates that each additional 
page adds about 0.03 hours to the reading time, or an 
additional 100 pages adds 3 hours. The t-intercept of 
222 indicates that a book with zero pages will take 2.22 
hours to read: this indicates the extra time it takes to 
get the book and find the last page and any other task 
that is not related to the number of pages. 

(e) About 16.3 hours. 
(a) The explanatory variable is mass. Scatter diagram 

shown. 

(b) M = 432,R = 1240 
(c) A possible best-fit line is shown 

1550 
  

1400 
g 
& 1250 
& 

1100 

950   

  

  
3234 36 38 40 42 44 46 48 50 52 54 56 

Mass       

(d) There appears to be a strong, positive, linear 
correlation. The gradient of the line is about 24, which 

indicates that metaboloic rate increases by about 24 
units for each additional kg in mass. 

(e) About 1160. 
(£) Kevin's mass is beyond the range of the observed data; 

we cannot predict his metabolic rate as it would be an 

extrapolation. 

562 

10. 

(a) and (c) are correct. 
(a) Number of items produced is the explanatory variable; 

production cost is the response variable. 
(b) Scatter diagram shown. 
(¢) Strong, positive, approximately linear, no outliers 

visible. 

(d) (42.4,61.1) 
(e) T    
  Pr

od
uc
ti
on
 

cos
t 

(t
ho
us
an
d 

GB
P)
 

3 2 

      20— 
0 10 20 30 40 50 60 70 80 

Number of items (thousands) 
(f) 88 thousand GBP 
(8) 1.0 (approximate); best fit is 0.966. This suggests that 

that the production cost increases by about 1000 GBP 
for each additional 1000 items produced. 

(h) 20 (approximate); this could be interpreted as the 
fixed costs to keep the factory operating. This is an 
extrapolation. 
Predicting production cost for 100 thousand items 
would be an extrapolation. 
Speed is the explanatory variable; temperature is the 
response variable. 

(b) The association is strong, positive, and approximately 
linear. 

(c) (55,75.9) 
() T 

@ 

@    
Pr

od
uc

ti
on

 
cos

t 
(t
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an

d 
GB
P)
 

o 3 

  
0 10 20 30 40 50 60 70 80 

Number of items (thousands) 
(e) About80kmh™! 
(f) About 0.9 (best fit is 0.882). This indicates that 

tire temperatures increase by about 0.9 °C for each 
additional km h ™. 

About 27 (best fit is 27.4). This suggests that the inital 
tire temperature before being driven was about 27 °C. 
‘This is an extrapolation. 
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(h) A prediction from a speed of 150 km h~! would be an 
extrapolation. 

Exercise 14.2 
1. Spearman’s r, measures the strength of a monotonic 

(continually increasing or decreasing) relationship. It is not 
sensitive to outliers. Pearson's r measures the strength of a 
linear relationship, and is sensitive to outliers. 

     

  

2. (a) r=—040 (b) r=—099 
(c) r=090 (d) r=—003 
(e) r=051 (f) r=-058 
(g) r=—095 (h) r=074 

3. (a) r=0967 

Ma
ss
 

lo
st
 
(%
) 

  

0 
0100 200 300 400 500 600 

Hours 

(b) ‘There is a strong positive correlation between hours in 
the acid bath and mass of metal lost. 

0 
0 50 100 150 200 250 300 350 400 450 500 550 600 650 

Number of pages 

(b) r=—0141 
(¢) No, the linear correlation is too weak for reliable 

predictions, as seen on the scatter plot and shown by 
the value of r. 

5. (a) r=056l 
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Accel     
  

(b) There is a moderate positive correlation between 
acceleration and fuel efficiency; as cars get slower the 
efficiency appears to increase. It appears to be only 
somewhat linear, which is supported by the value of r. 

(©) 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

        

cars comph | MPC b rank 

Mazda MX-5 Miata Club 8 15 
Honda Civic Si 2 15 
Fiat 124 Spider Lusso 6 3 
Mini Cooper $ 7 5 
Subaru BRZ Premium 4 5 
Toyota 86 4 5 
Volkswagen GTI Autobahn 9 75 
Ford Fiesta ST 2 75 
Fiat 500 Abarth 1 9 
Porsche 718 Boxster (base) 15 115 
Subaru Impreza WRX Premium 13 115 
Audi TT 2.0T (AT) 12 115 
Ford Focus ST 9 115 
BMW M235i 14 145 
Ford Mustang Premium (2.3T, AT) 11 145 
  

6. 

7, = 0.670; in general there is a moderate positive rank 
correlation between acceleration and fuel efficiency in 

MPG; as acceleration times increase MPG increases as 

well. Cars that accelerate slower are more efficient in 

general. 
Person's r measures the strength of a linear correlation. 
Since this data appears to be somewhat nonlinear, 
Spearman’s r, is a more appropriate measure since it 
measures the strength of the monotonic association. 

(a) r=—0.598 

(d) 

563 
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Accel       

There is a moderate negative linear correlation. As 
cars get slower, the L per 100km required decreases. 
‘The linear correlation is slightly stronger than in the 
previous exercise. By converting to L per 100km, we 
had to find the reciprocal of the units which may have 
made the association slightly more linear. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

(¢) The ranked data is shown below. 

Cas amee | oo 
rank 

Mazda MX-5 Miata Club 8 14.5 

Honda Civic Si 2 14.5 

Fiat 124 Spider Lusso 6 1% 

Mini Cooper S 7 11 
Subaru BRZ Premium 4 11 

Toyota 86 4 11 
Volkswagen GTI Autobahn 9 85 

Ford Fiesta ST 2 85 

Fiat 500 Abarth 1 7 

Porsche 718 Boxster (base) 15 45 

Subaru Impreza WRX Premium 13 4.5 

Audi TT 20T (AT) 12 45 

Ford Focus ST B 4.5 

BMW M235i 14 5 

Ford Mustang Premium (2.3T, AT) 11 15 
() 1, = —0.670; in general there is a moderate negative 

7. (a) 

564 

rank correlation between acceleration and fuel 

efficiency in L per 100 km; as acceleration times 
increase, L per 100 km decreases. Cars that accelerate 
slower are more efficient in general. The value of r, has 

the opposite sign from the previous exercises as the 
direction of correlation has reversed. 

r = 0.0852 

® ) 

(a) 

(b) ) 

(a) 

(b) 

(b) 

(© 

. (a) 

  

  

  

  

1400 
5 . 

= 1200 . . 
q 2 

1000 . 
1 

800 * 
2022 25 26 28 30 32 34 36 38 40 42 44 46 

Fat 

‘There is almost no association between fat and sodium 

for these menu items. 
r=0.940 

660 R 

    
2022 2526 28 30 32 34 36 38 40 42 44 46| 

Fat       
There is a very strong positive linear correlation 
between fat and calorie content for these menu items. 
‘While a has the strongest linear correlation, we should 
not make any conclusions without looking at a scatter 
diagram. It could be that the design of the experiment 
causes outliers in variable a which are causing the 
relatively strong linear correlation. 
‘Without knowing more about the nature and design 

of the experiment, we cannot conclude that changes 
in a cause changes in S. However, if lan deliberately 
‘manipulated the values of a and measured S, we may 
have strong evidence for causality (we would also need 
to suspect an underlying relationship between the two 
variables). 
r=0993 

    

005 1 15 2 25 

Windspeed 
‘There is a strong positive linear correlation between 
wind speed and RPM. 
The scatter diagram appears to have a slight curve to it 
and it is reasonable to suspect that the force applied by 
wind may be nonlinear. A logistic or power model may 
be more appropriate.



11. () The association appears moderate, negative, and ‘The association between the number of seats and fuel 

  

            

    

  

  

          

approximately linear. consumption is strong, positive, and approximately 
53 linear. There is one possible outlier but it appears to fit 

i the general trend. 
3.4 (b) F = 0.462n + 3.65. The fuel consumption increases by 

¢ |° 4 0.462 L min~" for each additional seat. The F-intercept 
&30 + of 3.95 could indcate fuel use beyond what is used to 

26 ° ! lift the weight of the seats. 
. s (¢) 166Lmin"! 
A 3 (d) The data appears to have a slight nonlinear form in 
R the scatter diagram. 1t would make sense that fuel 

e consumption would increase in a faster-than-linear 
rate as the limits of current technology are reached, so 

(b) r, = —0.533; there is a moderate negative rank alinear model may not be the most appropriate. 
correlation between GPA and hours worked. 4. (a) The scatter diagram shows a strong, positive, linear 

(¢) r= —0.461; since the form of the association is association. There is a possible outlier at (48, 37). 
approximately linear with no strong outliers, ris = T 
relatively close to r,. . 

12. (a) The association is generally negative, but is nonlinear - L 
with a possible quadratic form. . . 

5508 & se 
f: 9.804 * 7 . = . @9 s 
£ 9.500 a0 | 
o . 
% 20 45 55 65 75 85 95 105 115 

Tss '% 9.792 

.             

9.788 (b) E = 0.815(S) — 8.62. For each additional unit increase 
02 4 6 8 101214 16 18 20 in Training Stress Score, Relative Effort increases by 

Temperature 0.815 units. The E-intercept of —8.62 is not meaningful 

(b) r, = —0.643; there is a moderate negative rank in this context. 
(c) 403 correlation between temperature and the specific 

weight of water. 
(c) The form does not appear monotonic. 

) 48<=S=<112 
(e) Since the low outlier is the minimum value in the 

domain, if we remove the outlier we would need to 

  

  

  

            

Exercise 14.3 adjust the domain to 74 < $ < 112 and a prediction 
1. (a) L=0.00475h + 0.242. On average, each additional based on a Relative Effort of 60 would then become an 

hour increases mass loss by 0.00475%. The L intercept extrapolation. 
0f0.242 is not meaningful in this context (it is an (f) Without (48,37), the LSRL s E = 0.996(S) — 24.7 with 
extrapolation, and it suggests a mass loss of 0.242% for 0 R? = 0.756. The LSRL has changed significantly. 
hours). 5. (a) The scatter diagram shows a strong negative 

(b) k= 0.475% (c) 2.14% approximately linear association between change in 
(d) Although the model appears quite good, the LSRL we nonexercise activity and change in mass. 

generated should only be used to predict mass loss from 2.5 
hours in the acid bath. Using the model ‘in reverse . 
lowers our confidence in the prediction significantly. S . * 

2. (a) E= 185+ 16.4.On average, for each additional second o - 5 
in 0-60 mph time, fuel efficiency increases my 1.85 miles L = .o 
gal !, The E-intercept of 16.4 is not meaningful in this 1.5 . 
context; it is an extrapolation and a car would have to .l = 
have instantaneous acceleration to 60 mph! > 

(b) 26.9 miles gal . Since the correlation appears o 200 40 6o 
moderate (not strong), there may be other factors. Nea 

(c) 9 seconds is beyond the range of the observed value of - 
the explanatory variable; any prediction would be an (b) M = —0.00344N + 3.51. On average, for each additional 
extrapolation. 100 calories in change of NEA, change in mass decreases 

3 () by 0.344 kg. The M-intercept suggests that when NEA 
4000 does not change, mass will increase by 3.51 kg. 
2500 g (c) 2.822kg 
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Answers 

(d) A negative change in NEA suggests that the individual 

(e) 
() 

(b) 

(© 

(4 
(e) 

(f 

(g 

566 

did less nonexercise activity after being overfed. 
—94=N=690 

‘The change in mass for N = 1100 would be negative, 
suggesting that the person was able to lose weight by 
eating more! 
Production Rate is the explanatory variable; Defects is 
the response variable. 
‘There appears to be a weak positive association between 
production rate and defects. However, an outlier at 
(300,40) may be affecting the strength of the association. 
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Production rate       

D = 0.0479R + 5.67; the number of defects increases 

by about 5 for each 100 unit increase in production 
rate. The D-intercept of 5.67 is not meaningful in this 
context. 
r = 0.295; there is a weak positive linear correlation. 

‘The low value of r suggests that there are likely to be 
other factors determining the variation in the number 
of defects. It is better to try to find other factors instead. 

  

          

‘There appears to be a moderate positive approximately 
linear association between production rate and defects. 

o . 
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16 
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300 320 340 360 380 400 420 440 460) 
Production rate 

D = 0.113R — 21.3; The number of defects increases 

  

by about 11 for each 100 unit increase in production 
rate. The D-intercept of —21.3 is not meaningful in this 
context. 
7= 0.794; there is a moderately strong positive linear 
correlation between defect and production rate. 
‘The production rate appears to be correlated to the 
number of defects. Lower production rates should be 

attempted and further data can then be recorded. 
It is OK to remove the outlier to investigate how 
influential it is. However, we must be careful to not 

put too much confidence in our predictions and 
recommendations using the revised data. Instead, we 
must investigate the outlier and see what caused it: was 
it a particularly unskilled worker? Mis-entered data? 
A power failure during production or other failure? 

Something else? If there are no unusual causes for the 

outlier, we should not remove it in our final analysis. 

(a) There is a strong positive association between year and 
millions of active monthly users. The form appears 
nonlinear or piecewise linear. 

(b) Suitable domains wouldbe 0 < y < 5and 5=y <8 
(a) Temperature is the explanatory variable, butterfat is the 

response variable. 
(b) The association appears to be negative and moderate 

and approximately linear. 
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2 4 6 8 10 12 14 16 18 20 

Temperature (°C) 
‘There is a gap in the data; why are there no data values 
for temperatures in the interval 8 < T < 137 We 
should proceed with caution. 
The LSRL is F = —0.0216T + 4.94. The butterfat 

content decreases by 0.02% for each increase of 1°C. 
The F-intercept of 4.94 indicates that at a temperature 
of 0°C, we predict that the butterfat content would be 
4.94% - beware, this is an extrapolation. 

(d) r = —0.564; there is a moderate negative linear 
correlation between butterfat and temperature. 
Correlation is not causation: while temperature 
and butterfat may have a moderate correlation, we 
cannot claim that lowering the temperature will cause 
increased butterfat content. Further research is needed; 
an investment in a climate-controlled barn may be an 
expensive experiment. 

(© 

(@ 

Chapter 14 Practice questions 
1. (a) The value of rin the interval —1 <r =<1, 

(b) If the association is negative, the value of r must be 
negative. 

(¢) Iflife expectancy increases as body mass increases, 
then r, must be positive. 

(d) 'The gradient in the LSRL is negative, but  is positive. 
(a) 0 ®) —1 (© +1 (d) +1 
(e) 0 ® -1 
(a) The scatter diagram shows an strong, negative, 

approximately linear association, with r = —0.984.
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(b) In(D) = —1.25¢ + 0.719 
(a) The scatter diagram shows a nearly perfect, positive 

linear correlation with r = 1.00 
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(b) M = 9.30T + 5.20. For each additional minute in 
5km time, we estimate an additional 9.3 minutes 
in marathon time. The M intercept of 5.20 is not 
meaningful in this context. 

(c) 191 minutes 

  

(d (i) 'The slope gradient be@ = 844minmin-! 
(i) 'The model gradient from part (b) is 10% more 

than this theoretical gradient. 
(iii) We see that, on average, runners’ pace is about 

10% slower on a marathon than on a 5km run. 

(a) There is a very strong, positive, linear correlation 
between leaf width and length, with r = 0.997. 
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(b) L =2.15W + 6.85. For each additional mm in width, 

we estimate an additional 2.15 mm in length. The L 

intercept of 6.85 is not meaningful in this context. 
(€ 3=wW=52 
(d) 108 mm 
(e) 60 mm is outside the domain for our model and it 

would be an extrapolation. 
(a) There appears to be a strong relationship, perhaps 

quadratic, it is initially negative and then positive. 
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(b) 'The data does not appear to have a linear relationship. 
(c) The data does not appear to be monotonic. 
No, the study was observational and so did not control 
alcohol intake and then observe responses. There may be 
other factors that are linked with alcohol intake that reduce 
the risk of cardiovascular disease. 
(a) There appears to be a strong, positive, nonlinear 

correlation. 
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Speed 

(b) Spearmans r, is a better measure since the data is 
nonlinear but approximately monotonic. Spearman’s 

0.950; there is a very strong positive correlation 
between speed and fuel consumption ranks. 
, 

  

@ ‘There is a positive association. It appears somewhat 
nonlinear. There appears to be an outlier at (17, 2550) - 
the common swift. 
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Length       
‘There is one outlier (common swift). Assuming the 
data is correct, we cannot justify removing this data 
point simply because it doesn't ‘fit” 
7 = 0.620 There is a moderate positive linear 

body length and flying speed. 
0.820 There is a strong positive rank correlation 

between body length and flying speed. 

correlation betwex 

    

. 

The data appears to have a slight nonlinear curve, so 
Spearmaris r, is more appropriate. However, the data is 
approximately linear so tis is also acceptable to measure 
the strength of the linear association with Pearson’s r. 

‘There appears to be a strong, positive association, 
approximately linear but with some evidence of an 
nonlinear association, with no outliers. 
  

390 o 

? 3360 

330 .     
1955 1965 1975 1985 1995 2005 2015 

Year     

1= 0.991, there is a strong positive linear correlation 
between year and CO, concentration. 
  

  

Year 0 [10]20]30]40]50]57]s8 
o, 
concentration |320| 328 | 341 | 356| 372 | 392 | 409 | 411 
(ppm)                       

(i) r=0.991, there is a strong positive linear 
correlation between years since 1960 and CO, 

concentration. The correlation coefficient has not 

changed by subtracting 1960 from each date value. 
C = 162y + 313. The slope of 1.62 ppm year~! 
indicates that CO, concentration is increasing by 
1.62 ppm for each additional year. The intercept of 
313 indicates the ppreedicted CO, concentration 
in 1960. 

(iii) Years from 1960 to 2018 

(iv) 386 ppm 
(v) 'The year 2050 is beyond the range of the observed 

data; it would be an extrapolation. 
‘There appears to be a nearly perfect positive linear 

(ii) 

  

association between temperature and solubility of 
NaNO,. 

(b) 
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(c) 
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(e) 
(f) 
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7 = 0.999, There is a nearly perfect positive linear 
association between temperature and solubility of 
NaNO,. 
S = 0.872T + 67.5. The gradient of 0.872 g per 100 ml 
per °C indicates that for each additional °C, we expect 
an additional 0.872 g per 100 ml can be dissolved. The 
S-intercept of 67.5 indicates that at 0 °C, we expect 
solubility of 67.5 g per 100 ml. 
At T = 25°C, we expect solubility of S 
100 ml. 

95°C is beyond the range of observed data; it would be 
an extrapolation. 
We should not use this model to predict temperature 
from solubility. (Also we do not know if the solution 

given has the maximum amount of NaNO, dissolved 
for that temperature.) 

‘The appears to be a very strong negative linear 

  

=893 g per 

correlation between time and velocity. 
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7= —0.998. There is an almost perfect negative linear 
correlation between time and velocity. 
Wt) = —1040t + 7.87 

The gradient of —1040 cm s~2 indicates that for each 

additional second, velocity changes by —1040 cm s, 
‘The intercept of 7.87 suggests that the object was 
moving upward at 7.87 cms~! at the start of the 
experiment. 
—148cmsec ! 

  

‘The rate of change of velocity predicted by this 
experiment is —1040 cm s~ 2. This is greater that the 
possible acceleration due to gravity; most likely there 
are errors in measurement.



A 
absolute maximum 329-31,352 
absolute minimum 329-31 
acceleration 40,156,181, 508-9 
accuracy 172,341 

diagrams 344,345 
measurements 5-12 
rounding a number 2-5,6,102 

acute angles 100-5, 106,109 
addition 20-1,43,45 

see also series 
addition rule 

general probability 271-2, 281 
mutually exclusive events 264-5, 272, 274 

algebra basics 4-5, 12-26, 5067, 516-17 
algebraic relationships 344, 345-7, 349,351 
algebraic/analytic methods 

‘domain and range of functions 41-2 
exponential models 175-6 
intersecting lines 97,151 
quadratic functions 157-8, 159, 313 
systems of equations 356, 338-9 

algorithms 131-6 
alpha level 442 
alternative hypothesis 436,437-8 
goodness of fit 448 
independence test 4514 
population mean 439 
2-sample t-test 442-6 

amortisation 77-9 
amplitude 187, 189,190,191 
angle of depression 103 
angle of elevation 103 
angles 100-13,117 

centre of acircle 127-9 
non-right-angled triangles 105-13 
right-angled triangles 100-5 

annual compound interest 61-2 
annuities 75-7 
anti-derivatives 364-74 

with boundary conditions 3701 
definite integrals 375-9 

anti-differentiation 364-74 
see also integration 

applied mathematics 507-11 
approximations 25, 8-9, 304 

areaundera curve 385-91 
normal distribution 423,425 

arclength 127-9 
area 4-5,6-7 

approximating 4-5, 385-91 
enclosed by curves 381-3 
histogram bars 403, 415-16 

irregular shapes 382-3 
optimisation 351-2 
ofsector 126-7,128-9 
surface area 40, 114-19 

of trapeziums 381, 386-91 
of triangles 92-3,102, 107,116,117, 380 
under curve 364-5,379-91 
under normal distribution_424-6 
under probability density function 422-3, 

444 

  

under velocity-time graph 3645, 379 
arithmetic sequences 55-9 
arithmetic series 713, 79-82 
associated variables 4636, 468 

quantifying association 472-82 
asymptotes 42,467,177 
average rate of change 301, 302-3, 306, 331 
axis of symmetry 156-7 

B 
bargraphs 219 

Index 

base (of logarithms) 22 
base (of powers) 12-19 
bearings 102-3,110-11 
beauty 520-3 
best fit, line of 466-8, 46972 

bestfit linear models 483-9 
bimodal data 235 
binomial coefficient 413,414 
binomial distribution 412-20 
binomial experiments 412-14 
binomial probability model 415 
bivariate analysis 462-94 

correlation 468, 472-82, 484 
describing association 462-6 
estimating line of best fit 466-8, 46972 
explanatory variables 462-3, 464, 468, 473, 

477,484 
linear regression 483-9 
outliers 464-5, 474-5, 4789 
response variables 462-3, 464, 468, 477, 

484 
scatter diagrams 46276, 479-82 

boundary conditions 370-1 
bounds 5-8, 381-3 
box plots 23841, 244 
bridges, modelling 160-1 

c 
caleulus 298,375 

see also differential calculus; integration 
cardinality 504 
causal relationship 468 
cells 130-6 
central angle 127-9 
central tendency, measures of 231-5,243-8 

chance experiments 397 
chance variable see random variables 
changing the subject 28-9 
chess 169-71, 518 
chi-squared distribution 44951, 4534 
chi-squared statistic 44951 
chi-squared tests 448-56 
goodness of fit 448-51 
of independence 451-4 

circles 126-9,137-8, 351-2 
classes 220-1, 223,224 
coin flipping 255,256,257, 262-3, 264 

binomial experiments 413 
probability distribution 407-8 

combined events 271-82, 283-9 
common difference 55 
common logarithm 22 
common ratio 59-60 
complement rule (probability) 264,265,273 
compound interest 614, 66-8, 75-7, 80-2 
concavity 156-7, 159,313 
conditional probability 274-80 
cones 114-15 
constant of integration 366, 367, 368-9 
constant rate of change 147-56 
constant of variation 1812, 184 
constant velocity 364-6 
constructivism 512-13,524-5 

contingency table 4524 
continuous change 298 

continuous distributions 421-31 
continuous random variables 398, 408, 421-3 

normal distribution 423-31 
continuous variables 210 
convenience sampling 215 
coordinate geometry 92-9 
coordinates 340-1 

intersection points 34, 46-7,97-8, 382, 383 
inverse functions 46 

mean point 466-7 
midpoint of aline 95-6 
points on straight line 31-3 
stationary points 327-31 
Voronoi diagrams 130-1, 137,138 

correlation 468, 472-82, 484 
correlation coefficients 472-82 
cosine 100-5, 189 
cosine graph 189 
cosine model 189, 190-2 
cosinerule 108-11,112-13,117 

cost models 146, 3334 
direct variation 182 
inverse variation 1834 
linear models 147-53, 1556, 4834 
marginal costs 371-2 
optimisation 343 
revenue 156,162 

counterfactuals 505 
counting 504 
coupled differential equations 509 
critical region 440, 444, 450, 452 
critical values 444, 449, 450, 452 
cube root function 45 
cube (solid) 40 
cubic equations 5067 
cubic functions 318 
cubic models 164-9, 197,198 
cubing function 45 
cuboids 114 

cumulative change 371-2 
cumulative distribution function 402-3, 

416-17 
cumulative frequency distribution 221-2 
cumulative frequency graph (polygon) 224-30, 

240 
cumulative probability 417, 426-7 
cylinders 114,115-16 

D 
data 209-18 

changing by a constant 244-5 
collecting 210-16,256 
displaying distributions 218-30 
grouped 219-22, 2434 
ranked 237-41,476-9 
shape of 197,223 
summary measures 231-48 
types of variables 209-10 
ungrouped 219-20,221-2, 2434 
unusual features 464-5 

dataset 209-10,231-48 
De Morgan's laws 258 
death rates 282-3, 509 
decision rule 440,445, 447,450, 452 
decreasing functions 312-16, 326-36, 477 
definite integrals 37585, 387-91 
degrees (angles) 100 
degrees of freedom 449, 450,454 
dependent variables 39-40, 309 

bivariate analysis 462-3 
linear models 147, 148,149 
quadratic models 156 

depreciation 64-5, 174,177,476 
derivatives 309-12 

and anti-derivatives 364-74 
cubic functions 318 
first derivative test_326-36, 344-5, 372 
functions of form flx) = ax' 317-22 
interpreting 312-16, 332 

linear functions 317 
numerical derivatives 317-19, 332, 339-41, 

350,351-2 
polynomial functions 317, 319-20 

569



Index 

quadratic functions 317-18 
sign of 312,326-7,328-9 
ofasum/difference 319-20 

descriptive statistics 208-52 
data 209-18 
exploratory data analysis 218-30 
graphical representation 218-30 
grouped|ungrouped data 219-22,243-4 
‘measures of centre 231-5, 243-8 
‘measures of spread 236-48 
populations and samples 210-12,223 
sampling 212-16 
statistic defined 211 
variables 209-10,218-19,222 

dice rolling 257,263, 265-6, 401-2 
two-dice experiment 258-9, 397, 400 

differential calculus 298-324, 326-62 
average rate of change 301, 302-3, 306, 331 
differentiation 317-22 
finding equations of normals 336-7, 339~ 

40 
finding equations of tangents 3643 
finding maxima/minima 326-36, 343-55 
instantaneous rate of change 301-9, 331 
limits 298-301 
optimisation problems 343-55 
power rule 317-22, 367-8 
sum and difference rule 319-20 
see also derivatives 

differential equations 509 
differentiation 317-22 
Dirac’s equation of the electron 522 
direct variation models 164-5, 181-3, 185-7, 

197,198 
direction (scatter diagrams) 464, 465-6, 

472-82 
discrete distributions 399-402, 407-8, 412-20 
discrete random variables 398, 408 

binomial distribution 412-20 
discrete variables 210 
disjoint events see mutually exclusive events 
displacement 156, 335-6, 364 
distance 93-4,301-2,485 

between two points 94 
from classroom door 298-300 
from Earth 184-5 
optimisation problems 346-7, 349-50 
in three dimensions 93 

distance formula 94,138 
distance travelled 364-7, 379, 389-90, 508-9 

by planes 127-8 
falling objects 74-5,181-2, 369-70, 375 
taxis 148-9, 156 

distance-time graphs 302-3, 304-5 
domain (function) 38-9,40-2 

endpoints 329, 330, 331, 350-2 
inverse functions 45-7 
limited 329 

domain (model) 152, 157-9,165-7,192, 351, 
4834 

domain (relation) 38-9 
drunk drivers 280-1,283 
dual key cryptography 511 

E 
e (number) 175-6 
edges (Voronoi diagrams) 130-6 
Einstein’s field equations 522 
elimination method 35 
empirical rule 424-5 
endpoints 329, 330, 331, 350-2 
equally likely outcomes 262-3, 2656 
equation of aline 29-36,96-8 

linear model 467-8 

570 

tangents/normals 336-43 
equations 28-37, 5067, 521-3 

and graphs 29-33,34 
numerical solver (GDC function) 173,174, 

176,377 
quadratic 29, 328,330, 521 
simultaneous 33-7, 338-9 
solution sets 28, 29-30 

errors 2-12,102 
hypothesis testing 440,441 
percentage error 8-9, 388-9 
sampling error 213,437 

estimations 2-5,10-12, 64,127-8 
from samples 211 
from Voronoi diagrams 136-7 
gradient 304-6,468 
see also approximations 

even numbers 516-18, 519-20 
events 255-62 

combined 271-82,283-9 
definitions 257,259 
equally likely outcomes 262-3, 2656 
independence of 272-4,280-2,453-4 
intersection 271-2, 273,277-80 
mutually exclusive 264-5, 2734, 412-13 
probability of 262-89, 407-8 
union 271-2,273 

exact values 8-9,103—4 
expected frequencies 449, 450, 4534 
expected values 403-7,409-11 

binomial distribution 415 
chi-squared distribution 449,450, 453-4 

experiments 255, 25662, 397 
binomial 412-14 

explanatory variables 462-3, 464, 468, 473, 
477,484 

explicit definitions 534, 55-6, 59-60 
exploratory data analysis 218-30 
exponential decay 173-7 
exponential expressions 12-19 
exponential growth 169-73,177 
exponential models 169-81,197, 198 

developing 171-3 
general form 173 
graphical interpretation 177 
interpreting 174-7 

exponents 12-26 
basee 175-6 
differentiation 317-22 
integration 366-7 
laws 12-19,20-1 
and logarithms 22-3 
scientific notation 19-22 

extrapolation 200-1, 484 
extrema 326-36 

optimisation problems 344-5,346, 347, 
348,352 

F 
falling objects 156,181-2, 310 

quadratic models 157-8 
skydiver 369-70, 375 
stoneinawell 508-9 

Fermat's conjecture 507 
Fibonacci sequence 515,521 

finite sequences 53 
first derivative test 326-36, 344-5, 372 
five-number summary 238-41,243 
flow rate 385-6 
form (scatter diagrams) 463, 465-6,474-6 
Formalism 513 
formulae 28-9, 94,114, 401-2 
fractions 14-16,18, 515-16 
frequency distributions 219-30 

frequency graph (polygon) 224,240 
frequency histograms 222-3,225-6 
functions 38-50 

adding/subtracting 43 
anti-derivatives 364-75 
area under 364-5,379-91 
defining 3840 
derivatives 317-22 
domain see domain (function) 
graphical analysis 38-9, 41-3 
increasing/decreasing 312-16,326-36,477 
intersection points 382, 383 
inverse 45-8 
limits 299-301 
range 38,39, 41-2,45-7 
and Voronoi diagrams 136 
See also specific types of function 

fundamental theorem of calculus 375 
future value 62-4,75-7 

G 
general anti-derivative 366-9, 371,372-3 
‘general form exponential model 173 
general form of aline 30-1 
‘geometric sequences 59-68 
‘geometric series 74-82,299-300 
geometry 120-4,126-44 

area under a function 380-1 
circles 126-9 
coordinate geometry 92-9 
of nature 514-15 
surface area and volume 114-19 

golden ratio 515, 521 
goodness of fit test 44851 
gradient 30-3,96-9, 302-6 

linear models 147, 483,485 
normals 337 
piecewise linear models 485 
positive/negative 312,326 
and rate of change 301-6 
tangents 3036, 336-8, 340 

gradient function sce derivatives 
gradient-intercept form 30-2 
graphical analysis 38-9, 41-3,312-13 

finding derivatives 317-19 
finding extrema 326, 3324, 346, 347 
inverse functions 46-7 
models 158, 159-60, 177,191,192 
sinefcosine graphs 187-9 
systems of equations 34 

graphical display calculator (GDC) 
accuracy 172,341 
amortisation 77-8 
analysing functions 41,42, 314, 347 
binomial distribution 414, 416-17 
box plots 240,241, 244 
chisquared test 452,453 
compound interest 62-3,76-7 
correlation coefficients 472, 474,476,477 

definite integrals 376-7, 382-3 
descriptive statistics 233,238, 239, 241, 

243,244 
finding derivatives 332, 339-41 
finding extrema 330,332-4 
finding intersections 46-7, 340, 382-3 
frequency graphs 224 
graphing derivatives 317-19, 3324 
histograms 223 
interpreting derivatives 313,314 
Intersection tool 192, 340 
invNorm 426-7 
linear regression 483-5 
model analysis 158, 159-60, 161, 167, 

172-3,192



normal distribution 425-7 
numerical derivatives 317-19, 332, 339— 

41,350,351-2 
numerical solver 173,174, 176,377 
optimisation problems 347, 350, 351-2 
random variables 406-7 
sequences 54,60 
solving equations 34-5,36,172-3,330 
solving systems of equations 34-5, 36 
ttests 442, 443, 444-5, 446 
Trace tool 158,352 
trapezoidal rule 389-90 
trigonometric models 192 
viewing window 160, 161,167,173 
Zero tool 340,347, 350, 382 
zoom features 160,161,167 

graphs 29-33,34,197,314 
cumulative frequency 224-30, 240 
distance-time graphs 302-3, 304-5 
inverse functions 46-7 
linear models 147, 149-50, 151 

of relations 38-9 
sequences 60 
trigonometric functions 187-9 
velocity-time graphs 364-5, 379, 389-90 
see also scatter diagrams 

gravity 40,156, 181, 198, 508-9 
see also falling objects 

grouped data 219-22,243-4 

H 
half-life 177 
hemispheres 114,115-16 
histograms 222-3, 2256, 227,229 
probability distributions 399401, 403, 

415-16 
relative frequency 223,421 
shape 223,235 

horizontal asymptotes 42,47, 177 
Humanism 512-13 
hypothesis testing 436-47 

chi-squared distribution 450-1 
comparing means of two populations 

4426 
goodness of fit 448-51 
of independence 451-4 
ttests 442-6 
terminology 445 
using critical values 444, 449, 450, 452 
using p-values 4406, 450, 451-3 

1 
identities 28,122 
increasing functions 312-16, 326-36, 477 
incremental insertion algorithm 1316 
independent events 2724, 280-2, 407-8, 453 
independent variables 39-40, 309 

bivariate analysis 4623 
linear models 147, 148-9 
optimisation problems 345-6 
quadratic models 156 
range 200-1 
test for independence 4514 

index of summation 69-71 
individuals 209 
inferential statistics 210 

see also statistical analysis 
infinite sequences 53,68 
infinite series 68 
infinite sets 519-20 
inspection, integration by 365-7 
instantaneous rate of change 301-9, 331 
insurance 282-3,404-5 
integration 364-94 

Index 

asanti-differentiation 364-74 
area undera function 364-5, 379-85 
boundary conditions 370-1 
by inspection 365-7 
constant of 366, 367, 368-9 

definite integrals 375-85,387-91 
finding areas 381-5 
fundamental theorem of calculus 375 
kinematics problems  364-7, 369-70, 

373-5,379 
limits 375-7,381-3 
notation 365,367, 368, 375 
trapezoidal rule 387-91 

interest 57,614, 66-8, 757, 80-2 
interior angles 101,102, 103, 107-9 
internal assessment 495-501 
interpolation 200-1 
interquartile range (IQR) 237-41, 2445, 

247-8,427 
intersecting lines 34,96-8 
intersection (of events) 271-2,273,277-80 
intersection points 34, 96-8 

functions 46-7, 340, 382, 383 
models 151,192 

Intersection tool 192, 340 
inverse functions 45-8 
inverse normal distribution 426-7 
inverse trigonometric ratios 101 
inverse variation models 181, 183-6, 197,198 
investments 61-4, 66-8, 757, 80, 81-2 
invNorm 426-7 
irrational numbers 5 

irregular shapes 382-3 

J 
joint probability table 276 

K 
kinematics problems 302-5, 310, 331, 389-91 

integration 364-7, 369-70, 373-5,379 

L 
largest empty circle (LEC) 137-8 
least-squares regression line 483-9 
level of significance 440, 442, 444 
life insurance 282-3 

light bulbs 416-17, 43840, 441 
limits 298-301 

integration 375-7, 381-2 
series 69-71 

line of best fit 466-8, 46972 
line segments 936, 130-6, 338 
linear correlation 468, 472-5, 477 
linear equations 29-37, 338-9 
linear functions 56,317, 477 

gradient 301,304,312 
linear models 147-56,197,198 

developing and testing 14751 
finding best-fit 466-8, 483-9 
interpreting and evaluating 151-2 
limitations 149, 151-2 
piecewise 152-3, 484-6 
revising 148-9 

linear regression 483-9 
linear scatter diagrams 463 
lines 29-36,96-8,337 

see also equation of a line 
loans see amortisation 
local maxima 3267, 328-31,332, 333 

optimisation problems 344-5,352 
local minima 326-7, 328-31, 333,352 
logarithms 22-3,175-6 
Lotka-Volterra model 509-10 
lower bounds 329, 330 

lower tail test 439,443 

M 
mappings 38,45, 504, 519-20 
‘marginal costs 371-2 
marginal probabilities 276 
‘mathematical exploration 495-501 
maximum values 3267, 328-34 

optimisation problems 166-7, 3435, 
351 

quadratic functions 157-9 
Maxwell's equations 522 
mean 231-2, 233,235,236, 242-8 

binomial distribution 415 
grouped data 2434 
normal distribution 424-6 
and outliers 232,234 
random variables see expected values 
sample mean 437,438, 439-42 
see also population mean 

mean point 466-8 
measurements 5-12 
‘measures of centre 231-5,243-8 
measures of spread 236-48 
median 231,232-4,235,244-8 

ranked data 23741 
midpoint (class) 220-1,223,224 
midpoint (line segment) 95,131 
minimum values 326-31, 3334, 372 

optimisation problems  346-50, 352 
quadratic functions 157 

mobile phones 130, 476 
access codes 264-5, 403 

call costs 152-3, 182 
perhousehold 396-7, 399, 402, 404, 405 

mode 231,234-5, 246 
modelling 146-206, 507-11 

assumptions 5089, 510 
best-fit models 466-8, 483-9 
costs see cost models 
direct/inverse variation 164-5, 181-7,197, 

extrapolation 200-1, 484 
graphs 197 
interpolation 200-1 
interpretation 151-2,174-7 
linear regression 483-9 
model choice 146, 196-9, 344, 345, 483 
model development 147-51,159, 160-1, 

165-7,171-3,190-2 
model limitations 149, 151-2 
model revision 148-9 
optimal solutions 165-7, 343-55 
periodic phenomena 187,190-2, 198 
piecewise models 152-3, 484-6 
population see population models 
predictions 149-52, 171-3,200-1, 4834, 

485 
sales see sales models 
testingfevaluation 147-52,198-9 
types of model 146-7 
see also specific types of model 

monotonic functions 477 
multimodal data 235 
multiplication 1314, 201 
multiplication rule (probability) 2724, 277, 

280-2 
mutually exclusive events 264-5, 2734, 

412-13 

N 
natural kinds 503 
natural logarithm 22,175-6 
nearest-neighbour interpolation 136-7 
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Index 

negative exponents 16-17 
negative gradient 312,326 
negative skew 235 
net 116 
non-linear association 474,475, 476-9 

non-linear scatter diagrams 463 
non-monotonic functions 477 
non-random sampling 213, 215-16 
nonprobability sampling 213, 215-16 
normal distribution 423-31,445-6 
normal random variable 424 
normals 336-7, 339-40 
notation 515-16 

derivatives 309,365 
functions 39, 44,45, 153,309 
integration 365, 367, 368, 375 
line segments 93 
probability 256,258 

probability distributions 399, 400,402, 414 
random variables 397, 402 
scientific notation 19-22,159 
sequences 52,53 
sigma notation 6971 

nth partial sum 72-3, 74-5 
nth term of a sequence 536, 60 

null hypothesis 436,437-8 
goodness of it test 448, 44951 
independence test 4514 
and p-values 440-2 
population mean 439 
2-sample t-test 442-6 

number line 6,29, 398 
numbers 503-5 

and beauty 520-3 
number theory 510-11 
oddfeven 516-18,519-20 
primes 511,514 
rounding 2-5,6,102 
standard form 19-22 

numerical derivatives 317-19, 332, 339-41, 
350,351-2 

numerical solver 173,174, 176,377 

o 
observed significance 442 
obtuse angles 105-7, 109-11 
odd numbers 516-18 
ogives see cumulative frequency graph 

(polygon) 
one-to-one correspondence 504, 519-20 
one-to-one functions 46 

optimisation problems 1657, 343-55 
steps for solving 3436 

ordered pairs 29,30, 38-9, 46, 397 
ordinal property 504 
outcomes 2567, 262-3, 2656 
outliers 239, 240, 246-7 

and correlation coefficients 474, 478 
disregarding 474-5 
and mean 232,234 
and median 234 
and range 236, 241 
scatter diagrams 464-5, 474-5, 478 

and standard deviation 243 

P 
p-values 440-6,450,451-3 
parabolas 156-7, 159, 328 
parallel lines 32,96 
partial sums 68-75,76 
patterns 502, 503, 511 
Pearson’s product-moment correlation 

coefficient 472-5,476,477-82 
pendulums 39-40 

BI2 

percentage error 8-9, 388-9 
percentiles 225-6,426 
period 188,189,190 
periodic phenomena 187, 190-2, 198 
perpendicular bisectors 96, 130-6 

perpendicular lines 32-3,96, 337 
phase space diagram 510 
piecewise functions 153 
piecewise linear models 152-3,484-6 
Platonism_513, 514-15, 524-5 
point-gradient form of aline 30,31,32-3 
points on a straight line 31-3 
polynomial equations 330, 506-7 
polynomial functions 317, 319-20 
pooled 2-sample t-test 442-6 
population mean 232, 4037, 409-11 

comparing two 442-6 
hypothesis testing 43647 

population models 64 
exponential 171-3,177,198 
graphical interpretation 177 
prey-predator dynamics 509-10 

rate of change 305-6, 313-14 
sequences 64 

population parameters 211, 403 
hypothesis testing 437-47, 451 
mean sec population mean 
standard deviation 242, 4057, 40911 
variance 242, 405-6 

population (statistics) 210-12 
comparing 442-6 
sampling methods 212-16 
subgroups 214, 215-16 
see also statistical analysis 

position function 331, 365-7, 369-70, 375 
positive gradient 312,326 

positive skew 223,235 
power functions 317-22 
power rule 317-22, 367-8 
powers (of real number) 12-22 
practice questions 

algebra/number basics 23-6 
bivariate analysis 489-94 

descriptive statistics 249-52 
differential calculus 3224, 355-62 
functions 48-50 
geometry|trigonometry 1204, 142-4 
integral calculus 3924 
modelling real-life 202-6 
probability 2906, 4314 
sequences and series 82-90 
statistical analysis 45760 

predictions 200-1, 468 
exponential models 171-3 
linear models 149-52, 484 
linear regression models 4834, 485 

prey-predator population dynamics 50910 
prime numbers 511, 514 
principal (investment) 624 
principal axis 188, 189,190, 191 
prisms 114,116 
probability 254-96, 523 

applications 282-3 
assigning 262-71 
combined events 271-82, 283-9 
conditional probability 274-80 
definitions 255-8,259 
equally likely outcomes 262-3, 2656 
independent events 272-4, 280-2, 407-8, 

453 
mutually exclusive events 264-5, 2734, 

412-13 
operations with events 271-89 
p-values 440-2 

random events 255-62 
relative frequency theory 262,263 
rules 263-5,271-2, 273,274,277 
sequential model 265-6 
and set theory 257-8 
tree diagrams 258,277,279 
two-dimensional grids 258-9, 265-6 
Venn diagrams 257, 271,272,278, 281 

probability density function 422-3, 444 
probability distribution function 399400, 414 
probability distributions 254, 396434 

binomial distribution 412-20 
continuous distributions 421-31 
cumulative distribution function 402-3, 

416-17 
discrete 399402, 407-8, 412-20 
expected values 4037, 409-11 
formula 401-2 
histograms 399401, 403, 415-16 
inverse normal distribution 426-7 
normal distribution 423-31 
tables 399401 
variance/standard deviation 405-7,409-11 

probability models 256, 265-6, 404, 415 
probability sampling 213-15 

probability tables 258 
proof 507,517-19 
proportion 521 
pure mathematics 5067, 510-11 
pyramids 114,117 
Pythagorean theorem 5,924,109, 117, 346 

quadratic equations 29,328, 330, 521 
quadratic formula 157,158 
quadratic functions 156-64, 313 

derivatives 317-18 
quadratic models 156-64,197, 198,199 
quadratic regression 161 
qualitative variables 210, 219,222 
quantitative variables 210, 219-30 
quartiles 236-41, 244-5, 247-8,427 
quota sampling 215-16 
quotients 14-16, 18 

R 
random events 255-62 
random experiments 255, 256, 397 
random number generator 213 
random sampling 213-15 
random variables 254, 396-411 

binomial distribution 412-20 
continuous distributions 421-31 
cumulative distribution function 402-3, 

416-17 
definition and notation 396-8 
discrete distributions 399-403, 407-8, 

412-20 
discrete/continuous 398, 408 
expected values 4037, 409-11 
normal distribution 423-31 
probability density functions 422-3,444 
probability distribution function 399-400, 

414 
standard deviation 405-7,409-11 
variance 405-6 

range (data) 200-1, 236,241, 246 
interquartile range (IQR) 237-41,244-5, 

247-8,427 
range (function) 38, 39, 41-2 

inverse functions 45-7 
range (model) 157-9,192,200-1 
range (relation) 38-9 

rank-order correlation 476-82



ranked data 237-41,476-9 
rate of change 298 

average 301, 302-3, 306, 331 
constant 147-56 
instantaneous 301-9, 331 
linear functions 301, 304 

linear variation 15664 
and model choice 197 
population 3056, 313-14 
total change 371-2 
varies by constant factor 169-81 

rational exponents 16-17 
rectangles 380 
recursive definitions 534 
rejection region 440, 444, 450, 452 
relations 3845 
relative cumulative frequency 221-2,225-6 
relative frequency 221-2,262-3, 421 
relative frequency density 422 
relative frequency distribution 219,221-2, 

397,399,403, 421 
relative frequency histogram 223,421 
relative frequency polygon 421-2 
residual value 174,177 
residuals 450 
resistant measure of centre 232 
response variables 462-3, 464, 468, 477, 484 
revenue models 156,159,162, 1634 
rice ona chessboard 16971 

right circular cones 114-15 
right-angled triangles 924, 100-5 
roots (of equations) 28 
roots (of a number) 5,17, 41,45-6 
rounding a number 2-5,6,102 

s 
sales models 3334 

linear 151-2,155-6 
revenue 156,159, 162, 1634 

sample mean 437,438, 439-42 
sample space 256-62, 263 

conditional probability 275-6,278,279 
two-dice experiment 258-9, 397 

sample variance 242-3 
samples 210-12,223 
sampling 212-16 

sampling cycle 214-15 
sampling errors 213,437 
scatter diagrams 462-72 

correlation 472,473-6,479-82 
line of best fit 466-8 
outliers 464-5,474-5,478 

scientific notation 19-22,159 
secantlines 302-3, 306 
sectorarea 1267, 128-9 
semicircles 381 
sequences 52-5,82-90, 511 

arithmetic 55-9 
compound interest 614, 66-8 
depreciation 64-5 
Fibonacci sequence 515,521 
finitefinfinite 53 
geometric 59-68 
nthterm 536, 60 
population growth 64 
and series 68-9 

sequential probability model 265-6 
series 68-90 

applications 75-9 
arithmetic 71-3,79-82 
compound interest 75-7, 80-2 
geometric 74-82,299-300 
nth partial sum 72-3,74-5 
and sequences 68-9 

Index 

sigma notation 69-71 
sets 504, 519-20 

and probability 257-8 
side lengths 100, 101, 102, 107-9 
sigma notation 6971 
sign of derivatives 312, 326-7, 328-9 
sign diagrams 327, 328-9, 330,331, 345 
significant figures 3-5 
simple events 257, 258,399, 413 
simple interest 57 
simple random sampling 213 
simplifying expressions 12-19 

simultaneous equations 33-7, 338-9 
sine 100-5, 187-9 

sine graphs 187-9 
sine model 189,191 
sine rule 107-8, 110, 112-13 
single variable, models in 344, 345-6 
sites (Voronoi diagrams) 130-8 
skewed distributions 223,235 
skydiver model 369-70,375 
slope see gradient 
social facts 512 
solids 40, 114-19, 183 
solution sets 28, 29,30 
‘something has to happen’ rule 2634 
Spearman’s rank correlation coefficient 476-82 
speed 36, 111,301,302, 304-5 

see also velocity 
spheres 114,115,183 
squares (shape) 351 
standard deviation 241-3,244-8 

binomial distribution 415 
normal distribution 424-6 
random variables 4057, 409-11 

standard form 19-22 
standard normal variable 425 
stationary points 327, 328-30, 331 
statistical analysis 436-60 

chi-squared tests 448-56 
comparing means of two populations 

4426 
goodness of fit 448-51 
hypothesis testing 436-47 
independence test 451-4 
ttests 442-6 
using critical values 444, 449, 450, 452 
using p-values 440-6, 450, 451-3 

statistical hypothesis 437 
statistically significant result 442 
statistics see descriptive statistics; statistical 

analysis 
straight line graphs 30-3 
stratified random sampling 214 
strength of association 464, 465-6, 472-82 
subgroups 214, 215-16 
substitution method, systems of equations 

35-6 
subtraction 20-1,43 
surface area 40, 114-19 
symbols 504-5,515-16 
symmetric distributions 235, 424-5 
symmetry 156-7, 502, 521 
systematic sampling 214-15 
systems of linear equations 337, 338-9 

T 
ttests 442-6 
tvalue 444 
tangent ratio 100-1,103-4, 106 
tangents 303-6, 336-43 
taxis 148-9,156 
temperature models 1757, 179-80,194-5,199 
theory of knowledge 502-25 

three-dimensional problems 93 
tied ranks 478 
time models 349-50 
total change 371-2 
toxic waste dump problem 137-8 
toy caronaramp 366-7, 369 
Trace tool 158, 352 
trapeziums 381, 386-91 
trapezoidal rule 387-91 
tree diagrams 258,277,279 
trials 255,264, 413-14,415 
triangles 

area 92-3,102,107, 116,117, 380 
cosinerule 108-11,112-13,117 
finding unknowns 101-2,108-11 
non-right-angled 105-13 
Pythagorean theorem 924 
right-angled 92-4,100-5 
sine rule’ 107-8, 110, 112-13 

within solids 116-17 
trigonometric models 187-95 

choosing 197,198,199 
developing 190-2 

trigonometric ratios 100-5 
exact values 1034 
obtuse angles 105-7 

trigonometry 121-4 
applications 102-3,110-11 
finding volumes/surface areas 116-17 
non-right-angled 105-13 
optimisation problems 346-7, 349-50 
right-angled triangles 1005 

truth 518 
two-dice experiment_258-9, 397, 400 
two-dimensional grids 258-9, 265-6 
two-tail test 439,442-3 
2-sample t-test 442-6 
typeland Il errors 441 

u 
uncertainty 254,396 
ungrouped data 219-20,221-2, 2434 
union (of events) 271-2,273 
units 366, 370, 386 
unknowns and cubes problems 507 
upper bounds 152,329, 330 
upper tail test. 439, 443 

v 
variability, measures of 236-48,405-7 
variables 209-10, 218-30 

associated 463-6, 468, 472-82 
causal relationship 468 
dependent/independent 39-40, 309, 462 
identifying 210, 216-17, 345-6, 462 
linear models 147-9 
models in single variable 344, 345-6 
quadratic models 156 
see also random variables 

variance 242-3, 405-6,409-10 
velocity 364-7,369-70 

averagefinstantaneous 302-5, 331 
changing 366-7 
constant’ 364-6 
falling objects 156,310, 36970, 375 

velocity function 364-7, 369-70, 375,379 
velocity-time graph 3645, 379, 389-91 
Venn diagrams 257, 271,272,278, 281 
vertex (parabolas) 156-7, 159, 328 
vertical asymptotes 42,47 
vertical line test 39 
vertices (Voronoi diagrams) 130-1,133,137-8 
volume 40,114-19 

changein 376-7 
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Index 

maximum 343-5 
models 164,167,183 

Voronoi diagrams 130-41, 1434 
constructing 131-6 
largest empty circle (LEC) 137-8 

nearest-neighbour interpolation 136-7 

w 
wave height 187 
wavelength 188 
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weight 184-5,198 
wheels 190-2,193-4 
wind speed 36, 165 
wind turbines 165,197 

X 
xintercepts 31,157 

Y 
y-intercepts 30-1,32,157 

z 
Zeno's paradoxes 298-300 
zero exponents 16-17 
Zero tool 340,347, 350, 382 
zeros 157,332, 340 
zoom (GDC functions) 160, 161,167


